Fourth Lesson

2.5.1 Bernoulli Equation
The Bernoulli equation is given by

dy
dx

Let z = y'~™. Then
dz _
dx

giving us

which is linear in z.

Example 2.17. Solve y' + zy = zy°.

Solution. Here, we have n = 3. Let z = y~2. If y # 0, then

dz

dz

= —N —3@

dx
Therefore, our equation becomes

3.
_¥= +xy = I‘?j:i
2 T ry”,
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2 — 22y = —2z.
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We can readily see that [ = e~ J2dr = =" Thys,
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where C' is an arbitrary constant. But

y==

V1+ Ce*®’
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6.16 Solve ¥ +xy=uxy%

This equation is not linear. It is, however, a Bernoulli differential equation having the form of Eq. (6.4) with
1-2

P = q(x) =x, and n = 2. We make the substitution suggested by (6.5), namely, z = y'~2 = y~!, from which follow

y= 1 and
Z

Substituting these equations into the differential equation, we obtain

’

Z X .
—_—— =

A A

Y

or L —XZ=—X

12

This last equation is linear. Its solution 1s found in Problem 6.10 to be z =ce "
differential equation is then

+1. The solution of the original

1
y=-=—
g\'u’Z

¢ +1

4 113

Solve y"— % y=x"y

This is a Bernoulli differential equation with p(x) =-3/x, g(x) =x* and n =1. Using Eq. (6.5), we make the

substitution z = y! =¥ = y»5 Thus, y=7*? and y' = 27"?7’. Substituting these values into the differential equation,
we obtain

This last equation is linear. Its solution is found in Problem 6.12 to be 7 = ex? + 2x”. Since z = %3, the solution of

3/2

the original problem is given implicitly by y** = ex® + %xs, or explicitly by y == (cx? + g—xs) .
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Solved Problems

In Problems 6.20 through 6.49, solve the given differential equations.

d
620, 2.sy=0 621. =-5y=0

E dx

d
622. L _001y=0 6.23.
dx

6.24. v +3x°y=0 6.25.

6.26. ¥ -3x*y=0

6.28.

6.30.

6.32. 33, Y —7y=sin2x

, 3 1
6.34. .35. -Sy==

6.36.

6.38. 39, Y+ay=6xyy

6.40. Al Y+y=y?
ay

dy
+50y=0
dt

6.44. 0 .45, Z—N =kN, (k=a constant)
)

6.42.

dt 20—t

Solve the following initial-value problems.

)
6.50. Vy+=y=x,v1)=0 Sl Y +6xy=0;, y(m) =5
X

2
6.52. v +2xy=2x ) 53 YVHSy=—x"yiy(-1)=2

X

) d
£+2\':32; w0)=0 .55. —q+q=4cos 2t,q0)=1
dt dt

%+%N=£;N(2J:8 .57, %+0.069T=2.07; T(0)=-30
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2.8. Riccati Equations

Definition. A differential equation of the form

dy
- T p@y* +a(@)y+r(z) =0
x

is called Riccati differential equation.

If p(z) = 0, then equation (1) is linear;

It r(z) = 0, then equation (1) is Bernoulli;

If p,q and r are constants, then equation (1) is separable

d

— Y _a

py> +qy +r

Theorem. If y; = y1(x) is a particular solution of equation (1), then substitu-
tion

1

yi%@)"‘m

converts the Riccati equation into a first order linear equation in w.

Example. Solve the following differential equations.
1)

d
%z{l—ﬂ:)yg—l—@m—l)y—m

Solution. We observe that the equation is Riccati and a particular solution is
11 = 1. So, from the transformation

1 dy 1 du
R

we obtain

— =x—1
deru T

which is a first order linear differential equation. Integrating factor for linear
equation 1s obtained as

Mz) = €*.

So, the general solution of linear equation is

u(zr) =z —2+ce".

Since y = 1 4+ —, general solution of given Riccati equation is obtained as
U

r—14ce ™
T —2+ce

/

zy —y? + 2z + 1)y = 2% + 2z.

= 4y —2me® =1—€%2.
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In Exercises 5639, given that y, is a solution of the given equation, use the method suggested by Exercise
55 to find other solutions.

56. y=14+x—(1+2x)y+xy% y =1
57. Yy =e*+(1-2e%)y+y* y=e"
58, xy/=2—-x+Q2x—-2)y —xy% y1 =1
5. xy'=x4+(1-2x%)y+xy% yi=x

Higher-degree first-order equations
The differential equation of first degree can write as a formula:

d
(e 2)-
dy

F(x,y,p) =0, wherep = d_
X

Higher-degree first-order equations can be written as Fi(x,y,dy/dx) = 0. The most general
standard form is

P+ a1 ()P i+t ay(xy)p +a,x,y) =0

1. Equations soluble for p
Sometime the LHS of Equation above can be factorized into

P-F)P—F)..(p—F)=0
where Fi= Fi (x,y). We are then left with solving the n first-degree equations p = F; (x,y).
Writing the solutions to these first-degree equations as G; (x, y) = 0, the general solution
to Equation above is given by the product

G1(x,y)G2(x,Y) ....Gp(x,y) = 0

Examplel: Solve (y')3— (y)?2—-2y' =0
Sol:
Let p = y', Then equation rewrite as
p’—p*-2p=0
p(p—2)(p+1)=0
“p=0—-y=cq
p=2—y=2x+c
p=—1—y=—-x+c3
So the general solation as
=)y — 20— ) (¥ +x —¢3) = 0
Since, the differential equation is from 1* order, so the general solution must have only
one arbitrary constant.

Y-y -2x—)(y+x—-c)=0
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Example2: Solve (x®+x* +x+ 1)p* — (3x%? +2x+ 1)yp—2xy* =0
Sol.
The equation may be factorized to give
[(x+ Dp — y][(x* + Dp — 2xy] = 0
Turn each bracket in turn we have

dy
(x+ DE —-y=0
(x2+1) z—z— 2xy=0
Which can give the solution
y—clx+1)=0&y—c(x2+1)=0
So, the general solution is
y—c+ DIy —cG&*+1D]=0

2. Equations soluble for x
Equations that can be solved for x, i.e. such that they may be written in the form

x=F(@,p)
can be reduced to first-degree first-order equations in p by differentiating both sides with

respect to y, so that

dx_l_dF+aFap

dy p dy 0dpady
This results in an equation of the form G(y, p) = 0, which can be used together with x =
F(y,p) to eliminate p and give the general solution. Note that often a singular solution to
the equation will be found at the same time

Examplel: Solve 6y?p? +3xp—y =0

Sol.

This equation can be solved for x explicitly to give 3x =(y/p) —6y°p. Differentiating both
sides with respect to y, we find

dx
dy B
which factorizes to give

dp
1+6 2(2 —)=0
(1 + 6yp?) p+'ydy
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Setting the factor containing dp/dy equal to zero gives a first-degree first-order equation in
p. which may be solved to give py” = c. Substituting for p in the differential equation given
then yields the general solution of this equation
dad o) Ean ANy p J (s anall e dlilan ey s I (5 s dp/dy @ sliag gl 22l pa s
laleall 52l ale J:.H;EI:IJ‘QL.QL‘EH ﬂlhﬂlléw oAl s b ’3=C;5L":‘-l
y3 = 3cx + 6¢2
If we now consider the first factor in the primary solution of the differential equation after
factories, we find 6p”y = —1 as a possible solution. Substituting for p in the differential
equation we find the singular solution
Aaina JaS ply =—1 223 oa iball ey dplialinll alilbaall 1081 Jall 8 J W) Jalad) jliie WL L3211
3 diall Jadl a4l alsleall A& (ay ety
8y +3x2=0
Note that the singular solution contains no arbifrary constants and cannot be found from
the general solution the differential equation by any choice of the constant c.

Solution method. Write the equation in the form x = F(y, p) and differentiate both sides
with respect to y. Rearrange the resulting equation into the form G(y,p)=0, which can be
used together with the original ODE to eliminate p and so give the general solution. If
G(y,p) can be factorized then the factor containing dp/dy should be used to eliminate p and
give the general solution. Using the other factors in this fashion will instead lead to
singular solutions.
aapally 4adlll allall s ool x = F(y, p)y J 4l ikl 33dl 5 dapally abilea) CiS) el 46y 5k
pladl Jall e J gean) 18 5 p sla il doaliie V) 4 doalid alilaall pa al2355 ) (Sane Al 5. Giy,p)=0
plaiiul aled ,_,uf;Lé.;f_,p Maiia i o ey dp/dy ssisg sl 2l a5 JIsi o) 55 Gy, p) 1))
oo Joa (N D o Y (59 s A8 b udls LN o))

3 Equations soluble for y
Equations that can be solved for y. i.e. such that they may be written in the form

y=F(x,p)
can be reduced to first-degree first-order equations in p by differentiating both sides with
respect to x, so that

dy 1 dF dFadp

dx p dx dpox
This results in an equation of the form G(x,p) = 0, which can be used together with y =
F(x,p) to eliminate p and give the general solution. Note that often a singular solution to
the equation will be found at the same time.




Fourth Lesson

Examplel: Solve xp?+2xp—y =0

Sol.

This equation can be solved for x explicitly to give y =xp” +2xp. Differentiating both
sides with respect to x, we find

which factorizes to give

1 2 dp)—o

To obtain the general solution of the differential equation, we first consider the factor
containing dp/dx. This first-degree first-order equation in p has the solution xp® = ¢, which
we then use to eliminate p from the differential equation. We therefore find that the general
solution to the differential equation 1s

(y—c)? = 4cx.
If we now consider the first factor in the equation above, we find this has the simple
solution p =—1. Substituting this into the differential equation then gives

x+y=0
which 1s a singular solution to the differential equation.

UNSOLVED EXAMPLES:
Solve the following ODEs:

EXAMPLE-1: xp% + x = 2yp
EXAMPLE-2: x(1 +p?) =1
EXAMPLE-3: x?p? + xyp— 6y? =0

EXAMPLE-4: y = px +P3




