Chapter One: Methods of solving partial differential equations

Case 2 \when f(x,y) = sin(ax + by) or cos(ax + by) where
a and b are arbitrary constants
Here, we will find the P.1. of (H.L.P.D.E.) of order 2 only, by the
same way that in case 1 we will derive f(x,y) forx andy .
Let f(x,y) = sin(ax + by)
D,sin(ax + by) = a cos(ax + by)
D2sin(ax + by) = —a? sin(ax + by)
Dysin(ax + by) = b cos(ax + by)
D3sin(ax + by) = —b* sin(ax + by)
D..D, sin(ax + by) = D,[b cos(ax + by)]
= —ab sin(ax + by)
F(D% D,D,,D?)sin(ax + by) = F(—a? —ab,—b?)sin(ax + by)

1
,DxDy,D3)

Multiplying both sides by EGY

sin(ax + by) = ! 2)F(—az, —ab, —b?) sin(ax + by)

F(D%,DxDy,D3
If |F(—a? —ab,—b?) # 0 | then we can divide on it
1
~ F(DZ,D,D,,D2)
1
- F(—a?,—ab,—b?)
Which is the particular integral.

and if F(—a? —ab,—b?) = 0, then we write

sin(ax + by)

- Z

sin(ax + by)

. pif _ p-if . pif 4 p-if
sinf = —— cos =——
2i ’ 2

and follow the solution of the exponential function in casel.
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Chapter One: Methods of solving partial differential equations

Ex.4: Solve (D% — D, D, — 6D%)z = sin(2x — 3y)
Sol.
1) The general solution z; is the same in Ex.2
2) The P.1.z,
a=2,b=-3
F(—a? —ab,—b?) = —a? + ab + 6b?
F(—4,6,—9)=—-4—-6+54=44+0

1
Z, = Esin(Zx —3y)
The required general solution

nZ =21+ 7

1
=0,(y+3x)+0,(y — 2x) + Esin(Zx —3y)

Where @, and @, are arbitrary functions.

Ex.5: Solve (D% —3D,D, + 2D3)z = e***3Y + **Y + sin(x — 2y)
Sol.
1) Finding the general solution z;
The A.E. is
m?>—3m+2=0 = (m-2)(m—-1)=0
smyp=2,my, =1
w21 =0,y +2x) + 0,(y + x)
where @, and @, are arbitrary functions.

2) The P.I. of the given equation is
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Chapter One: Methods of solving partial differential equations

1 1 1
P.l. z,= et 4 Y — —  _gin(x— 2
27 F(Dy.Dy) F(DxDy) FOwDy) S~ 2)
1
Let u, = e2xt3y ,a=2,b=3
F(Dx,Dy)

F(Dy,D,) = a® — 3ab + 2b?
F(23)=4—-18+18=4#0

1
— 2x+3y
u, = —e
174
1
Uy = ——— " a=1b=1
F(Dx,Dy)

F(Dy,Dy,) = a* — 3ab + 2b?
F(1,1)=1-3+4+2=0
Analyze F(D,,D,),

F(D,, D) = (Dy — 2D,)(Dy — D,)

N S
27 G(a,b) 1!
Lo
U, = —xe*
— 1 .
Uz = msm(x —2y)

F(—a? —ab,—b?) = —a? + 3ab — 2b?
F(-1,2,-4)=-1-6—-8=—-15#0

1
U, = ——sin(x — 2
3 1 ( y)

Then, the required general solution is
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1
z=21+2, =0,(y + 2x) + 0,(y + x) +Zezx+33’ — xe**y

1
— Esm(x —2y)

where @, and @, are arbitrary functions.

Ex. 6: Find the P.l. of the equation
(DZ — 4D,D, + 3D%)z = cos(x +y)
Sol.a=1b=1
F(—a? —ab,—b?) = —a? + 4ab — 3b?
F(-1,-1,-1)=-14+4-3=0
ixHy | p—ix—iy

Taking cos(x +y) =<

2

7 = 1 1 eix+iy + 1 e—ix—iy
2 [DZ — 4D, D, + 3D2 DZ — 4D, D, + 3D2
1 L
Letu, = ety

D3—4D,D,+3D}
Tofinduy,a=ib=i
F(a,b) = a? — 4ab + 3b?
F(i,i) = i®* —4i*+3i* =0

Analyze F(D,,D,),

F(D,,D,) = (D, — D,)(D, — 3D,)

Uy = xeix+iy

—2i

1 L
By the same way u, = ~ xe— iy

. — 1 l 1 ix+iy 1 —ix—iyl
-.Z—2 —Zixe +2ixe

—x [eix+iy_e—ix—iy]

— = —sin(x +y) which is the P.I.
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Case 3/When f(x,y) = x*y®? where a and b are Non- Negative

Integer Numbers

The particular integral (P.l.) is evaluated by expanding the

function in an infinite series of ascending powers of D, or

1
F(Dy,Dy)

D,, (i.e.) by transfer the function according to the following

(xy)

! =1+60+06°+
1-6

Ex.7: Find P.1. of the equation (D% — 2D,D,)z = x3y

_ 1 3

Sol. P.1. —D)%_ZDnyx y
= ﬁﬁy, Djy™ =0if n>m

Dx(l_zD_x)

1 D, 4Dy 3 4D§
=—2[1+2—+—2+---]xy -5 =

Dx Dx X

[x y+ X ]

1 [x* x>
D, 4 10 20 60

Ex.8: Find P.1. of the equation (D3 — 7D, D3 — 6D;)z = x*y

1
Sol. P.I. = x?
D3—7DyxD%—6D5, y
_ 1 2
3[ (m% 6D§’,) Xy
D3|1-( =L+
X 2 3
D% Dj3
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1

Dy

x2y

7D2  6D3 7D2  6D3\°
14+ |+ 2 )+ |—=+—=) +
Dy Dy Dy Dy

1 i 7D  6D3 7D2  6D3\?

ZF;[ny]Slnce(D_;-l_D_g)=O'(D_§y+D_;’y) =0
_1x’y  1x*y xPy
D23 D 12 60

Ex.9: Solve (D3 —a*D,D3)z =x,wherea € R
Sol.

1) the general solution z;
The A.E. of the given equation is
mi—a’m=0 = m(m?—-a?)=0

> mm—-—a)(m+a)=0

~my; =0,m, =a ,mz;=—a (differentroots) . z, = @,(y) +
?,(y + ax) + @3(y — ax)
where @4, ®, and @5 are arbitrary functions.

2) The P.I. of the given equation is

Pl =2z,=
2" D3-a?DyD3
_ 1
3 a2D§/ x
D3|1—
Dx
1 a2D2 aZp2 2 a2Dp2 a2Dp2 2
=—=|[1+ 2y+( zy) + -+ | x, where 2y=0and( Zy) =0,
D D D
X X X X X
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XZ

2

1

"D}

1 lx3

Dy

6

then, the required general solution is

z=2z1+2, =0:(y) + 0, (y + ax) + B3(y — ax)+§

where @4, ®, and @ are arbitrary functions.
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