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CHAPTER FOUR

Mappings <\l

Chapter One Contents:

1. Mappings <kl
2. Types of mappings <iliukill g il
3. Composition of mappings <l s 5

4. Direct image and inverse image 4xusSall 5 ) guall g 3 pdlial) 3 guall
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Mapping (Function) &l g (gl

Let A and B be two nonempty sets. A relation f from A to B (f SAX B) is
called a mapping or function if each element in A is related to a unique
element in B. This relation is denoted by f: A — B.

ainy 4 Ao ganall b yeaic KKy B Al A (e dad Ae o f Gadail) 5 Al
. fiA > B L a8l sdgd e 5 B de sendll S

Mathematically,

f:A—-> Bisamapping & Vx€e€A3lyeBs.t. f(x)=y

Remark 1.1: A mapping is (generally) denoted by f,Fg,G,h, H, ....

Example 1.2: Let A = {1,2,3,4} and B = Z. Which of the following
relations is mapping?

R, ={(x,y) EAX B:y = 2x}

RZ = {(Ll)r (1,2), (270)' (31 _1)' (471)}
R3 = {(Ll)r (2,0), (3;3)}

Remark 1.3: Every function is a relation but not every relation is a function
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Mapping can be defined in another way:

Definition 1.4: Let A and B be two nonempty sets. A relation f from A to B
(f €AX B) is called a mapping or function if it satisfies two conditions:

1) Closure @aN): Vx € A = f(x) € B Jaall a8 4 ) poa Jlaall (3 paic S
Julaall

2) Well-defined ) oy il Jiaal) Jiaall 833 55 ) gom 4l Sl (3 jeaaic S

If x; = x, then f(x;) = f(x,) Vxy,x, €EA

Example 1.5: Determine whether f: Z — R is a function or not

a) f(x)=vx?+1

?
1. closure: Let Vx,x EZ = f(x) ER
Vx,x EZ=x>+1€Z=+Vx2+1€ER
~ closure is held (gasie (3Ma3Y)

2. well defined: Vx;,x, €Z,x; =x, = xi =xs = xi+1=x7 +1

= Jx2+1= x2 +1
= f(x1) = f(x2)
=~ f is mapping

b) £() = { x, x> 1
f is not well defined because x =1€ Z
but f(1)=1and f(1) = =1 L) sadd paic 2,
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1

3) f(x) =~

X

Closure condition is not held (sic ye 33Vl da il
Letx=OEZbutf(0)=%eR

~ f is not a mapping

Example 1.6: (H.W.) Is f mapping?

l.Letf:N - N st f(x) =x/(|x| = 5)

3
2. Letf:R - R st f(x) = &

x—1

Graph of Mapping 4l aw)

Let A and B be two non-empty sets and f: A — B. The graph of f is denoted
by Graph f and is defined as

Graph f = {(x,y):x € Aand y = f(x)}
Definition 1.7: Let f: A — B be a mapping. Then

1) The set A is called the domain of f 4l Jaw and is denoted by Dy

2) The set B is called the Codomain of £ 4lall Ji&all Jall and is denoted by
Cod
f

3) If f(x) = y then y is called the image of x and x is called the preimage
of y

4) The set of all images of the elements of A is called the range of f and is
denoted by R,

Re=f(A) ={y=f(x):x € A} € B = Cods
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e s Lo aldie YU Alall Jlaal) sy Sy 23 Aaadla

Df =R Aagdall dlae V) aes Ledlae kel Allal) )

oo (5 glawy alial) Jea 3l aiill Jac Lo Lesdnd) oloe Y] gsen lgllas 4y sl 000/ | ¥
Llles yiad) con dadl] Jea il il e Ligind) Soe V) ran lellas o dadf AUlal) ¥

ULl Jia SIS 151 IS i e olaie Y lgia (5 1 e i Ry pocall e pans Ay
X ad o) Gk e saall dlay) (Saall (o 6 ddsisd] Dac V) de pane po 4i ja de pana
yﬂyd,-!

Example 1.8: Write the graph set, the domain and the range of the
following functions:

1) Let f:{—2,-1,0,1,2} > Z s.t. f(x) = x3
Graph f = {(x,x3):x € {~2,—1,0,1,2} and f(x) = x3}

={(=2,-8),(=1,-1),(0,0),(1,1), (2,8)}
D; = {-2,-1,0,1,2}
R, = {—8,—1,0,1,8} € Z = Cod;
2)Letg:Z > Z st g(x) = x?

Graph g = {(x,x?):x € Z and g(x) = x?}
={...,(—2,4),(—-1,1),(0,0),(1,1),(2,4), .... }

D, =7

R, = {0,1,4,9,16,....} € Z = Cod,

Example 1.9: (H. W.) Find the domain and the range of the following
functions:

1) f(x) = — DYF(x)=v1i—-2x 3)Gx)= [—

x+2
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Types of Mappings <kl £ o

1. Constant Mapping <wtil)  gadail)

A mapping f: A - B is called
constant map &4 < Jlc€Bs.t. f(x)=c Vx€EA
or

f is called constant & Ry = {c}

Constant Mapping

Example 1.10: Let f:R > Rs.t. f(x) =2 Vx€ER

f is constant function
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i1 Y (0,2)

Example 1.11: Give two examples of non-constant functions

2, x=>1

1.let f:R —» R sit. f(x)={_3 x <1

f is not a constant mapping because f(1) = 2 and f(0) = -3
Give another example (H. W.)

2. Identity Mapping 4513 jal)

A mapping f: A — Ais called identity map 4344 denoted by i,
& f(x)=x VxeA

Example 1.12:
1. let f = {(1,1),(3,3),(0,0), (=6, —6)}
f is identity function defined on A = {0,1,3, —6}

~f =g
2.letf:Z>Z st. f(x)=x Vx€Z
f=1iz
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. letf:Zz-2 st f(x)=|x| VxeZ
f(x)=f(—x)=x Vx€Z

~ f is not identity function

4, letf:N >N st f(x)=|x] Vx€EN
f(x)=x Vx€EN

~ f isidentity function (i.e., f = iy)

3. Injective Mapping ¢glsiall gadail)

A function f: A — B is called one to one (1-1) or injective if different

elements in the domain A have different images in B
Sl Jlaall 8 4dline |y gom Jlaall 8 AGBR LN joaliall il 1) Aigliie A anss

f:A—> B iscalled 1-1 & V xq,x, € 4; if x; # x, then f(x;) # f(X;)

Or
) D
.2 f:A— B is called 1-
h le Vx,x, € —B
A; if f(xq) = A
q f(x,) then x; =
A X2
fiA->Bisnotl-1s Jx;,x, €EA4; x; # X, A f(x1) = f(X;)
One to one function not one to one function
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f4)=f3)=A4

f is many to one

Remark 1.13: In the graph of Injective map, a horizontal line should never
intersect the curve at 2 or more points.

VA -______H_.fh
same! / \ unigue
1 TN
X1 X X X4 X2 X
not one to one (many to one) Injective (one to one)
function

4. Surjective Mapping Jalédl gukail) A function f: A - B is called (onto)
or surjective if every element in "B" has at least one relating element in
"A" (maybe more than one).

o ST g o)y seainls ) gem sa JEall Jaall b yeaic JS OIS 13 AL ()55 £ Al
Jaall

Mathematically,
A function f: A — B s called (onto) or surjective & R, = Cod;
Or

A function f: A - B is called (onto) or surjective & Vy € B3ix €
As.t.f(x)=y
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A function f: A — B is not (onto) or not surjective & Ry # Cods

5. bijective Mapping J:iial)

]

A function f: A - B is called bijective & f is 1-1 and onto

A function f: A — B is called not bijective < f is not 1-1 or f is not onto

@ o @ s} . o
-\"'-\-\__\_ _,_,.,-J T - e
= o —
o— “mg o e e— g
_:-'—"'--F-F-F-F
@ ﬂo ———»0 ® ff,ro
e o o e
General Injective Surjective
Function Mot surjec’riue Mot mjer:‘rive

@ o

@ o
Bijective
(injective and
surjective)

Example 1.14: Which of the following functions are injective? Surjective?

Bijective?
1. f:R - Rsit. f(x) =x
2. f:R - Rs.t. f(x) =3

3. f:R* - Rs.t. f(x) = x?

(H. W.)
(H. W.)
(H. W)

4. f:R - Rs.t. f(x) =vx?2+9

5. f:R\ {2} > Rst. f(x) =

x+4
2x—5

(H.W.)

6. R = [1,0)st f(x)=|x—4|+1

7.f:R - [—4,0)st f(x)=—4+(x—4)*> (H. W)
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x3, x<0
x? x>0

8. f:R - Rst f(x) ={
Solutiond: f: R — Rst f(x) =vx2+9
D = Rand cods = R
Surjective? We need to find R,
Whenx e R= f(x) =y =3
Rr={y: y=3}=[3,0) # R = cods

=~ f is not surjective (not onto)

Injective? Let f(x,) = f(x,) — %, = %,

flx) = f(xy) = \/xl2 +9 = \/xzz +9

:X12+9=X22+9

=1 X12 == X22

== x1 - +x2

= x1 = X3 ....(1)

Or, X1 =—X; = Xy F X3 ceeee

From (2), f is not injective

~ f is not bijective

Solutioné: f:R — [1,00) st f(x) = [x— 4| +1={

Dy = Rand cods = [1, )

2

x—3, x=4
—x+5 x<4
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Injective? Let £(x;) = f(xs) » %1 = %,
fx) =fx) = Ix -4+ 1=[x; — 4]+ 1
= |x; — 4] = [x; — 4]
Eitherx; —4=x, — 4
= X, = Xy ....(1)
Or,x; —4=—-x,+4
=X =8—Xx, = X; F Xy «0eee2)
From (2), f is not injective (1-1)
Surjective? We need to find R

x —3, x =4
f(x)_{—x+5, x < 4

fx>4 = x-321=y>1 .....(1)

f x<4= x>-4=5—-x>1=y>1.....(2)
~From(l)and (2), Rr ={y:y=1ory > 1} =[1,) = cody
=~ f is surjective (onto)

Y AV dagl a5 ALls A o) LAY (g A) ddy

Ifx>4 >y=x—-3= x=y+3
1dh gsbad ) LSy a OSSOl g x > 4 0585 S
= y=>1.....(1)

If x<4, y=—x+5= x=5-y
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1d oe oSy o (sS8l cmx < 4 0585 S

= Y >1.n(2)

~From(1)and (2), Ry ={y:y=1ory > 1} =[1,0) = cods

~ fisonto
~ f is not bijective

' 3, x<0
Solution8: f: R — Rs.t. = {x » X
fiR - f(x) ¥ x>0

D = Rand cods = R
Surjective (onto)? We need to find R,
Whenx <0 =y= f(x)=x3<0=y<0
Whenx>0=y= f(x) =x2>0=y=>0
Rr={y: y<0 ory=0}=R=cod;
~ fisonto

Injective (1-1)? Let £(x;) = £(x,) - x, = %,

x2=x3, x,<0,x,<0

x?=x2, x,>0, x,>0
fx) =f(x) = 31_ 2 2

x;=x%, x,<0, x, =0
x2=x3, x;,>20,x,<0

X1=x2,x1<0,x2<0

) X1 =X, X1 =20,x,=>20

~ X1 = x, = fisinjective
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~ f is bijective

Inverse Mapping: dswsal) 431al)

Let f be a bijective mapping from A to B then f~1 is a mapping from B to A
such that f~1(y) = x.

Mathematically,

f:A - Bsit. f(x) =y isabijective mapping & f~1: B - Aisamap. s.t,
o) =x

Example 1.15: Let f: {1,2,3} - {a, b, c} s.t.
f)=a, f(2)=b, fB)=c
Or f={(1,a),(2,D),(3,c)}

f
) :
ol
B
)

Since f is 1-1 and onto (bijective) = f~1:{a, b, c} - {1,2,3} s.t.
ffll@y=1, f*) =2, f(c)=3
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or f7+ ={(a,1),(b,2),(c,3)}

Example 1.16: Let f: R* —» R* s.t. f(x) = >. Find f* (if exist)?

Solution: f~1exist < fis bijective
1-1? Let f(x;) = f(x,) = "7 = "? = x, =X, = fis 1-1
Onto?y=§=x= 2y

= R = R* = cods
~ f is bijective = f~1 is a mapping = f~1 exist

YAV 0 aa f 7T oY

y = g = X =2y
W fTLRY S RY st fi(y) =2y

Remark 1.17:

1. If a function f is not injective then f~1 is not a mapping (f ~'does not
exist)

2. If a function f is not surjective then f~1 is not a mapping (f ~‘does
not exist)

3. If a function f is bijective then f~1 is a mapping (f ! exist)

Example 1.18: f:R - Rs.t. f(x) =4+ (x — 4)% Find f~1 (if exist)

Solution:

f~Yexistif and only if f is 1-1 and onto

1-1?2 Let f(x) = f(xy) = 4+ (x; —4)?> =4+ (x, — 4)?
= (x; —4)? = (x, — 4)?
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Okl i
= x;—4=+(x, —4)
Either, x; —4=x,—4 = x; = x,
Oor,x; —4=—(x,—4) > x; #x,
~ fisnot1-1
~ f~Lis not defined

x3, x<0
x%, x>0

Example 1.19: f:R > Rst. f(x) :{

Find f~1 (if exist)?

Solution:

f is bijective (see Example 4.14(8))
~ f~1is defined

3;/—,y<0

& fThR->Rst f~ (y)={\/;’y20

Example 1.20: f:[3,0) — [0,00) s.t. f(x) =+x — 3. Find f~1 (if exist)
Let f(x1) = f(x2)

=>x1—3=x2—3

=>X1 =x2 =>f|S 1'1
Onto? Is Ry = codf?

y AV x i

y=vx—3=x=y>+3=y>0 (because x > 3)
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oA A5y Hhay gaall alaal (Sa

x>3=>x—-—320

= Vx—3=20=>y=0

= R = [0,) = cods
f is bijective

~ f~1is defined

y AV x a1 ey

y=Vvx—-3=x=y*+3

f_l: [0,00) - [3,00) S't'f_l(y) = y2 + 3
Remark 1.21:

1. f1 ;t]—f

2.(F D) = f
3f=ftef=is

Composition of Mappings <tiuhil) cus 5

Let f: A — B be amapping and g: B — C be a mapping. The composition
of g and f is a mapping denoted by gof and is defined as

(gof)(a) = g(f(a)) VaeA
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Mathematically,

If f:A—> Bandg:B — Cthen gof:A— Cisamap. & Va € A4,
Alg(f(a)) € Cs.t. (gof)(a) = g(f(a))

g(x)
range
of fog

(fog)
Remark 1.22: Let f:A—> Band g: B — C. Then
1. gof is defined (exist) if and only if R, < D,
2. fog is defined (exist) if and only if R, € D
3. fog # gof (in general)
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Example 1.23: Let f: R - [2,00) s.t. f(x) = x* + x% + 2

g:RY > [—4,00)s.t.g(x) =+x —4
Find fog and gof (if exist)
Solution: fog exist when R, S Dy
Rg=[-4,)and Dy = R = R, € Ds

=~ fog is defined

(Fog)() = f(9(0)) = F(Wx —4) = (Vx —4)" + (Vx —4)" +2

gof is defined when R € D,
Rf = [2,00) and Dg =Rt = Rf - Dg

=~ gof is defined

(gof)(x) =g(f(x)) = gx* + x>+ 2) =Vx* +x2+2 —4

Example 1.24: Let f: R = Rs.t. f(x) = sin (x)

g:[0,0) > (—,0] s.t.g(x) = —Vx

Find fog and gof (if exist)
Solution: fog exist when R, € Dy
Find Ry? g(x) = —Vx

Vi 20=g(x)=—Vx <0
“Ry=(—,0] €D =R

~ fog is defined
(fog)(x) = f(g(x) = f(=Vx) = sin (—Vx)
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To find gof, we need to check if R < D,
f(x) =sin(x) € [-1,1]
~ Ry =[-1,1] € D; = [0, )

~ gof is not a map (does not exist)

Theorem 1.25: Let f:A - B and g: B — C be two mappings, then

1.1f fand g are 1-1then gof is 1-1

2. 1f gof is 1-1then f is 1-1

3..If fand g are onto then gof is onto

4. If gof is onto then g is onto

Proof 1: T.P. gof:A — C is 1-1 (injective)

Vxy,x; € A, (gof)(x1) = (gof)(xz) T.P.x =x,

(9o () = (gof) () = g(F(x)) = g(f(x,))  (def. of gof)
= f(x1) = f(x3) (g is 1-1)
=X, =X, (f is1-1)

s gofisl-1

Proof 2: Let gof is 1-1 T.P. f is 1-1

Vxi, x5 €A, f(x;) =f(x,) T.P.x; = x5

f(x1), f(x2) € Dgand f(xy) = f(x2)

= g(f(x1) = g(f(xz)) (g is well defined)

= (gof)(x1) = (gof)(x;) (def. of gof)

= x; =x, (gofisl-1)

= fis1-1

123 Son alen Can - s Jie




Foundation of Mathematics el e

Proof 3: Assume that f and g are onto T.P. gof is onto
TP.Vze(C,Ix € As.t.(gof)(x) =z

Since fisonto = Vy € B,3dx € As.t. f(x) = y...... §))

Since gisonto = Vz € C,3y € Bs.t.g(y) = z...... ?2)

Substitute (1) in (2)

= VzeC(C,Iy=f(x)€EBs.t.g(f(x)) =z

= Vze(,Ax € As.t.(gof)(x) =z

= gof isonto

Proof 4: Let gof isonto T.P. g is onto

TP.Vze(C,dyeBs.t.g(y) =z

Since gof isonto = Vz € C,3x € As.t.(gof)(x) =z
=VzeC(,Iy=f(x)€EBs.t. g(f(x) =z
= Vze(,AyE€Bs.t. g(y)=z

= g isonto

Equal Mappings <kl g glud

Let f and g are two mappings, then

f=9 ©Df=Dg Af(x) =g(x) Vx€Ds=D,

Theorem 1.25: Let f: A - A be amapping and iy: A — A be the identity
mapping, then isof = f and foiy = f
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Proof: T.P. iyjof =f A foiy=f
1 (2)

iqof:A — Ais defined

T.P. ijof = f Oshad 383 g8 slual) (a j (S

1) DiAof :Df?
iAOf:A _)A
“ Diyop=A =Dy

2) (ia0f)(x) = f(x)
(la0f)(x) = i4(f(x)) (def. of o)
= f(x) (def. of iy)
w (ig0f)(x) = f(x) Vx€EA
From (1) and (2) = isof = f

Similarly, prove that foiy = f (H.W.)

Theorem 1.26: Let A, B and C are nonempty sets. Then:

1. If f:A - Bisbijectiveand f~1:B - Athen f~lof =i,, fof 1 =ip

2.1f f:A - Aisbijectiveand f~1:4 > Athen f~lof = fof 1=,

(H.W.)

3. If f:A — B be abijective mapping then f~1: B - A is a bijective

mapping.

4.1ff:A—> B, g:B = C,h:C - D then (hog)of = ho(gof)

5.1f f: A - B is bijective and g: B — C is bij. then (gof) ! = f~log™?!

Proof 1: Let f: A > B is bijectiveand f~1:B —» A
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TP. f~lof = i,
f~lof:A - A is defined

1) TP. D,n, =D

f~tof ia
floftA> A= Di, = A
isrA>A=D;, =A

Df_lof == DiA
2)T.P.(flof)(x) =is(x) Vx€eA

(fof)) = FHf ) e (1)

Since fisamap. = Vx € A,Iy EBs.t. f(x) =y ...

Substitute (2) in (1) = (f lofH(x) = f1(y) =«
= (fof)(x) = x = iy (x)
From (1) and (2) = flof =i,
Next, we prove fof ! =iy
fof~1:B - B is defined
1) TP. Dyop1 =Dy,
fof %:B—>B=> Djpp1=8
ip:B—>B=D; =B

Drop-1 = Dig
TP (fof N =iz(y) Vye€EB

(fof D =fF10)) - (D)

Since f~lisamap. = Vy € B,Ax € As.t.f1(y) =«x
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Substitute (2) in (1) = (fof DY) =f(x) =y
s (fof DO =y =iz )
From(1)and (2) = flof =ip
Proof 3: Let f: A — B be a bijective mapping (1-1 and onto)
T.P. f~1:B > Ais a bijective mapping.
flis1-1? Lety,,y, €EBst. fY(y)) =f"1(y,) TP.y; =y,

Slnce yllyZ €EB = Rf = Elxl,xz € A s.t. f(xl) = Y1’ f(xZ) = yz [f |S
onto

= 3Ixy, %, EASE fTH(f(x)) = () and fFH(f (%)) = f71(12)
[f~Lis well defined]

= 3x, 2, EASL () = (FG) - [FT o) =" (2]
= Jx;,%, € ASt (Fof)(xy) = (Ftof)(x,) [def. of f~1of]
= 3Ax;,x, € ASt iy(xy) = iy(x,) [from part (1)]

= X, = Xy

= f(x1) = f(xy) [f is well defined]

= Y1 =2

o flis1-1

flisonto? TP.R-1 = A
Ri-i={x€Ax=f"'}=xedfx)=y}=A4

~ f~1isonto

f~lis1-1and onto = f~1is bijective

Proof 4: let f:A » B, g:B — C,h:C - D T.P. (hog)of = ho(gof)

1) D(nogyor = Pho(gos) = A
127 e osblew G - Al Jiie o




Foundation of Mathematics el e

2) T.P.Vx € A, [(hog)of](x) = [ho(gof)](x)
[(hog)of](x) = (hog)(f(x) (def.of0)
= h(g(f(x)) (def.ofo0)
= h(gof (x))
= [ho(gof)](x)
~ (hog)of = ho(gof)

Proof 5: Let f: A — B is bijective and g: B — C is bijective
T.P. (gof)™' = flog™"

Leth =gof:A—>CT.P.h"1=f"1og™1
T.P. hoh ™! = i,
hoh™" = (gof)o(f tog™)

= go(fof Hog™" [ois associative]

= goigog™* [fof =t = ig]
= gog™* [goiz = g]
=l [gog™ =i(]

~ (gof) ™t =f"log™!

Direct Image 3 sikuall 5 ) guaall

Let f: A — B be amapping and C < A. Then the direct image of C under f
Is defined as

f(C)={y€eB; IxeCs.t.y=f(x)}
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9 lgd paic JS Al B diaall Jlaal) (36 40 3 de gana (& () 380l 3 ) suaall
35l f(C) oandiy Jadl e 4 3all € Ao sanall jpalic (o S8 5l jainls ) sea
S Gkl JaiaC J 5 il

yeEf(C)e= IxeCs.t. y=f(x)

yef(C) = VxeCls.t.y+ f(x)

Example 1.27: Let f: N\{1} > Ns.t.f(n) =n? -1

Let € = {2,3,4}. Find £(C).

Solution:

f(©) =1{f(2),f(3),f(4)}=1{3815}

Theorem 1.28: Let f: A —» B be a mapping, let C, D are subsets of A. Then:
1.1f C € D then £(C) < f(D)
2.f(CnD)c f(C)nf(D) (HW.)
3. If f isinjective (1-1) then f(C N D) = f(C)n f(D)
4. f(CuD)=f(C)Uf(D)
5. F(ONf(D) € fF(C\D)
6. f(C\D) € f(C) (HW.)
Proofl: Let C € D T.P. f(C) € f(D)

Lety € f(C) = y€B; Ax € Cs.t. y = f(x) (def. of f£(C))

= y€EB;IxE€Ds.t. y=f(x) (C € D)
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=y € f(D) (def. of £(D))

~ f(C) < f(D)
Proof3: Suppose fis1-1T.P. f(CNnD)<c f(C)Nnf(D) A
&S
f(C€)nfD) < f(CnD)
@)
From (2), f(Cn D)< f(C)n f(D) ....(1) (HW.)

TP.f(O)Nnf(D)< f(CND)
Letye f(C)Nf(D)T.P.ye f(CnND)
ye f(ONfD)= ye f(C) Ay e f(D) (def ofn)
= 3Ix;, €C,y=f(x1) AN Ix, €D,y = f(x,) (def. of direct image)
= y=fx) = flxz)
= x; =x, (fisl-1)
= Ix=x;,=x,€CNDsty=f(x) € f(CnD) (def. of direct
image)
~ f(ONfF(D)YE F(CND)...Q2)
From (1) and (2), f(C) N f(D) = f(C N D)

Proof4: T.P. f(CUD)<S f(C)Uf(D) AN f(CO)Uf(D)< f(CuD)
D (2

Letye f(CUD) < yeB;Ax e CUDs.t. y=f(x) (def. of

f(€uD))

& y€eEB;AxeCvx€eDs.t. y=f(x) (def. ofv)
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& yEB;[Ix el s.t. y=f(x)]v[x €D s.t. y=f(x)]
S yef(C)vye f(D) (def. of direct image)
S yef(C)Uf(D) (def. of U)

~ f(CuD)=f(C)uf(D)

Proof 5: T.P. fF(O\f(D) € f(C\D)
Lety € fF(O\F(D)= y€ f(C) Ay &f(D) (def.of\)
= 3Ix€C s.t. y=f(x) AN Vx€D; y# f(x) (def.ofdirectimage)
=3IxeCs.t. y=f(x) A x&€D; y=f(x)
= 3Ix€C AN x€D; y=f(x)
= y € f(C\D)
~ FIONF(D) € f(C\D)
Inverse Image 4swsall 3 gual)

Let f: A — B be a mapping and D < B. Then the inverse image of D under
f is defined as

fD)={x€A:f(x)eD}

led paic S5 ) sa il Al g 4 Jadd) (10 40 32 Ao sana (8 (D) 2anlall 5 ) puall
f Gubill Jats D JASal) ) peall £71(D) ey Jiaall (e A3l D A ganall )

x€f (D)= x€As.t. f(x)€ED
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Example 1.29: Let f: N\{1} > Ns.t.f(n) =n? -1
Let D = {2,3,4,8}. Find f~1(D)
Solution: f~1(D) ={n € N\{1}: f(n) € {2,3,4,8}}

={neN\{1: n*—-1=2vn —-1=3vn?—-1=4vn?—-1=8}

={neN\{1: n*=3vn?=4vn?=5vn?=9}
={meN\{1}: n=v3¢Nvn=2€e Nvn=+5 ¢ Nvnh=3 €N}

f(D) ={23}

Example 1.30: Let f:R - Rs.t. f(x) = x2 — 2. Find f~1({2,7})

Solution: f1({2,7}) = {x € R: f(x) € {2,7}}
={x€R:x*—2=2o0rx*-2=7}={2,-2,3,-3}

Theorem 1.31: Let f: A - B be amapping, let E € A and C, D are subsets
of B. Then:

Lf7(CnD)=f"HCO)nfH(D)

2.1 C € D then f~X(C) € f~(D) (H.W.)
3. f1(CuUD) = f1(C) U f~1(D) (H.W.)
4. f7H(C\D) = fTHON (D)

5. f~Y(C\D) c f~1(C) (H.W)

6.E € fY(f(E)) (HW.)

7.1f fis1-lifand only if E = f1(f(E))

132 e osblew G - Al Jiie o




Foundation of Mathematics el e

8.f(f~1(C)) € C (HW.)
9.If f isonto if and only if f(f~1(C))=¢C
Proofl: Letx € f"1(CnD) = f(x)eCnD (def.of 1)
& f(x)EC A f(x) €D (def. of n)
SxefY(COOAN x€ f7Y(D) (def.of f71)
S xefHCO)nf (D) (def. of N)
s fTHCND)=fTHO N D)
Proof 4: Letx € f1(C\D) & f(x) e C\D (def.of f1)
& f(X)EC A f(x) @D (def.of \)
Sxef YO x¢f (D) (def.of f1)
= x € fYC)\F (D) (def. of \)
s fTHEND) = fFHON D)

Proof 7: =) Let fis1-1 T.P. E € f X (f(E)) A fX(f(E)) € E
From part (6), E < fX(f(E)) ....... (1)
TP. f Y (f(E))CE
Letx € f71(f(E)) = f(x) € f(E) (def. of inverse image)
—3de€Est f(x) = f(e)
—x=e €E (fisl-1)
= x€eE
f fUFE)SE .....()

From (1) and (2), f~Y(f(E))=E
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&) Assume that f~1(f(E)) = E T.P. fis1-1
Suppose f isnot 1-1 ,élw e
Ax,,x, EAStf(xy) = f(x,) and x; # x,
LetE ={x;} = x; €EE = f(x;,) € f(E) (def. of direct image)
= f(x2) € f(E) (f(x1) = f(x2))
= f(x) € f(E) and f(x;) € f(E)
=x; € fTYf(E))=E andx, € fX(f(E)) =E
= {x1,%,} €EE = {x;} o=8%

fis1-1
Proof 9: =) Let fisonto T.P. f(f~1(C)) € C AC < f(f~1(C))
Frompart (8), f(f~X(C))<sC ....... (1)
TP. C S f(f7(O)
LetyeC =3Ix e Ast.y=f(x) (fisonto)

= x € f1(y) € f~1(C) (def. of inverse image)

= f)=yef(f)
~C ecf(fF7Y(O) ....(2)
From (1) and (2), C = f(f~(C))
&) Assume that f(f~1(C)) = C T.P. fis onto
Assume f is not onto =8l Gl
dJyeB—-f(A)=y+f(x) VxeEA

= fly)#xVxeA
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LetC = =f"O=f"H=0

= f(fHO)=f@) =9

= F(F1(C)) # € oAl o il
~ f isonto

Remark 1.32: Let f:A = B be amapping, let E € Aand C € B. Thenin
general

1A= f(f(4)
2.B = f(f~4(B))

For example,

Let A = {1,2,3}, B = {4,5,6,7}
fiA > Bst f(1) =f(2) =4

fB)=6
LetE ={13}cA andC ={45} S B

fE) = {46} = f'(f(E))=f"({46) = {123} # E
= fYf(E))+E
Also, f71(C) = (1.2} = f(f () = f(12D = (4} # C
= f(fY(0) = C
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