Hyperbolic Functions

Definition and Identities:

The hyperbolic cosine and hyperbolic sine functions are defined by the following

equations:
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coshx =

Hyperbolic cosine of x:

X

e

Note: when X >0 = e*—>0 So coshx;?

—X

e
when x > -0 = e*—>0 So coshxz7

S0 D, =(-x,») and R, =[1,»)

. e —e™*
sinhx =

Hyperbolic sine of x:

X

. e
Note: when x>0 = e* -0 So smhx;?

—X

. e
when X — -0 = e* -0 So sinhx=z=- 5

So D, =(-»,0) and R, = (-o0,)

The notation coshx is often read "kosh x" and sinh x is

pronounced as if spelled "cinch x" or "shine x".

Four additional hyperbolic functions are defined in
of cosh x and sinh x as shown below:

_sinhx _e*—e™”
coshx e*+e™

Hyperbolic tangent of x: tanh x

D, =(-o,) and R, =(-11)

X

coshx e*+e”
sinhx e"—e™

Hyperbolic cotangent of x: cothx =

D, = (~o0,00)\{0} and R, = (—o0,~1) U (1, )

Y y = coshx
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y = coth x
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Hyperbolic secant of x: sech x=—~—=—— I

D, =(-oo,0) and R, =(0]

Hyperbolic cosecant of x: cschx =— L _
sinhx e

X

D, = (~o0,)\{0} and R, = (~o0,0) \{0} :

== [ />
| »'=cschx
Identities:
Hyperbolic functions Trigonometric Functions

1 | cosh®x—sinh®x =1 cos® x +sin*x =1
2 | sinh 2x = 2sinh x cosh x sin 2Xx = 2sin X oS X
3 | cosh2x = cosh® x +sinh? x COS2X = C0S* X —Sin® X
4 | cosh? x = cosh2x+1 COSZX:l+cos:2_x

2 2
5 sinh2x=COSh2X_1 sin2x=1_0032—x

2
6 | tanh? x =1—sech? x tan® x =sec® x—1
7 | coth? x =1+csch?® x cot? x =csc? x—1

Examples: Prove that:

1. cosh?x—sinh?x =1

X —X 2 X_ —X 2
Sol.: left side: coshzx—sinhzx:(e ;e ] +(e 2e J

e+ 2efe " +e . e —2efe ™ +e
4 4

2X —2X

e 2_e°+e
4 4 4 4 4 4 4

e 2e° e  4e°
J— + _ —

—1=rightside o.k.



2. csch? x =coth? x-1

X )2 2x -2x

. ,

Sol.: right side: coth? x-1=(ex+e_X] o8 F2re
e —-¢€ e’ —-2+e

e 2+ e 42—
e” -2+

4 (2 Y
e 42+ lef+e™

= csch? x = left side

cosh2x+1
2

3. cosh? x =

cosh2x+1 _ (e2X +e’2x)/2 +1
2 2

Sol.: right side:

e +e?+2 e +2+e
4 4

X —X 2
{e ;e J =cosh? x= left side

4. cosh x + sinh x = e*

X —X X —X

i e’ e -e
Sol.: left side: cosh x + sinh x=——— + >
=l(eX +e " +e’ —e‘x): 2¢
2
=¢e* = right side 0.k.

Examples: Solve the following equations:
1. 5cosh x—3sinh x =5

e’ +e” 3t _5
2 2

Sol.: 5

-1

0.k.

0.k.

5% +5e7 -3 +3e7" =10 = 2"+8*=10= e"+4e* =5

e +4
eX

4
= ex+e—X:5 =

=5 = e¥+4=5" = e¥_-5e*+4=0



= ("-4E"-1)=0

c.either (" -4)=0 = e*=4 = x=In4

or (e*-)=0 = e*=1 = x=In1=0

2. 3cosh x —2sinh x =10

Sol.:

e +e*

e —e€ -10

2

=

. _—(-20)F/(-20)* - 4()(5) _

3 -2
2
e +3e -2 +2e7=20 = e +5*=20

e* +5=20e" = e*-20e*+5=0

20++/400-20 20+ +/380
2 2

.. either

or

2(2)
e =1974 = x=In19.74=2.98
e*=0254 = x=1In0.254=-1.373

Derivatives of Hyperbolic Function:

If uis any function of x, then:

Derivative of trigonometric functions

Derivative of hyperbolic functions

d . u
—sinu =cosu.—

4 isinh u = cosh u.—u
dx dx

dx dx

2 icosh U =sinh u.—u
dx dx

d )
—COSU =—Sinu.—
dx dx

£ itanh u =sech?u. 2L
X dx

d 2
—tanu =sec’ u.—
dx dx

4 icoth u=—csch?u. ¥
dx dx

d 2
—cotu =-csc”u.—
dx dx

e isec hu = —sec hu tanh u.—
dx dx

d d
—secu =secutanu.—
dx dx

g icsc hu = —csc hu coth u.—
dx dx

d
—CSCU =—cscucotu.—
dx dx




Examples: Prove that:

1. isinh X = cosh X
dx

Sol.: isinhx=i e -e’|_e-(e’) e +e =cosh x 0.K.
dx dx 2 2

2. icsc hx = —csc hx coth x
dx

Sol.: icschu:i( _1 ):S'”hx (9)—21 cosh x
dx dx \ sinh x sinh? x
_—coshx -1 coshx

" sinh?x  sinhx sinh x

= —cschxcoth x 0.k.

Examples: Find %Of the following:
1. y=sinh3x

Sol.: g—yz cosh 3x * 3 = 3cosh 3x
X

2. y=tanh(l+x%)

Sol.: g—yzsec h?(L+ x*)*3x* =3x*sech*(1+ x%)
X

3. y= coth1
X

Sol.: ¥ - —cschz(lj*(_—zlj =izcsch2[£j
dx X X X X

4. y = xsechx?

Sol.: % = x(— sec hx?. tanh x2.2x)+ sec hx?
X

= -2x%sechx?.tanh x* + sechx?

5. y=csch’(x* +1)

Sol.: S—V = 2csch(x® +1)[- csch(x? + 1) coth(x® +1)*2x] = —4xcsch?(x? +1) coth(x? +1)
X



6. y =Intanh2x
1

Sol.- dy _sech?2x*2 _ chshz 2x _ 2 ,cosh2x
T odx tanh 2x sinh 2x cosh?2x  sinh 2x
cosh 2x
= 2 2_ =— =4csch4dx
2cosh 2x.sinh 2x  sinh 4x
7.y =(sinh x)*
Sol.: Iny=xInsinh x
lﬂ =X C(_)Sh X + Insinh x
y dx sinh x
dy _

y(x COShX _ |nsinh xj = (sinhx)*(xcothx+Insinhx)

dx “sinhx

Integrals of Hyperbolic Function:

If u is any function of x, then:
1. fsinhudu=coshu+C

2. [ooshudu =sinhu+C

3. [sech*udu=tanhu+C

4. foschudu=-cothu+C

5. {sechu.tanhu.du = —sechu +C

6. jcschu.cothudu=—cschu+c

Examples: Evaluate the following integrals:

cosh 5x
sinh 5x

1. Icoth 5x.dx = j

d
Let u=sinh5x = du = cosh 5x.5dx =>» ... cosh5x.dx = ?u

LA L iug+c = Sin|sinhsx | +C
u's5 5 5



In2 In2 X In2
2. j4e sinh x.dx = j4e dx_ j( X—Z)dx

0

=[e2 —2x]” =[(e" —21In2)-(® —2*0)|

# -2In2-1=4-2In2-1=3-2In2

1 1 - 1
3. J'sinh2 X.dx = jw.dx = i[smh 2x _ x}
0 0 2 2 2 0

_1 (smhz_l]_(smho_oj smh2_£_040672

4., Itanh 3x.sec h?3x.dx

Sol.: let u=tanh3x = du=23sech®3x.dx > 2 sech23x.dx=d?u

du u? tanh? 3x

u—= +C= +C
3 2*3 6

5. je°°”‘x.csc h2x.dx

Sol.: let u=cothx = du=-csch®x.dx =» .csch?x.dx =—du

je“ (—du) =" +C =—-e“"* 4+ C

6. Icschzx/_.

Sol.:letu?=x = 2u.du=dx

J-csc h%u

2u.du = ZI csch?u.du = —2cothu +C = —2coth+/x +C
u



Homework:

I. Verify the following identities:
1. coshx—sinhx=¢e™

sinh(—x) = —sinh x

cosh(—x) = cosh x

sinh(x + y) =sinh xcosh y + cosh xsinh 'y

ok~

cosh(x + y) = cosh xcosh y +sinh xsinh y

tanh x + tanh y

. tanh(x+y) =
6 x+y) 1+tanh xtanhy

I1. Find dy/dx of the following functions:

2
1. y=coshv4x*+3 2. yzseg:hx
X +1

4. y=tan"'(tanhx) 5. y=e*sechx

I11. Evaluate the following integrals:

1. Ismh&.dx 5. ICOShInX.dx
Jx X
4, Isinh x cosh x.dx 5. Itanh 3xsec h3x.dx
2 sinh x
) J‘m X 8. € .adx
1-2tanhx sec hx

3. y=xcsche”

6. y =+/sechbx

f 12 .dx
coth” 3x

6. fsinh x~/cosh x.dx

9. jcosh2 3x.dx



5. Inverse of Hyperbolic Functions:

All hyperbolic functions have inverses, they are:

Inverse of hyperbolic functions

Their domains

sinh™ x = In(x +/x% +1) (o0, 0)
cosh™ x = In(x +/x? -1) [1,0)
tanh x = = In(“—xj (-1
2 \1-x
coth™ x = 1 In[x—ﬂj (—o0,0) \[-1]]
2 \x-1
| 2
sech™x = In(%} 0]]
| 2
cschix = In| L+ Y1+ X (—o0,0) \{0}
X | x|
Example: Prove that: sinh™ x =In(x++/x* +1).
_ ey gV
Sol.: let y=sinh™x = x=sinhy = 5

= e’ —-2x-e”? =0 multiply both sides by ¢’

= ¥ _2xe'-1=0=>

— 2
o) = 2x+x/;1x +4 :Xim

Since ¢’ is never negative, we must discard the minus sign.

Sy =In(x+ 4/ x2+1)
That is sinh™ x = In(x +v/x* +1)



Derivatives and Integrals:

a. Derivatives

If uis any function of x, then

d . _ du/dx
1. —sinh?u=
dx V1+u?
d 4. du/dx
2. &cosh u—m u>1
3. ditanh‘l u= cliu/dz \u\ <1
X —u
4, dicoth‘1 u= Su/dg \u\ >1
X —u
d 4 —du/dx
d § —du/dx
6. —csch™u = u=0
dx uv1+u?
b. Integrals:

If u is any function of x, then

1. j 1du - =sinh*u+C
+u
du 4
2.j =cosh~u+C
u?-1
3 I du tanh™ x+C if |u|<1
“J1-u? |cothix+C if u/>1
du
4, | ———=-sech™u|[+C
J.u\/l—uz | |
du
5. =—csch™u/+C
I

Useful identities

1. sech™x = cosh‘{lj

2. cschx= sinh‘l(lj
X

X

3. cothtx = tanh‘l(

X

3

10



d
Example: Show that &cosh‘1x= —
X —

Sol.: Let y=cosh®™x = .. x=coshy

And by implicit differentiation:

. dy

l1=sinhy.—=

ydx
_d_y_ 1 1 1 0.k

Cdx sinhy Jeosh?y—1 N

Examples: Find dy/dx of the following functions:
1. y=sinh™3x

dx 1+ (3x)? V1+9%°

2. y=cosh™e”

X

Sol.; M __¢
dx e2x -1

N

3.y=2 tanhl(tan Ej

1 1

cos?| X cos?| X
2 2 1

’ Zsecz()z(j* .
Sol.: Yv_ = = = = =secX

1
2 p—
ax 1—tan2(xj sinz(XJ cosZ(XJ—sinz(X) cos(z.xj cos X
2) 4 2 2 2 2
X
4, y=coth‘1(£j
X

Cdy —1xF —Ux2 -1 1
Sol.: === ===
dx 1-1x* x*-1 x*-1 1-x

X2

11



5. y =sech™(cosx)

Sol.- ﬂ: —(-=sinx) __sinx 1 _ secx

dx COSX«/].—COSZ X COSXSINX  COSX

Examples: Evaluate the following integrals:

2.dx 2.dx
1. =
1[\/1+ 4x? !\/1+(2x)2

Letu=2x = du=2dx,atx=0 = u=0

at x=1 = u=2

2
I au :[sinh‘lu]i:[sinh‘12—sinh‘10]:1.4436
0 1+u
.[ dx dx 1 dx
T op 2
9x? — 25 25(9)(2_) 257 (3x)'_,
25 5
Letu=" = du=3'—dx = dx=—5du

_—1tanh‘1u +C :_—1tanh‘1 3 +C
15 15 5

_—1coth‘1 u+C= jcoth‘l(%j +C
15 15 5

5du/3 1 du =1 du

25 ur-1 150u2-1 1501-0?
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4 J- sin x.dx

V14 cos® X

Let u=cosx = du=-sin x.dx

= sin x.dx = —du

I —du =—sinh™u+C = —sinh™(cos x)+C

N1+ Uu? -
4tanh™ x
g dx
Letu=tanh~x = du= >
1-x

[ 4udu =4—L2‘2+c: =2u? +C = 2(tanh* xf +C

Homework:
1. Find dy/dx of the following:
a. y=sinh™5x b. y=sinh™e* c. y=cosh*/x

d. y=tanh™(x* -1) e. y =tanh™sin3x f.y= xsinh‘l(%j

2. Evaluate the following integrals:

a J‘ dX b J' dX c j dx

7 J/81+16x2 I J16x% -9 )49 _4x2
e*.dx 2dx dx

T S v e
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