Chapter One

Complex Numbers

Definition:

A complex number z is an ordered pair (a, b) of real numbers
such that

C={RxR}={(ab)abeR}

Where R denotes the Real Numbers set. The real numbers a, b
are called the real

and imaginary parts of the complex number z = (a, b) , that is
a = Re(2)

and b = Im(z). If b = Im(z) = 0 then z = (a, 0) = a so that the set
of complex

numbers is a natural extension of real numbers, then we have:
a = (a, 0) for any real number a. Thus
0 = (0,0), 1=(1,0), 2 =(2,0),..

A pair (0, b) is called a pure imaginary number and the pair (0, 1)
is called the imaginary i, that is

(0,1) =i
Now any complex number z can be written as:

(a,0) + (0,b) = (a,b) =z

[1] The operations for complex numbers

Let Z1 = (al, bl)' Zy = (az, bz), then:

(1) The operation of addition (z; + z,) is defined as follows:

z1 + z; = (aq,by) + (az, by) = (a; + az, by + by)
(2) The operation of multiplication (z;.z,) is defined as follows

z1.23 = (a4, by).(ay, by) = (aja; — byby,a1b, + byay)




Note
(1)z=1(a,0)+ (0,b) =(a,0)+ (0,1)(b,0)
Hence (a,0) + (0,1)(b,0) = (a,b) = zwhere (0,1) =i

Then z=a+ib

3=2z222 z2"=22....2

H_J

n — times

(2)z° =122 z

ori =v—-113)i?=i.i =(0,1).(0,1) = -1
Then i? = -1, i =vV-1

[2] Basic Algebraic Properties:

The following algebraic properties hold for all z;,z,,z; € C

1.z1+2, =25+ 74

2. Z1.29 = Zy.Z4

Commutative laws under addition and
( multiplication )

3. (z1+2zy) +2z3=2; + (2, + 23) (Associative under
addition)

4.(21.2,). 23 = z1. (2. 23) (Associative under
multiplication)

5. Z1- (ZZ + 23) = Z1.2Zy + Z1-Z3 (Distrlbution
laws)

(Cancelation law)

6.Zl+23 =Z3+Zz lff Z1 = Z3 }
7. Z1.Zy = Z3.2Zy lff Z1 = Z3

Note: the additive identity 0 = (0,0) and the multiplication
identity 1 = (1,0),

for any complex number. That is
z+0=0+2z=2

l.z=z1=2z




Definition:

The additive inverse z* of z is a complex number with the
property that

(z+z"=0

It is clear that (1) is satisfied if z* = (—x, —y), has an additive
inverse.

Note: (—z) is the only additive inverse of a given complex
number.

Definition:

The multiplication inverse z~1(z # 0) of z is a complex number
with the

property that

(2)z.z7l=z1lz=1

Such that z7?1 :( ad 4 )

xZ +y2 4 x2 +y2
Note: the additive and multiplication identity are unique.

Note: if z, # 0, then

Zy _ (X1X2+Y1)2 ylxz—xlyz)

)

2 2 2 2

Exercise: show that z = 0 iff Re(z) = 0 and Im(z) = 0.
Example: verify that

1. (V2 —i)-i(1—-V21i)

Solution:

V2—i—i—+V2=-2i

2.(2,-3)(-2,1)

Solution:

(2,-3)(-2,1) =(—4+3,2+6) =(-1,8)




3.3,13,-1)(5.5)

5’10

Solution:
06D (24) =0+ 13 +9(55)

= (10,0) (5,7

5’10
=(2,1)

Example: show that each of the two numbers z = 1 + i satisfies
the equation

z2—2z+2=0
Proof: for z=1+1i
(1+D)2-214+)+2=1+2i—-1-2-2i+2=0
for z=1-i (Hw)
Example: show that (1 —i)* = —4
Proof: (1 -1)%)?=(1-2i-1)°

= 4% = —4
[3] Properties of Complex Numbers:
1. Im(iz) = Re(2)

2. Re(iz) = Im(2)

1
3.1—/2—2, z+0

4.(-1)z = -z

5. (2123)(2324) = (2123)(2,24)




Note:

n(n+1) Z_I_n(n 1)(n-2) 3 4o g g

A+2)"=1+nz+——= -

[4] Vectors

It is natural to associate any nonzero complex number z = x +
iy with the directed

Line segment or vector from the origin to the point (x, y) that
represents z in the

Complex plane. In fact, we can often refer to z as the point z or the
vector z.

In Fig. 1 the number z = x + iy and —2 + i are displayed
graphically as both two

Points and radius vector.

y
(=2,1)

Figure 1

When Z1 = X1 + l’yl and Zy = Xy + iyz, the sum Zq + Zy = (x1 +
x2) +i(y1 + ¥2)

Corresponds to the point (x; + x,, y; + y,), it is also corresponds
to a vector with

Those coordinate as its components. Hence z, + z, may be
obtained vectorially as shown in Fig. 2.




Figure 2
The distance between two points (x;,y;) and (x,,y,) is |z, — 2,|,

this is clear from Fig. 3, since |z; — z,| is the length of the vector
representing the number z, — z, = z; + (—2z,),

|z; — 25| = \/(x1 —x3)% + (y1 — ¥2)?

(x1,¥1)
A

Zy

Figure 3

Example: the equation |z — 1 + 3i| = 2 represents the circle
whose center is

zy = (1,—3) and whose radius is R = 2.

, where z, represents the center of circle with radius R.|z — zy| = R

Definition: (The Absolute Value)

The absolute value of a complex number z = x + iy is defined by
Jx?% + y?

And also by |z|, such that |z]| = {/x? + y?




We notice that the absolute value |z| is a distance

The statement |z,| < |z,| means that z, is closer to (0,0)
than Zy.

The distance between z; and z, is given by |z; — z,| =
VO —x)2 + (y1 — 2)?

Example: |z —i| =3

Solution: wereferto |z —i|=3as|x+iy—i| =3

Ix +i(y—1)|=3->x2+(y—-1)2=3
X+ -1=9e (x—x)*+ W —y)*=r?

The complex number corresponding to the points lying on the
circle with

Center (0,1) and radius 3

Note: the real numbers |z|, Re(z) and Im(z) are related by the
equation:

1z|? = (Re(2))? + (Im(2))?
As follows
|z| = x2 +y2 > |z|?> = x2 + y2 = (Re(2))? + (Im(2))?

Since y? > 0, we have




And since |z| = 0, we get
|z| = |Re(z)| = Re(z)

Similarly |z| = |Im(z)| = Im(z).

[51 Complex Conjugates

The complex conjugate of z = x + iy is defined by z = x — iy

The number is Z represented by the point (x, —y), which is the
reflection in the

real axis of the point (x, y) representing z (Fig. 4), note that
Z=2z and |z] = |z|, for all z

y
(x,y)

Figure 4

Some Properties of Complex Conjugates:

1.z=72
2.Zl+ZZ=Z_1+Z_2, Zl_Z2=Z_1_Z_2

3. Z1.Zy = Z_l'Z_Z

Z
)=_—1 ,Z, # 0
YY)




Note:
l.z+zZ=x+iy+x—1iy = 2x = 2Re(z)

zZ+Z

TRB(Z) =

2.z—zZ=x+1iy—x+iy=2iy = 2Im(z2)

Zz;zlm(z) =

Some Properties of the absolute value

1. |z12,| = |z4]| 2]

Zq |z1]
=== ,2, #0
Zy |z2 |

3.1z1 + 23| < |z1| + |2,]
4. |z1 + 25 + -z S zq| + 22| - |2y
5- ||Z1| - |Zz|| < |z; + 2|

6. ||Z1| - |Zz|| < |z; — z,|

Example: If a point z lies on the unite circle |z| = 1 about the
origin, show that |[z2 +z + 1| < 3and |23 - 2| = ||z|® - 2]

Proof: |z —z+ 1| =|(z> + 1) + z| < |z + 1| + | 7]
< |z?|+ 1+ |z
=|z]? + 1+ |z|
=124+1+1
=3
- |z2—-z+1] <3
Note:
L (x| =1yD*=0

- |x|? + Iyl> = 2lx|lyl = 0




- x2+y2>2x|lyl ..(%)

2.z isrealiff z=z

3. z is either real or pure imaginary iff (z)? = z2

Z1 |Z1 |

Zy+z3l ||Zz|—|23||

4.1if |z,| # |z3| then

Example: If a point z lies on the unite circle |z| = 2 then show
that

1 1
— 3|z*%—4z3+3|

Proof: |z*—4z3+ 3| =|(z%2 - 1)(z% - 3)|

= |z% — 1]|z% = 3|
> ||z|* — 1] ||z|* — 3|

=14 —-1| |4 — 3]

o |zb—4z3 43| >3

1 1

LN

3 |z4—42z3+3]|

Exercises:

1. Find |z| where
a.z=3-41
b.z=-24++V12i

2. If z=x+1y then show that

1 x .y
a. — = —1
z x2+4y2 x2+y2

b.iz=—-iz

Note: x = % =R(2), y=2%=Im(2)

z
20




z%24227+72 z%2-277+72

4 4i2

z%24227+72 z%2-277+72
4 4

- 2z%4+27% =4
- 2(z*+27%) =4

> z2+ 72 =2

[6] Polar Form of Complex Numbers: (Exponential
Form)

Let r and 6 be polar coordinates of the point (x, y) that
corresponds to a nonzero complex number z = x + iy,

x=rcosf , y=rsinf
The number z can be written in polar form as

z=1(cos +isin@) = re'?

% , x#0, 72=x%+7y?% i@ = cos@ + isinftanh =

This implies that for any complex number z = x + iy, we have

lz| =x%2+y =\/ﬁ=r

In fact r is the length of the vector represent z. In particular,
since z = x + iy

We may express z in polar form by
Zz=1rcos@ +irsinf =r(cosf +isinfh)

The real number 6 represents the angle, measured in radians,
that z makes with

The positive real axis (Fig. 5).




Figure 5

Each value of 6 is called an argument of z and the set of all such
values is denoted by argz = 6.

Note: arg z is not unique.

Definition: The principal value of arg z (Arg z)

If —m < 6 < and satisfy
argz = Argz+ 2nm, n=0,+1,+2, ...

Then this value of 6 (which is unique) is called the principal value
of arg z and

denoted by Arg z.

Example: Write z = 1 — i in polar form
Solution: r = \x2+y2=+J1+1=+2

1
x—rcos@%l—ﬁcos@—)cose—v—i

y=rsind - —1=+2sinf - sinf =

-1
tanf =2 ="—=—1
X

0 =tan 1(-1) = _Tn

z=1-—1 :\/f(cos_rn+isin_7n)
= \/f(cos (_Tn + Znn) + isin (_Tn + 2nn))

Example: Write z = 1 + i in polar form




Solution: r=+2, tang=2=1

-6 =tan (1) = %

-'.9=argz=%+2mr

140 = \/E(cos (f + Znn) + i sin (% + 2nn))




