
"Integrating factors" 

When an O.D.E. is not exact then multiplying by a factor; obtain an exact -Def.:

O.D.E. this factor is called an integrating factor of this equation. 

i.e. if M(x,y)dx+N(x,y)dy=0 inexact O.D.E.  

if there exist a factor u(x,y) s.t. uM(x,y)dx+UN(x,y)dy=0  exact O.D.E. 

∴  
∂(uM)

∂y
=   

∂(uN)

∂x
   

U(x,y) is called integrating factor. 

 

Exact differential Integrating factor The combination 
 

𝑦

𝑥
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−𝑥

𝑦
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𝑥
, …. 
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𝑥2
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1

𝑦2
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1

𝑥𝑦
,

1

𝑥2 + 𝑦2
, 

1

𝑥2 − 𝑦2
… … … ,

1

𝑎𝑥2 + 𝑏𝑥𝑦 + 𝑐𝑦2
 

 

xdy-ydx 

𝑥𝑝𝑦𝑞 
xdy − 

xy 
 
 

𝑥𝑝−1𝑦𝑞−1 
 
1 

Pydx+qxdy 
 

ydx+xdy 

𝑦𝑒∫ 𝑝(𝑥)𝑑𝑥 𝑒∫ 𝑝(𝑥)𝑑𝑥  dy+p(x)ydx 

 

 

:Solve the following equations -Ex.: 

(1) 𝒙𝒅𝒚 − 𝒚𝒅𝒙 = 𝒙𝟐𝒚𝟑𝒅𝒙 

Solution 

multiply 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 by the integrating factor (I. F. ) 
1

x2
 or 

1

y2
 or

1

xy
 

xdy − ydx

x2
= y3dx      



𝑑 (
𝑦

𝑥
) = 𝑦3𝑑𝑥 

Let 𝑧 =
𝑦

𝑥
→ 𝑦 = 𝑥𝑧 

𝑑𝑧 = 𝑥3𝑧3𝑑𝑥  

𝑑𝑧

𝑧3
= 𝑥3𝑑𝑥 

By integrating 

−1

2𝑧2
=

𝑥4

4
+ 𝑐 

−1

2 (
𝑦
𝑥)

2 =
𝑥4

4
+ 𝑐 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

 

 (2) 𝒙𝒅𝒚 − (𝟑𝒚 +
𝒙𝟒

𝒚
) 𝒅𝒙 = 𝟎 

Solution 

𝜕𝑀

𝜕𝑦
≠

𝜕𝑁

𝜕𝑥
  is inexact 

xdy − 3ydx −
x4

y
dx = 0 

xdy − 3ydx =
x4

y
dx 

p=-3 , q=1 

The integrating factor (I.F.) is 𝑥𝑝−1𝑦𝑞−1 = 𝑥−4 =
1

𝑥4
 

 

∴ 𝑑(𝑥−3𝑦) = −3𝑥−4𝑦𝑑𝑥 + 𝑥−3𝑑𝑦 

                   =𝑥−4(−3𝑦𝑑𝑥 + 𝑥𝑑𝑦) 

∴
𝑥𝑑𝑦 − 3𝑦𝑑𝑥

𝑥4
=

𝑑𝑥

𝑦
 



𝑑 (
𝑦

𝑥3
) =

1

𝑦
𝑑𝑥 

𝑧 =
𝑦

𝑥3
 → 𝑦 = 𝑥3𝑧 

𝑑𝑧 =
1

𝑥3𝑧
𝑑𝑥 

𝑧𝑑𝑧 = 𝑥−3𝑑𝑥 

By integrating 

𝑧2

2
=

𝑥−2

−2
+ 𝑐 

1

2
(

𝑦

𝑥3
)

2

=
−1

2𝑥2
+ 𝑐 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

 

 (3) 
𝒅𝒚

𝒅𝒙
+

𝒚

𝒙
= 𝟑𝒙 + 𝟐 

Solution  

𝑑𝑦 +
𝑦

𝑥
𝑑𝑥 = (3𝑥 + 2)𝑑𝑥 

The integrating factor (I.F.) is 𝑒∫
1

𝑥
𝑑𝑥 = 𝑒𝑙𝑛𝑥 = 𝑥 

∴ x (dy +
y

x
dx) = (3x2 + 2x)dx 

𝑑(𝑥𝑦) = (3x2 + 2x)dx 

By integrating  

∴ 𝑥𝑦 = 𝑥3 + 𝑥2 + 𝑐  𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

 

 

 

 



 

 

Exercises 

Solve the following equations by using integrating factor:- 

(1) 𝟒𝒚𝒅𝒙 + 𝒙𝒅𝒚 = 𝒙𝒚𝟐𝒅𝒙 

  (2) 𝟐𝒚𝒅𝒙 + 𝟑𝒙𝒅𝒚 = 𝟑𝒙−𝟏𝒅𝒙  

(3) 𝒙𝒅𝒚 − 𝟐𝒚𝒅𝒙 = 𝒙𝟑𝒚𝟒𝒅𝒙 

(4) 𝒅𝒚 +
𝟑

𝒙
𝒚𝒅𝒙 = 𝒙−𝟑𝒆𝒙𝒅𝒙 

 (5) 
𝒅𝒚

𝒅𝒙
+ 𝟐𝒙𝒚 = 𝒙𝒆−𝒙𝟐

 

 

.Linear O.D.E-3 

The general form of non-homo. linear O.D.E. of the first order is:- 

𝑑𝑦

𝑑𝑥
+ 𝑝(𝑥)𝑦 = 𝜑(𝑥) … … … … … … … (∗) 

Where p, 𝜑 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑥 

We can solve this equation (*) by using the integrating factor, as follows:- 

  𝑑𝑦 + 𝑝(𝑥)𝑦𝑑𝑥 = 𝜑(𝑥)𝑑𝑥 

The integrating factor is 𝑒∫ 𝑝(𝑥)𝑑𝑥   

 ∴  𝑒∫ 𝑝(𝑥)𝑑𝑥 (𝑑𝑦 + 𝑝(𝑥)𝑦𝑑𝑥) =  𝑒∫ 𝑝(𝑥)𝑑𝑥𝜑(𝑥)𝑑𝑥 

∴  𝑑(𝑦𝑒∫ 𝑝(𝑥)𝑑𝑥)  =  𝑒∫ 𝑝(𝑥)𝑑𝑥𝜑(𝑥)𝑑𝑥 

by integrating the general solution of (*) is:- 

∴  𝑦𝑒∫ 𝑝(𝑥)𝑑𝑥  = ∫ 𝑒∫ 𝑝(𝑥)𝑑𝑥  𝜑(𝑥)𝑑𝑥 + c 

Or  𝑦 = 𝑒− ∫ 𝑝(𝑥)𝑑𝑥 ∫ 𝑒∫ 𝑝(𝑥)𝑑𝑥   𝜑(𝑥)𝑑𝑥 + c𝑒− ∫ 𝑝(𝑥)𝑑𝑥   



 

 

:Solve the following equations -Ex.: 

(1)  
𝒅𝒚

𝒅𝒙
+

𝒚

𝒙
= 𝒙𝟐 − 𝟑 

Solution 

dy +
1

x
ydx = (x2 − 3)dx 

I.F.   𝑒∫
1

𝑥
𝑑𝑥 = 𝑒𝑙𝑛𝑥 = 𝑥 

x(dy +
1

x
ydx) = (x3 − 3x)dx 

d(yx) = (x3 − 3x)dx  

By integrating the general solution is  

yx =
𝑥4

4
−

3

2
𝑥2 + 𝑐 →∴ y =

𝑥3

4
−

3

2
𝑥 +

𝑐

𝑥
 

(𝟐) 𝒙
𝒅𝒚

𝒅𝒙
+ 𝟐𝒚 = 𝒙𝟑 

Solution 

𝑥𝑑𝑦 + 2𝑦𝑑𝑥 = 𝑥3𝑑𝑥 

𝑑𝑦 +
2

x
𝑦𝑑𝑥 = 𝑥2𝑑𝑥 

I.F.   𝑒∫
2

𝑥
𝑑𝑥 = 𝑒2𝑙𝑛𝑥 = 𝑒𝑙𝑛𝑥2

= 𝑥2 

d(y𝑥2) = 𝑥4𝑑𝑥 

by integrating the general solution is:- 

𝑦𝑥2 =
𝑥5

5
+ 𝑐 

𝑦 =
𝑥3

5
+

𝑐

𝑥2
 



 

 

Exercises 

Solve the following equations:- 

(1) 
𝒅𝒚

𝒅𝒙
+ 𝟑𝒙𝒚 = −𝟐 

  (2) 𝒚′ + 𝒙𝟐𝒚𝟐 = 𝒙  

(3) 𝒙𝒚′ −
𝒚

𝒙𝟐
= 𝒔𝒊𝒏𝒙 

(4) 𝒚′ − 𝟐𝒙𝒚 = 𝒆𝒙𝟐
 

 

Bernollie's equation -4 

This equation has the form:- 

dy

dx
+ p(x)y = ynφ(x) … … . . (∗) 

If n=0 → 𝑛𝑜𝑛 − ℎ𝑜𝑚𝑜. 𝐿𝑖𝑛𝑒𝑎𝑟 𝑂. 𝐷. 𝐸. 

If n=1 → ℎ𝑜𝑚𝑜. 𝐿𝑖𝑛𝑒𝑎𝑟 𝑂. 𝐷. 𝐸. 

The equation (*) is non-Linear transfer it to Linear and we can solve this 

equation by the following steps:- 

(1) [
dy

dx
+ p(x)y = ynφ(x)] ÷ yn 

y−n
dy

dx
+ p(x)y1−n = φ(x) 

(2) let z=y1−n 

dz

dx
= (1 − n)y−n

dy

dx
 

∴ y−n
dy

dx
=

1

1 − n

dz

dx
 



(3) Substituted (2) in (1); obtain:- 

1

1 − n

dz

dx
+ 𝑝(𝑥)𝑧 = φ(x) 

(4) 
dz

dx
+ (1 − n)𝑝(𝑥)𝑧 = (1 − 𝑛)φ(x) non − homo. Linear O. D. E. 

We can solve this equation by integrating factor 

(5) I.F. 𝑒∫(1−𝑛)𝑝(𝑥)𝑑𝑥    

(6) d(z 𝑒∫(1−𝑛)𝑝(𝑥)𝑑𝑥) = (1 − 𝑛)φ(x) 𝑒∫(1−𝑛)𝑝(𝑥)𝑑𝑥  

(7) by integrating; obtain:- 

z 𝑒∫(1−𝑛)𝑝(𝑥)𝑑𝑥 = ∫(1 − 𝑛) φ(x) 𝑒∫(1−𝑛)𝑝(𝑥)𝑑𝑥dx + c  

 

(8) Substituted z=y1−n in (7)  

 

-:Solve the following equationEx.  

𝒙𝒚 −
𝒅𝒚

𝒅𝒙
= 𝒚𝟑𝒆−𝒙𝟐

 

Solution   

Bernoulli's equation 

[
dy

dx
− xy = −y3e−x2

] ÷ y3 

(1) y−3 
dy

dx
− xy−2 = −e−x2

 

(2) z=y−2 

dz

dx
= −2y−3

dy

dx
 

y−3
dy

dx
=

−1

2

dz

dx
 

(3) 
−1

2

dz

dx
− xz = −e−x2

 



dz

dx
+ 2xz = 2e−x2

 

(4) 𝑑𝑧 + 2xzdx = 2e−x2
dx 

I.F. is 𝑒∫ 2𝑥𝑑𝑥 = ex2
 

(5) ex2
(dx + 2xzdx) = 2dx 

 (6) d(zex2
) = 2𝑑𝑥  

By integrating  

zex2
= 2𝑥 + 𝑐 

The general solution is:- 

𝑦−2𝑒𝑥2
= 2𝑥 + 𝑐 

 

 

Exercises 

(1) 𝒚′ + 𝒙𝒚 =
𝒙

𝒚𝟑
 , 𝒚 ≠ 𝟎 

(2) 𝒙𝒅𝒚 − 𝒚𝒅𝒙 = 𝒚𝟐𝒅𝒙 

(3)  𝒙𝒚′ + 𝒚 = 𝒚𝟐𝒍𝒏𝒙 

(4) 𝟐𝒚′ −
𝒚

𝒙
= 𝟓𝒙𝟑𝒚𝟑 , 𝒙 ≠ 𝟎 

 


