"Integrating factors"

Def.:-When an O.D.E. is not exact then multiplying by a factor; obtain an exact
O.D.E. this factor is called an integrating factor of this equation.

i.e. if M(x,y)dx+N(x,y)dy=0 inexact O.D.E.

if there exist a factor u(x,y) s.t. uM(x,y)dx+UN(x,y)dy=0 exact O.D.E.
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U(x,y) is called integrating factor.
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Ex.:- Solve the following equations:
(1) xdy — ydx = x*y3dx
Solution

1 1
multiply the equation by the integrating factor (I.F.) Z T2 org,

xdy —ydx

y3dx
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Letz=§—>y=xz

dz = x3z3dx

(2) xdy — (3y+’;—4) dx =0

Solution

oM L ON ,
ay Ox 1S Inexac

X4

xdy — 3ydx—7dx =0

4
xdy — 3ydx = —dx
y
p:-3 , 0=1

The integrating factor (I.F.) is xP~1y971 = x~*

x4

s d(x73y) = =3x"tydx + x3dy
=x~*(—3ydx + xdy)
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zdz = x73dx

By integrating

72 + c the general solution

dy +%dx = (3x+ 2)dx

The integrating factor (I.F.) is e/3%* = eln* =
: Y 0\ — (242
o X (dy + de) = (3x* + 2x)dx
d(xy) = (3x? + 2x)dx

By integrating

~xy =x3 +x? + ¢ the general solution




Exercises

Solve the following equations by using integrating factor:-
(1) 4ydx + xdy = xy*dx

(2) 2ydx + 3xdy = 3x ldx

(3) xdy — 2ydx = x3y*dx

(4) dy + %ydx = x3e*dx

dy — =X
(5) T 2xy = xe

3-Linear O.D.E.

The general form of non-homo. linear O.D.E. of the first order is:-

dy _

Where p, @ are functions of x
We can solve this equation (*) by using the integrating factor, as follows:-
dy +p(x)ydx = ¢(x)dx
The integrating factor is el P()ax
2 el POAX gy 4 p(x)ydx) = el P p(x)dx
o d(yel PDdxy = ol p(dx () dy

by integrating the general solution of (*) is:-

yefp(x)dx = fefp(x)dx go(x)dx +c

Or y = e~ I p()ax [ el P()dx o(x)dx + ce— I p(dx




Ex.:- Solve the following equations:

y ¥y _ 2 _
(1)dx+x—x 3

Solution
1
dy + ;ydx = (x? — 3)dx
1
LF. el3® = plnx —

1
x(dy + ;ydx) = (x3 — 3x)dx

d(yx) = (x3 — 3x)dx

By integrating the general solution is

x* 3 x3 3 c
yx=z—§x2+c—>:.y=z—§x+;

dy 3
(Z)xa+2y—x

Solution

xdy + 2ydx = x3dx
2
dy + ;ydx = x%dx
|E. eff—cdx — p2lnx — elnxz = x2
d(yx?) = x*dx

by integrating the general solution is:-

x5




Exercises
Solve the following equations:-
dy —
(1) o 3xy =-2
2y +x*y*=x
/ Yy .
3) xy' — = = sinx

@)y —2xy =e*

4- Bernollie's equation

This equation has the form:-

dy )
ax ' Py =y @) .o (%)

If n=0 - non — homo. Linear O.D.E.
If n=1 - homo. Linear O.D.E.

The equation (*) is non-Linear transfer it to Linear and we can solve this
equation by the following steps:-

@) [% +p(y =y ex)] +y"

eyt = o)
y dx pPX)y ()

() let z=y' ™

dz dy

R T -n 7
dx (1—n)y dx

Ly 1@
1 —ndx




(3) Substituted (2) in (1); obtain:-

1 dz

1 - ndx +p(x)z = (%)

d
(4) d—)Z( + (1 —n)p(x)z = (1 —n)@(x) non — homo. Linear O.D. E.

We can solve this equation by integrating factor

(5) I.F. el (-n)p(x)dx

(6) d(z ef(l—n)p(x)dX) = (1 -n)e(x) eJ(1-)p(x)dx
(7) by integrating; obtain:-

7 e/ A-M)p(x)dx — f(l —n) (%) e/ A-mp(dx 4y + ¢

(8) Substituted z=y1 ™™ in (7)

EXx. Solve the following equation:-

3 ,—x2

xy———=y’e
Y=uax 7Y

Solution

Bernoulli's equation

dy 3 x| . o3
&—X =-—-ye -y

-3d - -
My 2 G-yt =—e

(2) z=y~?




& +2xz = 27X
dx B
(4) dz + 2xzdx = 2e ™ dx

|LF. is e 2xdx = ox*
(5) e¥ (dx + 2xzdx) = 2dx
(6) d(zeX") = 2dx
By integrating
ze¥ = 2x 4 ¢
The general solution is:-

y~2eX* = 2x + ¢

Exercises

(1)y’+xy=yx—3,y¢0

(2) xdy — ydx = y*dx

) xy' +y = yilnx

(4) 2y’ _§= 5x3y3 ,x =0




