Vectors and Matrices

1. VVectors

(1.1) Vector

A vector is an object that has both a magnitude and a direction.
Geometrically, we can picture a vector as a directed line segment, whose
length is the magnitude of the vector and with an arrow indicating the
direction. The direction of the vector is from its tail to its head. e

Vector in two dimensions
A vector between two points A and B is described as: AB.
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The vector can also be represented by the column vector (y) or row

vector (x, y). The top (left) number tells you how many spaces or units to
move in the positive z-direction and the bottom (right) number is how
many to move in the positive ¥-direction.

Vectors are equal if they have the same magnitude and direction

regardless of where they are.
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A negative (inverse) vector has the same magnitude but the opposite
direction. Vector —k is the same as travelling backwards down the vector
k.,

Example: The point A has coordinates (2, 2) and the point B coordinates

(6, 5). The coordinates of the vector AB are
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We can use the formula for the distance between two points to find the

distance between A and B, that is the length of the vector AB . The
formula is as follows:

|AE]| = \,;'I{Kz—}f1}2+(5'2—3’1}2

Putting the given coordinates into the formula we get:

IAE|= \(6 - 2)*+ (5-2)’

= "\.'I42+ 32 =i
We see that the numbers under the square root are simply the coordinates
of the vector. This is, of course, because the length of the vector is simply
the hypotenuse in a right angled triangle with shorter sides 3 and 4.

Vectors in more than two dimensions
Vectors also work perfectly well in 3 or more dimensions:

X
Three dimension such as vectors in space k = (y) orh=(x,y,2)
Z
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A column or row vectors of n-dimensions such as: v=1| X3 | or

Xn




u = (x4, Xy, ..., X,) Xx; are called the components of the vector.

Equal vectors: Two vectors u and v are equal, written u = v, if they have
the same number of components and if the corresponding components are
equal. The vectors (1,2,3) and (1,3,2) are not equal since corresponding
elements are not equal.

Example
L i
e +y = 2 )
\Z -1 3/
Then, by definition of equality of column vectors,
r—y = 4
x+y = 2
z—1 = 3
Solving the above system of equations gives * =3, y = —1, and 2z = 4.

(1.2) Vector addition
The sum of u and v, denoted by u+v, is the vector obtained by adding
corresponding components:

Let u and v be column vectors with the same number of components.

u v, /“1 + v

t, v, [, 7,
w4+ v = o+ = \

u, v, u, + v,

Example

.1\ A f'_1+a_1\=‘ - 5
SRR HENE)

Zero vector: A column vector whose components are all zero is called a
zero vector and is also denoted by 0.
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(1.3) Scalar Multiplication
Scalars: are quantities which have magnitude (size) but not direction.
We can multiply a scalar by a vector to produce another vector.

The product of a scalar k and a column vector u, denoted by k.u is

U, B

, kuz\ a
kew = &k = )
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i ku.n/

Example: If a = (g) then 2a = 2 (g) = (2)

H.W.

Let u = (2,-7,1), v = (-3,0,4) and » = (0,5, -8).
Find (i) 3u—4v, (ii) 2u + 82 — 5w.

(1.4) Dot Product
The dot product or inner product of vectors u = (uy, u,, .... U, ) and

Vv =(vq, v, .... 1) IS denoted by u.v and defined by

Uu.v=upVy + Uxve + ...+ UnVp

Multiplication Of A Row Vector And A Column Vector

It is similar to dot product. If a row vector u and a column vector v have
the same number of components, then their product, denoted by u.v or
simply uv, is the scalar obtained by multiplying corresponding elements
and adding the resulting products:

Example
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(ii) & (i) H.W.




Length of a vector
The norm or length of a vector, u, is denoted by ||u|| and defined by

lfl = Vuituz o

Unit vector
A Vector has a length of 1 is called unit vector. We can find a unit vector

for any vector v by : u = ”Z—”

H.W.: find the unit vector of v = (2,2v/2, —2)

Remark: The relation between norm and dot product is
w.u = ||ull?

H.W

(i) Find ]| (3,-4,12)).

(ii) Prove: lJkul} = |k| ||, for any real number k.




Matrices

A matrix is a rectangular array of numbers; the general form of a matrix
with m rows and n columns is:

Wl Cmo mz =" amn;/
and call itan m x n matrix (read (m by n)).

Example
2 -1 5 : : o
(_23 3 4) 2x3 matrix and its rows are: (2,-1,5) and
(-23,8,4) and its columns are ( 2 ) (_1) and (5) .
Y —-23/'\ 8/’ 4
Remark
1- Capital letters A, B, . . . denote matrices.

2

The dimension (size) of a matrix is the number of rows and

columns it has.

3- Vector is matrix with one row or one column i.e. A matrix with one
row is simply a row vector, and a matrix with one column is simply
a column vector. Hence vectors are a special case of matrices.

4- If m=n we say that the matrix is square of size n.

Types of matrices

(1) Square matrix: A matrix that has the same number of rows as
columns.

(2) Zero matrix: A matrix whose elements are all zero and denoted

by 0.
0 - 0
OZ[E : ]
0o - Omxn

(3) Main diagonal: In a square matrix A = [aij] nx , the entries for
which i = j namely all, a22, ...,ann (i =1,2,---,n) are the
diagonal entries of A which form the main diagonal of A.




(4) Identity matrix: A square matrix of dimension nxn whose all
diagonal elements are all one and all other elements are zero and
denoted by In.

(5) Diagonal Matrix: A square matrix A = aij nxn for which every
element equal zero except the main diagonal, that is, aij = 0 for
i #, Is called a diagonal matrix.

a, 0 0 ... 0
0 aj, 0 ... O
A=]10 0 ay ... 0
0 0 0 ..."%

(6) Scalar matrix
Is a diagonal matrix whose diagonal elements are equal.

c 0 O
A=]|: ¢ :
0 0 ¢

(7) Upper Triangular: A square matrix A = aij nxn is called upper
triangular if aij = 0 for i > j.

a; a; a;| [1 8 7
0 a; a;| |0 1 8
0 0 a| (0 0 3
(8) Lower Triangular: A square matrix A = aij nxn is called lower

triangular if aij = 0 for i <.

a, 0 0 1 0 O
a, a, 0 2 1 0

q Ul g




(8) Skew symmetric matrix

A matrix is skew symmetric (square matrix) if AT = —A the entries on
the main diagonal of A are all zero

A is skew symmetric iff a;; = —a;;

0 2 3
Example: A=(-2 0 —4]
—3 4 0
3 00
§A=[(2) g],B= 0 3 0]
0 0 3

(2.1) Equal Matrices

Two matrices A and B are equal, written by A = B, if they have the same
number of rows and the same number of columns, and if the
corresponding elements are equal.

Example:
The statement <x+y 2z+w> - (3 5)
x—y 22— L1 4
is equivalent to the system of equations
x+y = 3
r—y =1
22+w = 5
z—w = 4
The solution of the system of equations is = =2, y =1, z =3, w = —1.
H.W.: Let A and B be two matrices given by
x+y 6 5 5x+2
A= B =
2x — 3 2-v],. y X =YV Iy

Determine if there are values of x and y so that A and B are equal?

Definition




If A = aij mxn is a matrix, then the n x m matrix AT = (aij)"nxm
where (aij))T = aji (1 <i<m,1<j<n)is called the transpose of A.
Thus the transpose of A is obtained by interchanging the rows and
columns of A. The first row of A7 is the first column of A; the second row
of AT is the second column of A; and so on.

Exam_gle
1 1
1 2 3
A = |: :| B=|0 1 C=1[1 0 -—1]
0O —1 2
2 3
1 0 L0 o 1
AT =12 —1 BT—[ “} cl=1 0
1 3
3 2 —1
Definition

A matrix A is called symmetric if A = AT | that is, (i, j) — element of
A= (j,i) —element of AT .

Remark
(1) A is symmetric if it is a square for which aij = a;;" (A= A").

(2) If A is symmetric, then the elements of A are symmetric with respect
to the main diagonal of A.




1 1 2 0 1 3 1 2 3 0
(@ |1 0 1 b)|1 4 7 ()2 4 5 0
3 2 3 3 7 5 3 510
Then (a) is not symmetric (b) is symmetric (c) is not symmetric.

(2.2) Operation on matrices

1- Matrix Addition
Let A and B be two matrices with the same size, i.e. the same number of
rows and columns. The sum of A and B, written A +B, is the matrix
obtained by adding corresponding elements from A and B:

¢ R AT R / PP by b o b ay +by ap+Dde o qm+ by ‘\
Oz1 U2z Oz " bor  baz - bon | a2 + b2 (a2 + b2y se o Qop + Doy J
=
.................................. |
!
/
Om1  Ome - amn/ bml Dma -+ b:am.;f Ly + Do Uw2 + Dy S bmn,ﬁ

Note that A + B has the same size as A and B. The sum of two matrices
with different shapes is not defined.

Example

<1 —2 3>+ (3 0 —6% _ (1+3 —2+0 8+(—6)> _ <4 —2 —3>
0 4 5 2 -8 1/  \0o+24+(-3 5+1 S o\2 1 6
But

I -2 ) ) )

Kl 2) + (0 5 =2 Is Not defined since the matrices have

3 4 1 -3 —1/

different size.

Theorem

For matrices A, B and C (with the same size),

(i) (A+B) +C=A+ (B +C), i.e. addition is associative.
(i) A+B =B+ A, i.e. addition is commutative.

(i) A+0=0+ A=A (O is zero matrix).

2- Scalar Multiplication




The product of a scalar k and a matrix A, written kA or Ak, is the matrix
obtained by multiplying each element of A by k:

11 a2 v (in \ kayi kas <o Kt
I Q2y Qo2 -+ don ) _ kan  kas -+ kawm
e j——

Ami  Om2 Ay kaml etz ket mn

Note that A and kA have the same size.

Example
ST 2 0) _ /8+1 8+(-2) 3:0\ _ /3 -6 0)
‘4 3 —5 3+4 33 3-(—5)) L1z 9 —15
Remark:

(1)-A=(-l)Aand A-B=A+(-B)

(2) A-A=-A+A=0 (-A is negative of A)

The next theorem follows directly from the above definition of scalar
multiplication.

Theorem: For any scalars k,, and k,, and any matrices A and B

(with the same size):

() (ko)A = Ea(ked) (iv) 1+4 = A, and 0A = 0
(il) k(A+B) = k4 + kB (v) A+ (—A) = (—A)+ A4 = 0.
(il]) (Fi+k)A = kA + kA

3- Matrix Multiplication
Let A and B be matrices such that the number of columns of A is equal to
the number of rows of B. Then the product of A and B, written C=AB, is
the matrix with the same number of rows as A and of columns as B and
whose element in the ith row and jth column is obtained by multiplying
the ith row of A by the jth column of B:




| 5 3
Example: AB = ﬁ z j] 6 4
7 5
| 25436447 2:3+3-4+4-5
Bl [1-5+2-6+3-? 1-3+2-4+3-5]
B [50 35.'-|
a [33 Q(iJ
Remark

If the number of columns of A is not equal to the number of rows of B,
say A is m X p and B is q x n where p #q, then the product A B is not
defined.

Theorem




i) (AB)C = A(BC)

i) AB+C) = AB + AC

(iti) (B+C)A = BA + CA

(iv) k(AB) = (kA)B = A(kB), where k is a scalar.

H.W.:

1 -3
1-Find (2,-3,4( 5 0
—2 4

2. Given the matrices E, F', G and H, below

Find, if possible.

a. EF
b. FE
c. FH
d. GH
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