
H

D

T

eq

N

S

N

S

T

p

F

o

H

H

D

D

Hyperbolic

Definition 

The hyperb

quations: 

Hype

Note: when

when

So 

Hype

Note: when

when

So 

The notatio

ronounced

Four additi

f cosh x and

Hyperbolic 

Hyperbolic 

(fD

(fD

),( fD

),( fD

c Function

and Ident

bolic cosi

erbolic cos

n  

n  

 and 

erbolic sine

n  

n  

 and 

on coshx is 

d as if spell

ional hype

d sinh x as s

tangent of

 and 

cotangent 

 and 

x 

x 

), R

x 

x 

), R

) fR

}0{\) R

ns 

tities: 

ne and h

ine of x: 

   

   

 

e of x: 

   

   

often read

led "cinch 

erbolic fu

shown belo

f x:  

 

of x: 

 0xe

 0xe

),1[ fR

 0xe

 0xe

),( fR

)1,1(

,( fR

hyperbolic 

So 

So 

 

So 

So 

 

d "kosh x"

x" or "shin

unctions ar

ow: 

 

cosh
xe

x 

cosh x 

cosh x 

sinh

sinh x 

sinh x 

x 
co

sin
tanh

x 
sin

co
coth

),1()1 

sine func

 

 

 

 

 

 and sinh

ne x".   

re defined

2

xe

2

xe


2

xe



2
h

x ee
x




2

xe


2

xe



x

x

e

e

x

x





osh

nh

x

x

e

ee

x

x





nh

osh

ctions are 

  

x is 

d in 

 

 

x

x

x

e

e




x

x

e

e




defined by the fo

1 
 

ollowing 

terms 



 

 

 

 

Id

E

1

S

 

 

 

 

Hype

Hype

dentities: 

Examples: 

.  

Sol.: left sid

 

 

 

fD

fD

cosh2 x

erbolic seca

 and

erbolic cos

 H

1 

2 

3 

4 

5 

6 

7 

Prove that

 

de: 

  

  

  

),( 

0{\),( 

cos

sinh

cos

cos

sinh

tan

cot

1sinh2 x

co

ant of x: 

d 

ecant of x:

 and 

Hyperboli

se

cs

t: 

 

 

 

]1,0(fR

} fR

sinhsh 22 x

x sinh22h 

x cosh2sh 

cosh
sh 2 x

2

cosh
h 2 x

1nh2 x

1th2 x

22 sinhsh x

 sech

 

  csch

ic function

 

 

 

 

ech2 x 

sch2 x 

    

    

   righ

]

0{\),( 

1x

xx coshh

xx 22 sinh

2

12 x

2

12 x

2

2


 


x ee
x

22xe 


2

4

2e x



1

h x

h x 

 

ns Tri

 

ht side o

x


cosh

1

x


sinh

1

}0

cos2

2sin

x 2cos

cos2

sin 2

tan2

cot2

2




 




 xx ee

4

2 2xxx eee  

44

2 20 ee x




 

igonometr

 

o.k. 

xx ee 


2

xx ee 


2

sin22  xx

xx csin22 

xx 2cos2 

2

2cos1
x




2

2cos1
x




sec2  xx

csc2  xx

2

2 


 xe

4

22 xxx ee 


4

2

4

02 ee x



ric Functio

 

 

 

 

 

 

 

 

1

xcos

x2sin

2x

2x

1

1

4

2xxx ee  

4

4

4

02 ee x




ons 

 

2 
 



3 
 

2.  csch2 x =coth2 x-1 

Sol.: right side:  coth2 x-1  

          

          

        = csch2 x = left side  o.k. 

 

3.   

Sol.: right side:   

          

         =cosh2 x= left side  o.k. 

4. cosh x + sinh x = ex 

Sol.: left side: cosh x + sinh x=  

          

          right side  o.k. 

Examples: Solve the following equations: 

1.  

Sol.:  

          

                

1
2

2
1

22

222
















 







xx

xx

xx

xx

ee

ee

ee

ee

xx

xxxx

ee

eeee
22

2222

2

22









2

22

2

2

4











  xxxx eeee

2

12cosh
cosh 2 


x

x

 
2

12

2

12cosh 22 


  xx eex

4

2

4

2 2222 xxxx eeee  





2

2 






 


xx ee

22

xxxx eeee  




 
2

2

2

1 x
xxxx e

eeee  

 xe

5sinh3cosh5  xx

5
2

3
2

5 



  xxxx eeee

103355   xxxx eeee  1082  xx ee  54  xx ee

 5
4


x
x

e
e  5

42



x

x

e

e
 xx ee 542   0452  xx ee
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either          

   or          

2.  

Sol.:  

      

        

 

either        

   or          

Derivatives of Hyperbolic Function: 

If u is any function of x, then:  

 Derivative of hyperbolic functions Derivative of trigonometric functions 

1 
  

2 
  

3 
  

4 
  

5 
  

6 
  

 

 

 0)1)(4(  xx ee

 0)4( xe  4xe  4lnx

0)1( xe  1xe  01ln x

10sinh2cosh3  xx

10
2

2
2

3 



  xxxx eeee

202233   xxxx eeee  205  xx ee

 xx ee 2052   05202  xx ee

2

38020

2

2040020

)1(2

)5)(1(4)20()20( 2








xe

 74.19xe  98.274.19ln x

254.0xe  373.1254.0ln x

dx

du
uu

dx

d
.coshsinh 

dx

du
uu

dx

d
.cossin 

dx

du
uu

dx

d
.sinhcosh 

dx

du
uu

dx

d
.sincos 

dx

du
uhu

dx

d
.sectanh 2

dx

du
uu

dx

d
.sectan 2

dx

du
uhu

dx

d
.csccoth 2

dx

du
uu

dx

d
.csccot 2

dx

du
uhuhu

dx

d
.tanhsecsec 

dx

du
uuu

dx

d
.tansecsec 

dx

du
uhuhu

dx

d
.cothcsccsc 

dx

du
uuu

dx

d
.cotcsccsc 
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Examples: Prove that: 

1.  

Sol.:  o.k. 

2.  

Sol.:   

     o.k. 

Examples: Find of the following: 

1.  

Sol.:  

2.  

Sol.:  

3.  

Sol.:  

4.  

Sol.:  

     

5.  

Sol.:       

 

xx
dx

d
coshsinh 

x
eeeeee

dx

d
x

dx

d xxxxxx

cosh
22

)(

2
sinh 













 




xhxhx
dx

d
cothcsccsc 

x

xx

xdx

d
hu

dx

d
2sinh

cosh*1)0(*sinh

sinh

1
csc











xhx
x

x

xx

x
cothcsc

sinh

cosh
.

sinh

1

sinh

cosh
2









dx

dy

xy 3sinh

xx
dx

dy
3cosh33*3cosh 

)1tanh( 3xy 

)1(sec33*)1(sec 322232 xhxxxh
dx

dy


x
y

1
coth














 









x
h

xxx
h

dx

dy 1
csc

11
*

1
csc 2

22
2

2sechxxy 

  222 sec2.tanh.sec hxxxhxx
dx

dy


2222 sectanh.sec2 hxxhxx 

)1(csc 22  xhy

 xxxhxh
dx

dy
2*)1coth()1(csc)1(csc2 222  )1coth()1(csc4 222  xxhx
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6.  

Sol.:  

     

7.  

Sol.:   

  

  

 

Integrals of Hyperbolic Function: 

  

 

Examples: Evaluate the following integrals: 

1.  

 Let        

  

xy 2tanhln

x

x

x
x

x
x

x

xh

dx

dy

2sinh

2cosh
*

2cosh

2

2cosh

2sinh
2cosh

1
2

2tanh

2*2sec
2

22



xh
xxx

4csc4
4sinh

4

2sinh.2cosh2

2*2


 xxy sinh

xxy sinhlnln 

x
x

x
x

dx

dy

y
sinhln

sinh

cosh
..

1


   xxxxx
x

x
xy

dx

dy x sinhlncothsinhsinhln
sinh

cosh
. 






 

  dx
x

x
dxx .

5sinh

5cosh
.5coth

xu 5sinh  dxxdu 5.5cosh
5

.5cosh
du

dxx 

CxCu
du

u
 |5sinh|ln

5

1
||ln

5

1

5
.

1

If u is any function of x, then:  
1.  
2.  
3.  
4.  
5.  
6.  
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2.  

              

        

3.  

   

4.  

Sol.: let         

  

5.  

Sol.: let         

  

6.  

Sol.: let      

  

  



 2ln

0

2
2ln

0

2ln

0

.22.
2

4.sinh4 dxedx
ee

edxxe x
xx

xx

      0*22ln22 02ln22ln

0
2  eexe x

2ln2312ln2412ln2
22ln  e

1

0

1

0

1

0

2

2

2sinh

2

1
.

2

12cosh
.sinh 



 


  x

x
dx

x
dxx

40672.0
2

1

4

2sinh
0

2

0sinh
1

2

2sinh

2

1















 






 

 dxxhx .3sec.3tanh 2

xu 3tanh  dxxhdu .3sec3 2
3

.3sec 2 du
dxxh 

C
x

C
udu

u  6

3tanh

3*23
.

22

 dxxhe x .csc. 2coth

xu coth  dxxhdu .csc 2 dudxxh  .csc 2

CeCedue xuu  coth)(

 dx
x

xh
.

csc 2

xu 2  dxduu .2

CxCuduuhduu
u

uh
  coth2coth2.csc2.2.

csc 2
2
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Homework: 

I. Verify the following identities: 

1.    

2.   

3.  

4.  

5.  

6.  

II. Find dy/dx of the following functions: 

1.   2.   3.  

4.   5.   6.  

 

III. Evaluate the following integrals: 

1.    2.   3.  

4.   5.  6.  

7.   8.    9.  

 

 

 

 

 

  

xexx  sinhcosh

xx sinh)sinh( 

xx cosh)cosh( 

yxyxyx sinhcoshcoshsinh)sinh( 

yxyxyx sinhsinhcoshcosh)cosh( 

yx

yx
yx

tanhtanh1

tanhtanh
)tanh(






34cosh 2  xy
1

sec
2

2




x

hx
y xhexy 4csc

)(tanhtan 1 xy  hxey x sec3 xhy 5sec

 dx
x

x
.

sinh
 dx

x

x
.

lncosh
 dx

x
.

3coth

1
2

 dxxx .coshsinh  dxxhx .3sec3tanh  dxxx .coshsinh

 
dx

x

xh
.

tanh21

sec 2

 dx
hx

e x

.
sec

sinh

 dxx.3cosh 2
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5. Inverse of Hyperbolic Functions: 

All hyperbolic functions have inverses, they are: 

 Inverse of hyperbolic functions Their domains 

1   

2   

3   

4   

5   

6   

Example: Prove that: . 

Sol.: let              

    multiply both sides by ey  

       

Since ey is never negative, we must discard the minus sign. 

  

That is  

  

)1ln(sinh 21  xxx ),( 

)1ln(cosh 21  xxx ),1[ 













x

x
x

1

1
ln

2

1
tanh 1 )1,1(














1

1
ln

2

1
coth 1

x

x
x ]1,1[\),( 










 


x

x
xh

2
1 11

lnsec ]1,0(










 


||

11
lncsc

2
1

x

x

x
xh }0{\),( 

)1ln(sinh 21  xxx

xy 1sinh  yx sinh 
2

yy ee
x




 02   yy exe

 0122  yy xee  1
2

442 2
2




 xx
xx

ey 


)1ln( 2 xxy

)1ln(sinh 21  xxx
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Derivatives and Integrals: 

a. Derivatives 

 If u is any function of x, then 

1.  

2.     

3.     

4.     

5.    

6.    

 

b. Integrals: 

 If u is any function of x, then 

1.  

2.  

3.  

4.  

5.  

Useful identities 

1.     2.    3.  

2

1

1
sinh

u

dxdu
u

dx

d




1
cosh

2

1




u

dxdu
u

dx

d
1u

2
1

1
tanh

u

dxdu
u

dx

d


 1u

2
1

1
coth

u

dxdu
u

dx

d


 1u

2

1

1
sec

uu

dxdu
uh

dx

d






10  u

2

1

1
csc

uu

dxdu
uh

dx

d






0u

 


 Cu
u

du 1

2
sinh

1

 


 Cu
u

du 1

2
cosh

1










 



1coth

1tanh

1 1

1

2 uifCx

uifCx

u

du

 


 Cuh
uu

du 1

2
sec

1

 


 Cuh
uu

du 1

2
csc

1







 

x
xh

1
coshsec 11 






 

x
xh

1
sinhcsc 11 






 

x
x

1
tanhcoth 11
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Example: Show that . 

Sol.:  Let      

 And by implicit differentiation:  

   

 o.k. 

 

Examples: Find dy/dx of the following functions: 

1.  

Sol.:  

2.  

Sol.:  

3.  

Sol.:  

4.  

Sol.:  

1

1
cosh

2

1




x
x

dx

d

xy 1cosh  yx cosh

dx

dy
y.sinh1 

1

1

1cosh

1

sinh

1
22 





xyydx

dy

xy 3sinh 1

22 91

3

)3(1

3

xxdx

dy







xey 1cosh

12 


x

x

e

e

dx

dy







 

2
tantanh2 1 x

y

x
xx

x

xx

x

x

x

x

x

x

dx

dy
sec

cos

1

2
.2cos

1

2
cos

2
sin

2
cos

2
cos

1

2
cos

2
sin

1

2
cos

1

2
tan1

2

1
*

2
sec2

2

22

2

2

2

2

2

2
































































































 

x
y

1
coth 1

22

2

2

2

2

2

1

1

1

1

1

1

11

1

xx

x

x

x

x

x

dx

dy

















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5.  

Sol.:  

Examples: Evaluate the following integrals: 

1.  

 Let     , at       

     at      

  

 

2.  

 Let           

  

3.  

              

 

 

 

)(cossec 1 xhy 

x
xxx

x

xx

x

dx

dy
sec

cos

1

sincos

sin

cos1cos

)sin(
2













1

0
2

1

0
2 )2(1

.2

41

.2

x

dx

x

dx

xu 2  dxdu .2 0x  0u

1x  2u

    4436.10sinh2sinhsinh
1

112

0
1

2

0
2




 u
u

du


















 




1
5

325

1

1
25

9
25

259 2
2

2
x

dx

x

dx

x

dx

5

3x
u  

5

.3 dx
du  

3

.5 du
dx 

 






 222 115

1

115

1

1

3.5

25

1

u

du

u

du

u

du





































C
x

Cu

C
x

Cu

5

3
coth

15

1
coth

15

1
5

3
tanh

15

1
tanh

15

1

11

11

 





























 




1
3

2
91

9

4
9

94 2
2

2
x

dx

x

dx

x

dx

C
x

x

dx

















  3

2
cosh

2

1

2

3
*

1
3

2

3
2

3

1 1

2
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4.  

 Let      

      

  

5.  

 Let      

  

 

Homework: 

1. Find dy/dx of the following: 

a.   b.   c.  

d.   e.   f.  

 

2. Evaluate the following integrals: 

a.   b.   c.  

d.   e.    f.  

 


 x

dxx
2cos1

.sin

xu cos  dxxdu .sin

 dudxx .sin

  CxCu
u

du




  cossinhsinh
1

11

2

 



dx
x

x
.

1

tanh4
2

1

xu 1tanh  21 x

dx
du




  CxCuC
u

duu  
212

2

tanh22
2

4
.4

xy 5sinh 1 xey 1sinh xy 1cosh

)1(tanh 21   xy xy 3sintanh 1 





 

x
xy

1
sinh 1


 21681 x

dx


916 2x

dx
  2449 x

dx


16

.
2 x

x

e

dxe
  235

2

x

dx 
 49 xx

dx


