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Equivalent of Two Sets ¢uis sada (s 8L

Two sets A and B are called equivalent (A = B) if and only if there exist a
bijective map between them.

Mathematically,

A =B < 3f s.t.f: A - B is bijective

A~ B & VYfs.t.f:A— Bisnot bijective N\

Remark 2.1: If A = B, we say that there is a ""one to one correspondence"

between A4 and B.
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Example 2.2: Let A = {1,4,6,9}, B = {2,5,7,10}. Show that A = B. Is
B = A?

Solution: Define f:A - Bs.t.f(1) =2, f(4)=5,f(6)=7,f(9) =10

Ingeneral, f(x) =x+1 Vx€eA

1-1?7Vxy,x, EA,xy #x; = f(xg) # f(xy) = flisl-1
Onto? Rf = {2,5,7,10} = COdf

~ fis bijective = A = B (there is a one to one correspondence between A
and B)

Give another bijective function that makes A =~ B?

Define : A » Bs.t.h(1) = , h(4) = ,h(6) = ,h(9) =

IsB =~ A?

Define g:B - As.t g(2)=1,9g(5) =4,9(7) =6,9(10) =9
Org(x)=x—1 Vx€B

g is 1-1 and onto (check)

~ g lishijective= B = A
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B~ A OO G4, 0

SinceA~B= If LLB-oAs.t.f1(y) =x

X Aaf dary
Lety=x+1 =>x=y-1
Substitute the value of x in f~1(y)

W ffhBoAst fTi(y)=y-1

Show that £~ is bijective (H.W.)

W B=A

Example 2.3: Let A = {x,y,z}, B ={0,—1}
IsA~= B?IsB = A?

Solution:

A= B & 3f s.t.f: A - Bis bijective

Let f(x) =0, f(y) =—1,f(z2) = -1

This relation is not 1-1 mapping because two elements y, z € A have the
same image.

In fact, each f: A — B isnot 1-1= f is not bijective = A is not equivalent
to B.

B~ A& 3gs.t.g: B — A isbijective

Let g(0) =x, g(-1) =y
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This relation is not onto mapping because R, # cod,; = A

In fact, each g: B — A is not onto= g is not bijective = B is not equivalent
to A.

Example 2.4: Show that N = B = {5,10,15,20, ... }
Solution: Define f:N - B s.t.f(x) =5x Vx €N
1-1? Letx;,x, E Ns.t.f(x;) = f(x,) = 5x; = 5x,

= X; = Xy

= fis injective
Onto? Ry = {y e B:y =5x,x € N} = {5,10,15,20, .....} = B

~ f isonto
~ N=B
Example 2.5: (H.W.) Show that N = {2,4,6, ..... }
N =~ {-2,—4,—6,.....}
7~ ={-1,-2,-3,...}= N

Theorem 2.6: The equivalent relation (=) on sets is an equivalence relation
Proof:
1. =~ reflexive? T.P.A =~ A foranyset A
dij:A—> A s.t.i(x) =x VxeA
iy IS bijective = A~ A VA
~ = reflexive

2. =~ symmetric? Let A and B are two setssuchthat A= BT.P.B = A
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A=~ B = 3f s.t.f: A - B s bijective
Since f is bij. = 3f~1: B - A such that f~1 is bij.
= B=x=A
~ IS symmetric
3. =~ transitive? Let A, B and C are setssuchthat A~ BandB~CTP. A~ C
A~ B = 3f s.t.f: A - B s bijective
B~ (C = 3gs.t.g: B — C is bijective
~ Jgof:A - C is bij. (by theorem 4.25 (chapter4))
~ A=C
~ = IS transitive

=~ = IS an equivalence relation

Finite and Infinite Sets 4giiall & g dugilall Cile ganall

A set A is said to be finite if A is empty or if A contains exactly m elements
where
m 1S a positive integer; otherwise A is infinite.

e seiie 220 e (5 i culS 1) g MK e pana cilS 1) Aggila pani 4 de gandll
Liall
).d

Agiie A de sendl (S5 lld lac L

Remark 2.7: The number of the elements in a finite set A is called the size
of A and is denoted by n(A) or #(A) or |A|.

Example:
Let A = {1,2} finite set = n(A) = 2 4c sexall jalic e
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LetA={ }finiteset= #(4) =0
Let A = {@} finiteset = #(4A) =1
Let A = {1,0,{1,3},[0,1], N} finite set = |A| = 5

Remark 2.8: If A is an infinite set = |A| or #(A) is not defined (does not
exist)

Example 2.9:

Let A = Z infinite set = |A| is not defined

Let A = (9,40] infinite set = #(A) does not exist
Cardinality of Finite Sets dgiiall cile gayall 3 448

LetJ,, = {1,2,...,m} be aset. A set A is called finite of size m (n(4) = m)
ifand only if A = J,, = {1,2, ..., m}. The positive number m is called the
cardinality of A.

de ganall 508 e la jalic dac ()l dugiic de ganall CilS 1)

Mathematically,

nAd)=me A={1,2,..m}=],

n(A) =me 3f:A - {1,2,...,m}s.t. f is bijective

Example 2.10: Let A = {a, §, sin(x)}. Find the cardinality of A.

Solution: Let J; = {1,2,3} TP. A = J;

Define f:A - J3s.t.f(a) =1, f(B) =2, f(sin(x)) =3
Itis clear that f is 1-1 and onto = n(A4) =3
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Theorem 2.11: Any two finite sets have the same cardinal number if and
only if there is a bijective map. between them

I.e., Let A and B be two finite sets. Thenn(4) =n(B) < A= B

Proof: =) letn(A) =n(B)=mT.P.A~ B

n(A)=m=A={1,2,..,m}...(1) (def. of n(4))

n(B) =m= B = {1,2,..,m}....(2)  (def. of n(B))

From (1) &(2)

A={12,...,m}A B={12,..,m}

= A={12,..,m}A {1,2,..,m} = B [~ symmetric]

= A~ B [=transitive]

&) Suppose A = B T.P.n(A) = n(B)

Letn(4d) =m= A= {1,2,...,m} (def. of n(4))
=A~BA A={12, .. m}

=B =~A AN A={12,..,m} [=symmetric]
= B =~ {1,2,...,m} [= transitive]
=n(B)=m

— n(4) = n(B)

Theorem 2.12: Let A be a finite set and 44, 4,, ..., A,, be a partition of A.
Then

n(A) =n(4,) + -+ n(4,) (Rx sy
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Theorem 2.13: Let A and B be finite sets. Then n(AU B) = n(A) +
n(B) —n(ANB)

Proof: Take A\B,A N B,B\A as partition for AU B
= n(A U B) = n(A\B)+n(A n B) + n(B\A) ...(1) (by theorem 2.12)

Take A\B, A N B, as partition for A = n(A) = n(A\B)+n(AnB) (by
Theorem 2.12)

= n(A\B)=n(4) —n(ANnB)...2)

Take B\A, AN B, as partition for B = n(B) = n(B\A)+n(AnB) (by
Theorem 2.12)

= n(B\A)=n(B) —n(AnB)...(3)
Substitute (2)&(3) into (1)

= n(A U B)
=n(A) —n(AnB)+n(AnB)+n(B) —n(ANnB)

= n(AUB) =n(4) +n(B) —n(AnB)

Theorem 2.14: Let A and B be finite sets. Then n(4 X B) = n(4).n(B)
Proof:
Aisfinite set => n(4) = ms.t. A ={ay,a,,...,a,}
B isfinite set = n(B) =ns.t. B ={by, by, ..., b,}
AXB ={(a,b):a€ A,b€B}
A x{b,} = {(a, by),(ay, by), ..., (A, b1)}
A x{b,} ={(ay,b,),(a,b,), .., (a,,b,)}

A X {bn} = {((11, bn)' (aZ' bn)J ey (amr bn)}
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= AXB=AX{b;}UAX{b,}U..UAX{b,}

Suchthat Ax {b}NAx{b;} =0 Vi=*j

v AX{b},AXx{b,},...,A X {b,}isapartition for A X B
n(AX B) =n(AX{b;}) + n(A x{by}) +--+n(A x{b,})

=m+m+--+m=mn=n(A).n(B)

n—times

Cardinality of infinite Sets dxiiall & Cle ganall 3 48

Let A be an infinite set. Then the cardinality of A is not a finite positive
number. The cardinality of A is denoted by No

50 o yre 230 0 oS5Y L 58l (<153 508 Led ()5S0 dpgiiall e e sanall
Z‘CM\&(‘MLA\:&@—“‘M‘A‘GM\.&JMJA}
Example 2.15: The cardinal number of N is denoted by RNo

i.e, n(N) =#(N) = No

Countably Infinite Set sall ALI&Y 4giiall & de ganal)

An infinite set A is called countable if it is equivalent to the set of natural
number. Thus, the cardinality of an infinite countable set is No

doaplall dlaeY) de gana Bl 13 2all AL ) €5 dugiiall e de ganal

Mathematically,

A is countable infinite set & A ~ N & n(4) = n(N) =o

A Is not countable infiniteset < 4 # N

Example 2.16: Show that N is countably infinite
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Solution: T.P. N=N

Define f:N - Ns.t.f(x) =iy(x) =x Vx€N
f is bijective (prove!)

~ N=N

Example 2.17: Show that the set of even positive numbers is countably
infinite
Solution: T.P. E* = N

dia Cadle 13) e Aabae syl JUS (e ) (paedills el (e ganall (s AlilELe 213 s (S
o ~e
UL"L‘“

E*¥ 0 2 4 6 8 10...

N 1 2 3 4 5 6..

Let f(0) =1and f(2) =2
(x1,y1) = (0,1) and (x5, y,) = (2,2)
(x2,¥2) 5 (%1, ¥1) bl 23nall el Aslae 2a3

Yy—=YV1 — Y2—YV1
X—Xq Xo2—X1

~ fiE* 5 Nst f(x)= g +1
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f is bijective (prove!)

&~ EtT~N

Example 2.18: (H.W.) Show that the set of odd positive numbers is
countably infinite

Solution: T.P. N = 0%

N 1 2 3 4 5 6......

o+ 1 3 5 7 9 11 ...

Let f(1) =1and f(2) =3
(x1,¥1) = (1,1) and (x5, ¥,) = (2,3)
(xz,yz) 5 (xl'yl) Ufﬁas'dh ol ?fs""'“j\ MJL"AJ;'.’

Y=Y1 __ Y2=V1
X—Xq Xo—X1

Y=l oy —1=2x-2
>y=2x—1

& fiN->0tst f(x)=2x—1

f is bijective (prove!)

& N=ot

)

Example 2.19: (H. W.) Prove that A = {1,%,

O

, ... } IS countably infinite

N

set.
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Example 2.20: (H. W.) Prove that A = {1,v/2, /3, ....} is countably
infinite set

Example 2.21: Prove that A = Z is countable infinite set
Solution: T.P. Z~ N

T.P.3f:Z - N s.t. f is bijective

Z 01 -12 -2 3-3..

N 1 2 34 5 6..
1) Letx €Zs.t.x >0
FO) =1, f(1) =3
(%2, ¥2) 5 (1, ¥1) bl 2anall el Aslae 2a3

Yy—=YV1 — YV2—YV1
X—Xq Xo2—X1

eloy-1=2
=y=2x+1....(1)
2) Letx €Zs.t.x <0
f1) =2 f(=2)=4
(%2, ¥2) 5 (%1, Y1) kil 2asall ol Alalas 2a

Yy—=YV1 — Y2—YV1
X—Xq Xo2—X1

Y22 oy—2=-2(x+1)

x+1 -1
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=y =-2x....2)

2x+1, x=0
—2x, x<O0

From (1) &(2), define f:Z > N s.t.f (x) = {
Show that f is bijective
AR\

Example 2.22: Prove that A, = {0, +k, +2k, +3k, .... } is countably infinite
set

Solution:
A = N g2l ipald cund 7 = N ol s Ay = Z Ob O i
fk=1=A =A, ={0,F1,F2,F3,...} =7Z
A, = Z because 3f: A; = Z s.t. f(x) = x is bijective
Ifk=2= A=A, ={0,F2,F4,F6,....}

4, 0 2 -2 4

1
N
(@)

X
2

A, = Z because 3f: A, - Z s.t.f(x) = Is bijective
Ifk =3 = A =A; ={0,+3,+6,+9, ...}
A; 0 3 -3 6 -6 9...

Z o1 12 -2 3.

As ~ Z because Af: A; — Zs.t.f(x) = > is bijective
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In general, A, ~ Z because 3f: 4, > Zs.t.f(x) =7, k #0 is bijective
Since, A, *Z NZ =N = A, = N (= istransitive)

=~ Ay is countable infinite set

Theorem 2.23: Any infinite subset of an infinite countable set is countable

I.e., If A is countable infinite set and B € A then B is countable set

2=l AL 0 5S5 2all AL8 de gana (10 4 Ja Ao gana ()

Theorem 2.24: If A is countably infinite set then A U {a} is also countably
infinite set.

Proof: Let A be a countably infiniteset = A = N
Af: A = N bijective s.t. f(ay) = 1,,,,f(ay) =2, f(az) =3, ...
A a a, as....
N 1 2 3.
TP.Au{a} =N

Defineg:Au{a} > Nst.gla) =1, g(a,) =2, gla,) =3, glas) =
4, ...

Auf{a} a a a, as....
N 1 2 3 4.
g(a)=1

gla)=2=1+1=f(ay) +1
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glaz) =3=2+1=f(a) +1

glaz;) =4=3+1=f(a3)+1

In general,

1, XxX=a
g(x)z{f(x)+1, X#a

T.P. g is bijective

gisl-1? Letx;,x, € Au{a} s.t. g(x;) = glx,) TP.x; = x,

1:1’ = =
9) = g(x) = | \ e
fx)+1=f(x)+1, x,#aandx, #a

= fx)+1=f(x)+1
= f(x1) = f(x2)
= X, =x, (fis1l-1)
~gisl-1
gisonto? R, ={y EN:Ix € AU {a},y = g(x)}
=N
g is onto
g is bijective
~ AUf{a} =N
~ A U {a} is countably infinite set
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Remark 2.25:
1) Every finite set is countable
2) Q the set of rational numbers is countably infinite set

3) R the set of real numbers is uncountable infinite set
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