Example: Find the principal argument Arg z when
1.z=1+1

Solution: argz =Arg z + 2nn

= =+ 2nm
4

T
.-Argz—z

cZ=1
Solution: r =1, 0 =§+2Tl7‘[ =argi

argz =Argz + 2nm

=24 2nm
2

T
..Argz—;

. T T
L=z = 1.(cos4 +151n2)
Example: Let z = —1 — i, write zin polar form and find Arg z.
Solution: r =V1+1=+2

x=1rcos@ » —1 =+/2cosB —>cost9=ﬁ
: _ . . _ -1
y=rsinf - —1 =+/2sinf - sin0 =35
0 = tan"1(1) =%
T 5t

(Since 0 is located in the third quarter)d = S tm=—+2nn

=argz

~Argz=argz —2m /\
—3m
= T
2

z=—1—i=\/§(cos_2ﬂ+isin_73n)




Example: Let z, = 1++/31i, z, = —1 —+/3 i, write z,, z, in polar
form and find Arg z,, Arg z,.

Solution: z, =1, =./x2+y2 = 12+(@2:m:2
x=rcos€—>1=2€os€—>cose=%

y=TSin9—>\/§=ZSin9—>sin9=§

~0=tan"'2="4 2nn
X 3

A . . T
z1 =2 (cos; + Lsmg)

_)Zz=r2=\/(_1)2+(_\/§)2=2
x=rc056—>—1:Zcose—>cos¢9:_7

—\E 41T

y=rsinf - —V3 =2sinf - sinf = —- =
~ 0= tan_l% = tan‘l__—‘/l§= tan~1y/3 f

=(n+§)+2nn

=4?n+2nn

Exercises: Find the principal argument Arg z when z =
—-i,1,—-1.




Note:
1+ }
-1+

1 t\/gl } Angle 60°
-1FV3i

V3 ti } Angle 30°
—\/3Fi

Properties of argz:

Angle 45°

1. arg(z;.z,) = arg z, + arg z,

2. arg (%) = —argz

3. arg (i—;) = argz,; — arg z,

4.argz = —argz

Example: Letz, =i, z, = —1 ++/3ithenfind arg (i(l + \/§1))
Solution:

arg (i(l ++3 L)) = argi + arg(1 + V3 i)

= (g + 2n7r) + (g + 2mn)

=Z7T+2k77,', k=n+m

Example: Letz, =i, z, = —1++/3i

argz, = (g + Znﬂ), argz, = (g + Znn)

Argzl=§ ,Arg z, = g

Z1Zy = i(—1+\/§i) =—+/3-i

T _ 7
arg 7,2, =n+g=gn+2nn




- Arg(z;) + Arg(z,) =~ 0 & [—m,m]

[7] Powers and Roots

Let z = re'? be a nonzero complex number, let n be an integer
number then

z" = rhet
Example: Find (1 +i)?°
o = 22 — I
Solution: r = \/x2+y2=+2, 0 =1

725 — (reie)ZS

TN 25

e
_ (@25ei25.§

= 12\/2(608% + i sing)

- 12\/2(%+ %)

=12(1+0)
Example: Find (-1 +i)*

Solution: r =2, 0=n—§=zn

= 4(cos3m + i sin 3m)

=4(-1+0)=—4

[8] De Moivre’s Theorem

(cos 8 +isinB)" = cos(nf) +isin(nb)




l .(Oo+2km
; Sotzken 1
Note: If z" =z, then z =z and z = ret ="rye\" n ) =z/n

is called nth — root of z.

Example: Calculate root of z3 =i

Solution: z3 =i - z = (i) /3

1
N reie — (1.ei(§+2kﬂ)> /3

s.t g =~ +2km, k=0,F1,F2,..

; i Ty 2
—>re“9 — el6+3k7'[

ar=1,9=§+2huk=Q$L¢&m
To find the roots:

If k=0- 0, = g (in the first quarter)

l
- z;=1.e

T
6

LT, 2T

If k=1- z,=1.e's = (inthe second quarter)
= cos2m +isin3n
6 6
+
. TT 4T
fk=2->z;=1e's" 3
P hisi+Zsoc =
6 6
= —i

Note:

1.If the complex number was raised to a fraction whether it was

1 1
- ,-,..,— then
3 n




the number of roots is 3,4, ...,n. In the above example the
number of roots is 3.

2.z™ = z, has n different roots only and they are located on the
vertices of a

regular polygon centered at the origin.

Example: z? = 1+ i has two different roots

Solution:
ZZ=1+i—>Z=(1+i)1/2
o =2, 90=%+2nn

Sincez = (1 + i)1/2

1

-~ relf = (ﬁ)% (ei§+2nn)z

4 iZ4nm
= \/Ze 8

r=1%2, 9=§+kn

If k=0- 21=4Zei%

fh=1-2=42e5""
= Y2 (cos (S +7) +isin(Z+ 7))
= V2 (—cos —isin’)

= —W(Cosg +ising)




Note: Let m,n # 0 be any integer numbers, let z be any complex
number then

"= ()" = ()

. m(0g+2km)

n m j———— T1 T
=(\/70) e n ,k=0,+1,+2,...
Example: Solve the equation 273 —i=0
2
Solution: z/3 =i -z = (i)2/3 = (i1/3)
s1y3e6! ) (=
That is each one has three roots.
Let w= ()3 >z = w?
Now, we find the roots of w

ro=1,0p ==+ 2km,k =0,F1,F2, ..
2

1
w=rel® =1 (ei§+2kn) /3

2kt

. T
6 3

+
=e

iz 014 T
LWp=e 6 =Cos(g+151ng),k =0




sz =w?

. TT
. _ 2 _ (1
o= w2 = (e
Vs . A
=coS—+1Sin—
3 3

=148
2 2

(TN
ZZ:(WZ)Zz(e 6) —e 3

5 . . 5m
= cos?+ lsm?

31 \ 2
l_ 1 » "
zz = (w3)? = (e 2 ) = eB® = cos3m + isin3m

Exercises: solve the equation z3 + 1 =0

[9] Regions in the Complex Plane

Some definitions and concepts:

Definition: Let z be any point in the z-plane, let € > 0 then

1.N.(zp) ={z€C:|z—2z)| <€}

This set is called a neighborhood of z,.

2.5.(zp)={z€C:|z—2zy| =€}

This set is called sphere with center z,.

3-De(29) ={z € C: |z — 2| < €}

This set is called the Disk with center z, and radius e.

Definition: Let U € C, we say that U is open set if
vweUIN(w) s.t N.(w) € U.

For example: @, C are open sets.




Definition: Let F € C, we say that F is closed set if C — F is open
set.

Definition: An open set S € C is connected if each pair of points
71,7, in it can be joined by a polygon line, consisting of a finite
number of line segments joined end to

end that lies entirely in S.

Definition: Let S € C, we say that S is Region if it is open and
connected.

Example:
1. |z| > 1,|z| < 11is Region.
2. Let |z| = 0 is not Region, since it is connected but not open set.

3. R c Cis connected but not open, since Vr € R,3 N.(r) contain
some of complex points.

Definition: Let z, € S, we say that z; is interior point if there exist
a neighborhood N,.(z,) s.t N.(z,) € S.

Interior

Example: |z| < 1 point

Interior

point

Definition: Let z, € S, we say that z, is exterior point if there exist
a neighborhood N.(z;) s.t N.(zo) NS = 0.

Exterior

Example: |z| > 1 point

Definition: Let z, € S, we say that z, is Boundary point if V N.(z,)
contain points

Boundary

from inside S and outside it. ®

point




—~
N

Note: S is close set iff it contains all the boundary points.
Example: S = { +i, +2i}, is S open set ?

Note N.(i) € S, therefore S is not open.

Example: S={z€C:1<|z| <2}

0 is exterior point of S

1, 2 are boundary points of S

IS interior point of S

Example: D ={z€ C:2 < |z| <3}

is not open set since it contain all the boundary points. D

Example: S={z€C:|z|<1}Uu{zeC:|z—-2| <1}

S is connected set.




But if

, S={z€eC:|z|<1}uUf{zeC:|z—-2| <1}

Then S is not a connected set.

Definition: Let S € C, we say that S is bounded set if 3 Disk D,

suchthatS € D.D ={z: |z| < R}
Example:Sz{zE(C:rZL OSGSE}

is not bounded set since A Disk contain S.S

Example: |z| = 1 is bounded set

Example: S = { +i, +2i}

1. S is not open set since every point of S is boundary point.
2. S is close set since every point of S is boundary point.
3. S is not connected set.

4. S is not bounded set.

Definition: Let z, € S, we say that z, is limit point if

Ne(zg)N (S —2zg) # 0

Example: S = {z EC:z= %, n=1,2, ...},0 is the only limit point




