Foundation of Mathematics Silaaly I e

CHAPTERTWO

Set Theory
Gle ganal) 4y s

Sets

A set is acollection of objects e.g, a
set of keys, a set of geometrical
instruments, a set of false teeth

Chapter Two Contents:

1. Basic notion of sets cile gaxall a sgda
2. Subsetsas i cile gazall

3. Algebra of sets (union, intersection, difference, complement,
symmetric difference) cie saxall Jo cillaadl i cile ganall ya
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Definition 2.1: Set

A set is an unordered collection of objects. The objects are called the
elements or members of the set.

it elael ol jualially cans )5 a5 () 52 4 peall £ (e pand 4 e ganall
Ac ganall
Remark 2.2

1. The capital letters usually used to represent sets such as 4, B, C,....etc.
2. The small letters such as a,b,c,d,...etc are used to represents the
members or the elements of the set.

3. Membership in a set is denoted as follows: 4ic i de sanal paic ol
Sl g

a € A denotes that a belongs to a set A

4. Non-membership to a set is denoted as follows: iz de saxal jaic olaiil ae
Sl JLal die

a ¢ A denotes that a does not belong to a set A

Specifying a Set: 4s saxall (& yadll 5k

1. Listing members of a set: 4 gasdl 48, al)

In this way, we list all non-repeated members of a set separated by commas
and contained in braces { }. The members are not in an order.

s Om sl Lyl paliall aes aazai 43kl o 8 AEN 45 5k ) A4 saad) A5y Ll
Lipma 48yl 4 e 588 O Ja Y de senal) pualic Lein Jhadl Jual sy de sana
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Example2.3:

1.A=1{1,2,-5,09}, B = {x,y, Ali, fish}, C = {y;,y,, y3} are sets
2. The set of vowel letters in English: V = {a, e, i, 0,u}

3. The set of even positive numbers less than 8 is: W = {0, 2, 4, 6}.
4. The set of positive numbers less than 50 is: K = {1, 2, ..., 49}

2. Listing a set property: 4s gasall 5 j1aall diial) aladi

In this way, we state the property that characterize the elements in a set in as
follows: {x: p(x)}, where x is a variable and p(x) is an open sentence.

Example2.4: A = {x: x € Q}
B = {x:x is positive odd and x < 10}= {1,3,5,7,9}
C={xeN: -3<x<5}={1,234,5}

3. Venn Diagrams:¢# cilahaia
o3 addiud g de ganall Jiay (3l Aada JAN Ao gagall palic w48y jhll oda b
A duasidn g (2 £V 48, skl

Definition2.5: Empty Set 4l 4 gaaall

The set that contains no elements is called an empty set and is denoted by

{}ora.
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Example2.6: A={x EN:2<x<3}=0
B={x€E:\x=1}=0
C={xeN:x<0}={}

Subsets: dxijall e ganall

The set A is a subset of aset B (A < B) if and only if every element of A is
an element of B. In other words,

ACBIiff Vx, x€EA =>x€B

Remark?2.7: A is not a subset of B is denoted byA € B.

AZ Bifandonlyif~[Vx,x €A = x € B]
ifandonly if Ax;x € A AX€B

Example2.8: Consider the sets A= {2}, B={1, 2, 3} and C = {4, 5} and D=
{-2,1,2,3,4,5}. Then ASB,. A<D, BSDand C<D.
Itistruethat AC A, BS B, C<S Cand D S D.

Example2.9: Let A={4,9}and B = {x € N: 1 < x < 10}. Determine
whether AC BorB C A.

Solution: The set B be can be written as B={2,...,9}. Then
Vx, xEA >x€B

Hence, A € B.

But B € A because, for example, 3x =5€ B Ax & A.

Example2.10: Let A={x € N:x > 3}and B = {x € N: x*> > 4}.Is A S B?
IsB € A?
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Solution: Letx € A= x € Nand x > 3
= x2>9
= x?2>4=x€B.
= A C B.
IsB € A?

Example2.11: (H.W.) LetA = {-2,3},B = {x € Z:x3—x?—6x =
0}. Determine whether A € B or B € A?

Example2.12: (H.W.) LetA = {xe N:x>4}andB = {x e N:x<09}.
Determine whether A € BorB € A?

Theorem?2.13: Let A, B and C be any sets, then
1.9cA

22AC A
3.fAcBandBc CthenA cC

Proof 1: T PP C A, i.e, T.PVXEDP =>xXx€EA
F=>(TorF)=T
= @ CA.

Proof2: TPAC A, i.e, TPVxEA =>x€A
T=>T=T
= A C A.

Proof 3: T PIfAS BandB<S CthendA < C
T.PVx,x€A =x€C
" ACB > Vx,x€EA =>x€EB
. BC(C =>Vx,x€EB =2x€C(
LVx,x€EA 2x€B=>x€eC
. Vx,x €A 2x€C
.. ACC.

48 e dlas Cas — b e
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Definition2.14: Proper Subset 4sadl) 44 jal) de ganall

A set Ais called a proper subset of B and denoted by (A c B) if and only if
A € B and there exist an element x € B that is x € A.

e, AcBiff{vx,x€e A >x€B} A{Ay,yEB Ay & A}

Example2.15: Let A = {x e Nvx? — 16 = 0}
B={x€N: x> —-16 =0}
Determine if A € B or B c A.

Solution: A ={1,2,3,...} U {4,—4} and B ={4}
It is clear that B < A because B < 4 and
dy ={1,2,3,5,..} EA Ay & B.

Example2.16: (H. W.) Let A ={fish, dog, bird}, B = {x,y,z, w}.
Determine if A c B or B c A.

Example2.17: (H- W.) LetA={x€Z: —2<x <10}
B={x€Zvx*+9=0}
Determine if A € B or B c A.

Solution: A = {-2,-1,0,1,...,10}and B = {0, +1,%2, ...} U {3i,—3i}

Complete the solution!

Definition2.18: Equal Sets 4 sludall cile ganal)

Two sets A and B are equal if they both have the same elements or,

equivalently, if each is contained in the other.

Ao gana JS CuilS 13 5l pualiall (i Lagd il 13) B 4o ganall (55 A de senadl of J
GOAY) G A
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A=Biff ACB ABC A
o {Vx,x€EA->x€B} AN{Vx,x€EB - x €A}
—{Vx,x € A & x € B}

Example2.19: Let A = {x € Z A5x%* + 2 = 0}
B={x€eN:2x+3 =0}

IsA =B?
Solution: A =Z n{i\E i}=0
B=0

= A=8B

Lemma2.20: ( H. W.) Prove that: A = A, for any set A.

Definition2.21: Universal Set ALl ds gasall

Universal set U is the set that contains all the elements or the sets we have

under discussion.

Lol es ABliall 48 e sanall 5l jualiall aien (g5a3 il de sanall & rALLE] de ganal
U 3ol

Example2.22: Let A = {x,y,3}, B = {2,—5,100},C = {2,3, 1}
Find a universal set U.

Example2.23: Let A={x €R:2<x<5}and B={x€R: —1<x <
2}

Find a universal set U.

Definition2.24: Family of Sets <ile saaall dlils
Family of sets is a set that have other sets as members.
cle gana Alile Ll de gane W palic (e jeaie S G5 Gl de ganall J
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Example2.25:
1. A = {{1},{2}} is a family of sets

2. B = {@} is a family of a set

3. X = {X} is a family of a set

4. A = {x, {y,z},{1, ...,5}}

5.H = { A: A is a subset of {1,2,3}}

6. K ={4;:4;, ={2,%},i =1,2,3}

Definition2.26: Power Set ) 2% 4 saza g 5 4ill 4 gana

Given a set X, the power set of X is the set of all subsets of X. The power
set of X is denoted by P(X).

Saons X J sl de gena Ll X (g0 4 ) e sandl) (S e gendd Uy de sane X oS3
P(X) b\l

P(X)={A:AcX}, AePX)=A

Example2.27: Find P(X) for the following sets X:

1.X={1,2,a}, PX)=1{0,X,{1},{2},{a},{1,2},{1,a},{2,a}}

2.X={¢}, PX) ={0 X}

3.X ={{-2},3}, P(X)={0,X{{-2}}{3}

Remark?2.28: 1. Since X € X, then P(X) + Q.

2. If X is finite and has n elements, then P(X) has 2™
elements.
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Theorem?2.29: Let X,Y be any sets,then X € Y < P(X) € P(Y).

Proof: (=) Let X S Y T.PP(X) € P(Y)
LetAe P(X) > Ac X (Bydef.of P(X))
= ACY (XCVY)
= AeP(Y)
~ P(X) < P(Y)

(&=)LetP(X) < P(Y) ToProveX cY
letxeX = {x} X
= {x} € P(X)
= {x} € P(Y) {P(X) € P(V)}
= {x}CY
= x€eEY
~XCY

Algebra of sets:

1. Union a3y
The union of the sets A and B, denoted by 4 U B, is the set of elements
which belong to A or to B.

B A senall 5l A de ganall i ) pualiall de sana 2 4 5B e sane ala)

AUB ={x,x € Avx € B} u A B

xEAUB © x€AV x€EB
XxX¢EAUB © x¢ANx&B

Union of sets

AUB

Example2.30: LetA ={x e N:1 < x <5} ={1,2,34,5}
B={x€N:8<x<12}={89,10,11,12}

FiIndAuB, BUALAUA, and BU®

Solution: AUB=BUA={1,..,58,...,12}

AUA=A
BU@®=RB

52 e ben G — i e s
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Example2.31: Let A={x € R: —2 < x <5} =[-2,5],
B={x€E:x*—16 =0} = {4,—4}
C ={1,4}
FindAu(Bu(C),(AuB)UC,P(B),P(C),P(BUC)

Definition2.32: Generalization of the union a3y awaxs
Let Ay, Ay, ..., Ay, Apyq, - DE any sets. Then:

n
i=1
Gl ganall (o (oghia 2e A3

In general,

[0 ]
Al =A1 U ...UAn UAn+1 U..
i=1

Gle ganall (1o (gl pe d2e A3

Example2.33: Let H = {A;; A; = {2i+ 3}, i € Z}
Find

Ui, Ap and U 4
Solution: Uf,4; =4, U4, UA;UA, ={5}u{7}u{9}u {11}
= {5,7,9,11}

Ui_14; =A_{UAyUA  UA, UA; = {13 U {3lu {5} u {73 u {9}
={1,3,5,7,9}

Example2.34: Let K = {A4,; A, = (—m,n), n € N}
Find A,V U;-,4,

Solution: A, U Up-, A, = (—1,1) U (-2,2)U ..U (=k,k) U ...
Example2.35: (H. W.) Let K = {4,; A, = [n,n+ 10), n € Z}
Find U2__, 4,
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Example2.36: (H. W.) Let K = {4;;4; = {j + 1,j + 2}, j € N}
Find U725 4;

Theorem?2.37: Let A, B and C any three sets. Then:
1.AU@=A (ldentity law)
2.AUA=A (ldempotent law)
3.AUU=U (Domination law)
4. (AUB)UC=AuBUC) (HW)
5, AuC=CUA
6.ASB ©AUB=B

BCA ©AUB=A
7.ASAUB (HW.)

BCAUB
8.P(A)UP(B) € P(AUB)

Proof 1: Toprove AUPCSAANACAUD

TPAUPCA (T.PVxXEAUDP= x € A)
Letx€e AUP=x€AVx e (def ofuv)
= x€AVF
= x €A (pvF=p)
CAUDCA vvivennnnnnn, (1)

Letxe A= x € AVF(pVF=p)
= xEAVXED
= x € AUQ (def. of U)
CACAUD viininnnne. ?2)

From(1) & (2),AUp=A

Proof 2: Toprove AUACAANACAUA

TPAUACA (T.PVxEAUA= x € A)
Letxe AUA=x€AVx€eA (def. of L)
=x €A (p Vp=p)
SAUACA coeinanenee. 1)

LetxeA=>x €AV x€A (p Vp=p)
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= x€ AUA (def. of U)
SACAUA ovviinnnene.. 2)

From(1) & (2),AUA=A
Proof 3: Toprove AUUCUAN UCAUU

TPAUUCU (T.PYVYxe AuU= x € U)
Letx€e AUU=>x€AvxeU (def ofv)
=x€eUvxelU (AcU)
=xelU
SAUUCU evivniinnnanns 1)

LetxeU=xeUvxeA (Tvp=T)
= x € AUU (def. of U)
SUCAUU ovivviiainanns 2)
From(1) & (2),AuvU=U
Proof 5: Toprove AUCS CUAAN CUACAUC

TPAUCSCUA
Letx e AUC=x€AVxelC (def. of L)
= x€e€CVxeA (Viscommutative)

x€ECUA (def. of U)
AUCESCUA ..ccuvvvnenne. (1)
Similarly, showthat CUA < AUuC (H.W)............... 2)

From(1) & (2), AUC=CUA

Proof 6: Toprove ASB < AUB =B

(=)ifACSBT.PAUB=B
TPAUBSBA BSCAUB
Letxe AUB=x€AVvx€B (def. of U)
= x€BVx€eB (byhypo.AC B)
= X€EB (p Vp=p)
Z“AUBGCB .ereennnnnn. (1)
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letxeB=xeBVxeA (Tvp=T)
= x€ AUB (def. of U)

From(1) & (2), AUB =B
(&=)IfAuB=BToproveAC B
letxeA=x€AV xeB (Tvp=T)

= x€ AUB (def. of U)
= X€EB (by hypo. AUB = B)

~ACB

Proof8: T.PP(A)UP(B) € P(AUB)
LetX € P(A)UP(B) Toprove X € P(AUB)

Xe P(AAUP(B) = X € P(A) v X € P(B) (def. of L)

=XCAV XCB (def. of P(A4))
= XCAUB (def. of U)
= X E€EP(AUB) (def. of P(AU B))

» P(A)UP(B) S P(AUB)

2. Intersection adalail)
The intersection of the sets A and B, denoted by A N B, is the set of

elements which belong to both A and to B.

ANB={x;x € A Ax € B}
xX€E ANB= xeA NXEB
x& ANBS x&AV x¢B
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Example2.38: Let A = [2,9],B = (5,14],C = (8,12)
FindAnB,An®,BNB,BNC,ANC,(ANB)U(BNC)

Definition2.39: Generalization of the intersection aaliill ateas
Let A,,A,, ..., Ay, Apyq, - DE any sets. Then:

AiNA,Nn..NA, =N A={x,x €A; Vi=12,..,n}
Ale ganall (1o (oglie 23e adalss

In general,
AiNA, N NA, NA N =N A={x,x €A, Vi}

Ale ganall (o (gl e 23 adalss

Example2.40: Let X = {4;;4; ={1,2,3,...,i};i € N}
Find

(Up=1 A7) N(N7=1 4)
Solution: 4; = {1}, 4, = {1,2}, ... As = {1,2,3,4,5}
5
U Al = Al U AZ U A3 U A4_ U AS = {1,2,3,4‘,5}
i=1

5
ﬂAi =A;,Nn..NAs = {1}
i=1

(Uz=14) n(N3=y 4)= {1}

Example2.41: Let X = {A;; 4; = (=,7):j € N}
Find
4 4
ﬂAj and UA]
j=2 j=2
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Solution:

h=apnsnd,=(-La(-L Y a(-1 o (-1
j=40dsna,=(=55)0(-3.3)0(-33) = (-33)

.

N

~

4

o= momon=(-3o(3Dv(-3= (3
_21'_2 3T 272 3’3 4’4) —\ 2’2
]:

Example2.42: (H.W.) Let X ={A,;A, ={n®>+1}n € Z}
Find

n9l=—3ATl ’ n;?lo=1ATL ' P(U%:lAn)

Example2.43: (H.W.) Let X ={4,; A, ={n—2,n—1,n};n € N}
Find

Mn=14n, Unz1 4y

Theorem?2.44: Let A, B and C any three sets. Then:

1L.ANG =0 (H.W.) (Domination law)
2.ANA=A4 (H. W.) (Idempotent law)
3.ANU=A (Identity law)

4. (AnNB)NC=ANn(BnNnC)

5 AnC=CnNA (H.W.)
6.AN(BUC)=((ANB)U(ANC)
7.AUBNC)=(AUB)Nn(AuC) (H. W)
8.ANBcA (H W)

ANBCBHB

99A€B ©ANB=A

10. P(A)NP(B) =P(ANnB) (H W)
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Proof3: T.PANUCAN ACANU
Assumethat x EeANU =xXx€EA ANXEU
= XEA

LetxeATPxeANU
XEA =>x€eANx€eEU [ACU]
=X EANU cevivennnnn. 2)

From (1) & (2), AnU=A

Proof 4:

letxe(ANnB)NCe=x€(ANB)Ax€EC (def. of N)
©(xeANxeEB) AxeC  (def.of N)
Sx€EAN(xEB Axel) (Aisassoc.)
©Sx€EAANXxE BNC (def. of N)

Sx€e An(BNC) (def. of N)

~(AnNnB)NC=An(BnNC)

Proof 6:

letxeAN(BUC)e x€AANXx€E BUC (def. of N)

& x€EAN(x€E€ Bvxe C) (def.ofv)
S (x€EANXE B)V(xe AN xe C) (distribute Aonv)
& x€EANBvVvxe AnC (def. of N)
© x€(ANB)U (A Nn0) (def. of U)

Proof9: T.P ACB < ANB=A4

(=) Suppose ASBTPANBSAANACSANB

letxeEAN B= x€ ANXxE B (def. of N)
= x€ A
ANB C A.ccucunnnnnn. §))

letxeA = x€ ANXxE B [A c U]
= Xx€EANB
= ACANB....(2
From(1) & (2), AnNB=A
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(&)LetANB=AT.P ACB(H.W.)

3. The Complement 4lasall i dadial)
Let U be a universal set and A be any subset of U. The complement of a set
A, denoted by A€, is the set of elements which belong to U but do not belong
to A.

A de sanall i Y 5 ALlil de ganall aiii ) jualiall de gene o8 A de senall Lacia

A={x,xeU AN x¢ A} =U\A
XxXEA =S x €A
xEAS x¢g A

Example2.45: LetU = Z,A = {—1,0, 1}. Find A°.

Solution: A° = Z\A

Example2.46: Let U = [0,8),4 = {1, 2}. Find A°.

A =10,1) U (1,2) U (2,8)

Example2.47: LetU ={1, 2, ..., 10},
A={x€EN:1<x<3}={123)
B={x€N:8<x<10}={89,10}
C={xeN:1<x<2}={12}

Find A€, B¢, C¢, (AU B), (A N C)¢,(C U B)¢

Solution: A€ = {4,5, ...,10}
B¢ ={1,2,..,7}

ce =
(AU B)° = {1,2,3,8,9,10} = {4,5,6,7}

(AN C)¢ ={1,2)° = {3,4,...,10}
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Theorem2.48: Let A and B any two sets. Then:

1.9¢=U, U°=0Q

22ANA=0 (HW.), ASUA=U, (A)°=4 (H.W)
3. (AU B)¢ = A° n B¢

4. (ANB) =A°UB° (H.W.)

5,ACSB & B C A° (H.W.)

6,ACB ©ANB°=0

Proof 1: T.P @ =U
Assume that @€ = U il e la
Ax,x € P° AN x ¢ U
XE QP° =S x€EUAxg@ (def. of ¢°)
= x € U v 4 gw il
P =U

Proof 1: T.PU =0

Assume that U¢ # @ dlw e ola y
dx,x € UANx¢& @

xE U =x€eEUANx¢gU i
~UC=0

Proof2: T.P A°UA=U

Assume that A° U A # U il e Jla n

dx,x € AUANAN x&U.... (%)

X€ A°UA=x€ A°Vx €A (def. of U)

Ifx € A°=x€UA x¢&A (contradiction with x € U in*)
IfxeA=x€e€UA x & A° (contradiction with x € U in*)
~ASUA=U

Proof3: T.P (AUB)¢ = A°n B¢
x€(AUB) @ x ¢ AUB (def of complement)
& x¢ AN x¢&B (defofv)
& x € A° Ax € B¢ (def. of A°)
& x € AN BS (def. of N)

Proof6: (=)LetACBT.PANB =9
Assume that A N B¢ # @ =8l il pe ola p
Ax,x € ANB = x€A N x € B¢
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= x EB A x € B¢ (byhypo. A S B)
—3 ().43'“\_'\3
~ANB =0

(&)LetANB =0 T.PACB
Letx € A= x & B¢ (byhypo. An B¢ =)
= x € B (def. of B°)
~. ACB

4. Difference or relative complement : (@il sl dlail)
Let A and B are two sets. The difference between 4 and B, denoted as A-B

or A\B, is the set of elements which belong to A but do not belong to B.
B Jled Az lgh B ) daiie je 54 ) daiiall pualiall de genal J

A—B={x,x€ANx¢&B}=A\B
XxXEA—BSx€eANx&B
x¢A—BSx¢&AV x€EB

Example2.49: LetA={x € Z:x > 1} =N

B={x€R:x*+3=0}=0
C={x€Z —3<x<4}={-2,-1,..4}
D={x€0:x2—9=0}={3,-3}
Find A\D, B—B, C\(AnD), (BUA\C, (CUA\BND)
Solution: A\D = N\{3, -3}
(CUAN\BND)=(NU{-2,-1,0D\@ =NU{-2,—-1,0}

B—B=
C\(AND) =

(BUA\C =
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Theorem?2.50: Let A, B and C any three sets. Then:

1.AAA=0, AAU=0 (H.W.)
2.A\Q=A, O\NA=0 (H W)
3.AABS A, BN ASB (H. W)
4ACBSAB=0 (HW)
5, AABNB =0
6.ANB=Q0< A\B=AANB\A=B
7.A\(BUC) = (A\B) n (A\C) (H.W.)
8. A\(BNnC)=(A\B) U (A\()
9. A\A° = A, A\A=A4° (H. W)
Proof 5: Assume that AA\B N B # @ il e ol p
dx,x € ABNB=x€ A\BAXx€EB
= (x€ ANx & B)Ax €B (def. of difference)
=x€ ANx¢€BAx€EB) (Aisasso.)
= x€ ANF
= X EF =85 (p AF=F)
~ AABNB=0
Proof6: (=)Let ANB=Q0T.PA\B=A ANB\A=B
Letx € A\B < x € AAx & B (def. of\)
< x€ AANT  (byhypo.)
Sxe A (pPAT =p)
~ A\B = A
Similarly, one can prove that B\A = B
&)LetA\B=AANB\A=BT.PANB=9

Assume that A N B # @ s=ilill ola
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dx,x € ANB=x€ AAx € B (def. of n)
= 3dx, x € AABAx € B (A\B =A)
= dJdx,x € AABAXx€E€ B
= 3x,(x€ AANx¢€B)AX€E B
= 3dx,x€ AN(x&B ANx € B) (Aisasso0.)
= 3Ax,x € ANF=F =85 (p A F=F)
~ANB =0
Proof 8: T. P A\(B N C) = (A\B) U (A\(C)
letxe AA\(BNC)=x€ AANx & BnC (def. of\)
Sx€ AN(x&€Bvx & () (def.ofn)
S (xe ANxgEB)v(xe Anx ¢ C) (dist. Aoverv)
& x € A\Bvx e A\C (def of))
< x € A\BU A\C
. A\(BNC) = (4A\B) U (A\C)
5. Symmetric Difference 5Ll 8

The symmetric difference between two sets A and B is denoted by AAB and
Is defined as:

AAB = (A\B) U (B\A4)

=(AUBY\(ANB)

Example2.51: LetA ={x € E:—8 <x <9} ={-8,-6,..,0,2,...8}

B ={1,2,4,6}. Find AAB
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Solution: AAB = (A\B) U (B\A4)

= {-8,-6,..0,8} U {1}

Theorem?2.52: Let A, B and C any three sets. Then:

1AM =0 (HW.), AAD=A
22AAB=BAA

3.AAB=0Q0 < A=B

4., AA(BAC) = (AAB)AC (¢ Gs)

50 AN (BAC)=(ANB)A(ANC) (SR sv)

Proof 1: TTPAAP=A
Letx e AAD = x € (A\D U 0\A) (def. of A)
S x€eA\DVxeEP\A
Sx€EAUD (A\® =A,0\A =0)
S x€EA

~AANDP=A
Proof2: TPAAB=BAA
Letx e AAB < x € (A\B UB\A) (def.of A)
& x € (B\AUA\B) (Uiscomm.)

S x€E BAA
~AAB=BAA

Proof3: AAB=0 < A=B
(=)IletAAB=0 T.PA=B
Suppose A #B = 3Ix,x € ANx &B
= 3Ix,x € A\B  (def. of\)
= 3x,x € AA\BVvx € B\A (TVvp=T)
= 3x,x € A\B UB\A (def. of U)
= 3dx,x € AAB=0
= 3x,x € @ contradiction
. A=B

&)suppose A=BT.PAAB =0
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AAB =A\B U B\A (def. of A)
=A\A U A\A (A=B)
=Q U Q=0
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