Inverse of Trigonometric functions

1- The arcsine of x (sin”x) is the angle in [-z/2,7/2] whose sine is x. The

function y=sinx is one-to-one, if we restrict its domain to the interval
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3 Sxs 3" It has an inverse which is denoted by:

y=sin"'x

and is sometimes written as y=arcsinx and for the function y=S1Nl X

D,=[-11] and R, =[-%-’ﬂ
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Note: The graph of sin'x is symmetric about the origin because that the graph of sin

x is symmetric about the origin this means that

sin” (-x)=- sin”' x




2. The arccosine of x (cosx) is the angle in [0, 7] whose cosine is x. The function

y=cosx is one-to-one, if we restrict its domain to the interval 0< x<~ . It has an

inverse which is denoted by:

y=cos " X

: . . . -1
and is sometimes written as y=arc cos xand for the function y=C0S X
D, =[-11] and R, =[0,7]

Note: The graph of y = cos™'x has no such symmetry
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Note: We can see from the figures below the following identities:

cos™ x+cos” (-X) =7 cos'(-9)=n—cos’x and form the triangle
sin”™ x+cos™ x= g— for x>0
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3. The arctangent of x (tan™x) is the angle in (-7/2,7/2) whose tangent is

x. The function y=tan x is one-to-one, if we restrict its domain to the

] T : . .
interval - > <% . It has an inverse which is denoted by:

y=tan"' x

and is sometimes written as y=arctanx and for the function y=tan™x

D,=(—oo,oo)and Rf=(—%,%).

Note: The graph of tan x is symmetric about the origin because that the

graph of tan x is symmetric about the origin, this means that

tan™ (-x)=- tan”'x
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4. The arctcoangent of x (cot”x) is the angle in (0,7) whose cotangent is x.

The function y=cot x is one-to-one, if we restrict its domain to the

interval 0< x< 7 . It has an inverse which is denoted by:

y=cot™ X

. -1
and is sometimes written as y=arccot x and for the function y=cot X

D, = (-w,)and R, =(0,7).
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5. The function y=sec x is one-to-one, if we restrict its domain to the

interval {x:0< x<z}\ {%} . It has an inverse which is denoted by:

y=sec ' X

and is sometimes written as y = aresec x and for the function y=sec"x

D,=R\(-1hand R,=[0.7]\(7}.
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6. The function y=cscx is one-to-one, if we restrict its domain to the

interval {x: —% < x< %} \{0} . It has an inverse which is denoted by:

y=csc' x

and is sometimes written as y=arccscx and for the function y=csc™' x

D;=R\¢-Lhand R =[-2.71\(0}.
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Note: To find sec”'x, csc'x and cot'lx, use the following identities:

1. sec” x= cos"(l)
X

2. csc x= sin"(l)

X

: 4 3
3. cot’x:;—tan ' x




The Derivative of Inverse Trigonometric Functions:

In general: If u is a function of x

1: isin‘I u= dy dx luf <1 4, —d—cot'I u=— dU/(sz
dx V-t dx 1+u
d _ du/dx
d . _—du/dx Dy —gec =Ll
3 itan“' - du/dx 6. icsc"' u=_—dl-121-di
" dx 1+ u? dx luVu? -1

Examples: Find dy/dx of the following functions:
l. y=sin™ ¥

Sol.; ¥___2x _ 2x
dx \/1‘(«‘5)2 1-x*
2. y=tan"'Vx+1
1
Sol: o _2Jx+l ___ 1 , 1 1 1
dx l-x~(\/x+1)2 2Vx+1 1+ x+1 2Jx+1 2+x
3. y=sec'3x
Sol.: % _ 3 ol
& BB -1 |dox -1
4. y=xsin"'3x

SOl.: d—'y= X* 3x

3 e o5 o]
——+sin" 3x¥*] = +sin” 3x
dx J1-(3%)? V1-9x

5. ¥sinx+ y=arctany

Sol.: 2y.y'sin x+ y* cos x+ y‘=l_y_

v
y‘(Z}’SinX‘FI'—]_*-I};):-—yzcosx
y.(2ysmx(l+y’)+(l+y’)—l)=_y,cosx
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(2ysinx+2y’si -
¥( ysin x+ }::l;zx*-l**}’z l)=—}?cosx

- -y cosx(I+y)  —ycosx(l+y)
2ysinx+2y’sinx+y* 2sinx+2y’sinx+y

Example: If y=sin(cosx), show that y"'+y'+1=0.

—sin x —-sinx _-sinx _ 1

Sol.:

v T J1-cos? x ) Jsin?x  sinx
sy =0
So y''+y'+1=0+(-1)+1=0 o.k.

Example: If y=tan™ x+tan™ (i), show that y*'+ y'=0.
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L y'=0
Soy' +y'=0+0=0 o.k.




[. Verify the following identities.

.- -l T
1.Sln X+ COS X='i-

2. sin” x= tan“(—x—]
V-

3. 2cos'Vx=cos'(2x-1) 0< x<1

II. Find dy/dx of the following.

. y=tan™(3x-1) 2. y=¢'sec’'(e")

4. y=+xsec”(Wx) 5. y=xcos™ v4x+1

7. y=sin"(lnx) 8. y=In(tan™ ¥)

X X

10. y=(l—sin" 1)4 11. X +xsin™ y= ye'

tan’ x

3. y= X +1

tan”' x

6. y=(tanx)

9. y=(1+cos"3x)’

12. In(x+ y) =tan™ (xy)




