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Def :- A random ( Statistical ) experiment is an experiment with :-
1. All out comes (results) of the experiment are known in advance -
2. Any performance of the experiment results in an out comes is not

known in advance .

3. The experimant can be repeated under the identical conditions .

Yl (e e e Lo gty 1 A al el Ly 15 ol iy a3 e

oy ddnall ile (M ep o Gaall v g 5 05 AY) 0o JHisa Lehe S S

(s sl oS Y)
e i ey et b Lae L BRI el e s I ke 2O

, ,, dleall 4y ya
1. Tossing a coin s

2. Rolling adice | DON ey D
3.Playing cards ol (35 A3

|3 4
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Chapter Jwo 3n

Def: (Sam?le Space)
A sample space of an experiment is a set of all possible
outcomes denoted by (S)
e 2 e iy ja e ALl G0 JS g 1 Al plisd
Def: (Events)

Any events is a (proper) subset of a sample space

| ,.—\——4-\; e e 055 13 Uns sl 585 (S) e A5 42 sane (A 1idl o)
',}—@Qtﬁ\u——hcﬁﬂeﬂl"mjwC}“.)':‘S\C}‘C)}s’m'%—‘sj"‘)\ﬁ
lagen (S) saalie o (s gind 13 12805

ie: If A is an Event, then A < S

ex: Toss a coin once

sol. S={ H,T }

S has (2) elts since acoin has two faces

Let A:togetH

A={H}c S

LetB:togetT
B={T}cS

.. A and B are Events

ex: Roll adice once

a dice has (6) faces

each face has adots

S =1{1,2,3,4,56}
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R SO

={d1<d <6}
A:To get one odd no.
A= {135} S
A is an Event

B: To get one even no.

B=1{24,6}c S

- B is an event
C:d<3
C={,23}cS

- Cis an Event

ol Wl il e il e Jeadll Taa 3 Al climd ) oSan  ABaadla
UL ¢ (o

Def:- Empty set (D) cnaas ¥ Al Salad)

@ is an Impossible event
ex Toss a dice once

Let A: to get 7

A=

# t

) ) gal)

Def - (Disjoint events) 4ladial

If A and B are events, then A and B are disjoint iff AnB =®
S N
A~ |8
A|B O10

AB = AB =@
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Chapter Two. | Sntroduction to Probability

Def . (Joint events) Auatall 2l 52 )

If A and B are event , then A and B are Joint iff ANB # @
S S

A@B.

B .
Note :- We shall use the symbol ( AB) to denote of AN B

Def :- If A and B are events ,then (AUB) & (AnB),(A-B),

(B/A) AS---efc are also events .

ex. RoH a d1ce oﬁce .
Let

A={d:d>2}={23456}
B={d:d<3}={,23}
C={d:d<1}={}

Find AuB, AnB  AuC,--
A, B°, AB°, BA® .
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SE

AUB={,2,3,4,56}
AN B =423}

AucC =1,234,56}
A= {U}

B = {4,5,6}

AB “ = {4,5,6}

BA < = {I}

il

Toss a coin twice (2- time)

When toss a coin twice (2-time)

2™ Toss
H
1% Toss
H
i
it
T




Clrapler Tewo - ante ﬂuctmn fo ﬁrﬂh‘lhmm

S = {HH HT,TH,TT}
S has (27 =4) etls

When toss a coin three-times

1St

§ = {HHH, HHT,HTH HIT.. - TTT} — T'

- S has (2°=8) elts

when toss a coin n-times , then the sample space (S) has 2" elts
ex. Roll a dice twice (2-times)

S ={(d.d,)1<d <6l1<d, <6}

S=has (6"=36) elts

When roll a dice n-times , then the sample space (S) has (6" elts

]
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TSR

Simnle Probability ddaall 4ilaisy)

Def:- If A be an events , P(A)= probability of event A = Pr(A)that is
mean (pr) that event A happence-If S has (n) elts & A has (m) elts,
then |

N no. of elts of event A _ﬂ__r_n_
p(A) = no. of elts of S [Sl T n

S5 N AT 5 ) Gy Bl (Y oy ) JLinY) ol m__;i«h&
CaaY) Al ) A il B8 a8 g DAY Lpand Saa s oYl LTA

Lo Y]
il e a3 o (A) @(@'mgg)z%mshdwa Jlcial Ciymy s

L dad gl el e bopede (A) dball digas il g ne 4l A

(L) Lllae P( ki) A3 ce 5 ke a DYl g of a3 5 Sk

S 0,1
E= 3 e
) (

e OS] il it el 13 ke Jlaial Ay P JLial) Ay e

P:S— R[o,1}

A el S 3 e e o) daally asiad JLasY] dad o) and 1ASS

Baly b 2ie oS g K@M@\ eyl @,5‘5 a4l ga W ypan Sa eI s ol (S)Mj
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o S A g Al Gl all e aand 8 Dy sea ey (s EilaaY) dae

JW}U\JLQJ\DJ&AJJJM@AQL&GJ ‘Lb.a\_))ﬁ d)l::j\ Lé'“ g_}.}ﬂ\
3 )A\ 238 aaly Laase
1. permutatien Jaatuily

20 5aelil any LYY e T a A L JS gelane LAY e i e (A

Fit
P =P, = (n _ },)!

P

Yo
I
3"
I

,n,rel”

1-4 GAZ.AEJAQ\)S@J\@}JM\JU\A\A&;;/Q\L

41 4l
Pj___(4—4)’ OI-—4X3X2X1——24 ()1'4-l 4X3X2X1=24

dj-\-—‘-‘-“d-——su\du..—“-‘wﬁjm LJ‘JSL)HAA@AJL)S-MLFJ ).H\.\_.::A;/d\..n
.lais’é_\:.bz)su_‘sgj\_q

St 51 Sx4x3

PD—-,————_———:—:

5-2) 3 3 = 20 samples

Lemg_sﬁg,g}_ﬂa__;s@\nguxmouzcmxmpg%p;ﬁjaug

REECRAT

n!

n e
Przl,n2.~--nk -

ninyl,-n!

n=n, +n, ot

where
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a‘}—i\gﬁt—ﬁd\jc\wgm“mﬁ@@)s@\ﬁw@ﬂmxéﬁsmA_}/dm
.(J'J:;\

T
7 T s T
Fanr = 401! 10

2. Combination (&b sl

5 Methods

N aaay b S Ao gena (o T aaag Sl (e 230 (Selection) il o Hlis) Llee oo

(P L N
r) r—r!(n—ry :

gy €y e o g il pdine (o Ly sS3 of (Al clipall 2e 0 L [ Jl

P A Al pasdiud g ol G5

L ol (50 ke Tl pas 055

6)_ 6l _ 6l _6x5x4l ..
2 —_2!(6_2)4_“2!4!—. N4 = 1> samples.

o stind Aiad OS¢ Cum o i Aaggl o Ll S A olalll 2ae g Lo/ Jlha

3

A 3 ADE L ot a0 e

| 41 ( 4!) 24
pomed o= xm—-——~26
-2y \2n) 2

(SR T " A =N




e

o

H

ag " 2T R ey S : Aot deootilmue o TR loa L e
P Crnaprer \Jwe- ,‘!HUVUUULUUH RV S RUIVH S U

oy

B

% wm«m;?)
S

i
S
~

o

, ¥ rl
} Binomial theorm ¢gaall < 4 b
1~ I n\n-r

(a+b) =3 alrj

- r=0 r\x B
- binomial coefficients ¢paall @y c¥ales
IR ‘ n - n-1 7] n_l n=22 n
.= +nab+—i—)—ab+-~+b
N : a B :
e ~
] ex/ Prove that

_ ) 1o 7 __1
S \ ! / \' "/

17}
L
v
A%

_ Sol. R.S
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Facts about the sets <o ganall Joa (38

1.Am®:®,Au®:A,(Aj ~A

2.A°UB° = (ANBY)

Demo.Law
A° B =(AUBY }

3.0°=8,85°=00
4AAVA =S, ANA° =0

5.A1 M A; = AI - A2 A happence but A, not happence
A; or A; happence

6.A, VA,
T(A,UA,)-A NA,

: 1 Ajor Ay happ , but net both
8A NA, Both A , and A; happence

Axioms of Probability :adlaiat) cligy

I.If A cS,then 0 <P(A)<1
2.P(S)=1

3.1f AjA,,-+ A, are sequence of disjoint events , then
P(A,UA, U UA, )=P(A)+P(A, )+ +P(A, )
ie. P(D]A) = P(A1)

= i=
Note:- Special case of Ax.3

If A and B are disjoint events , then P(A U B)=P(A)+P(B)

ex. Toss a coin 3-times




" C/La;;w Two . Sntroduction to @wnaum{b

=p(A%)=1-P(a)= P(AC):I——gz-— <6y

a. Find the Pr to get 2-H

b. Find the Pr to get no-H
S has 8 elts

Sol. S = {HHH,HHT, -, TTT}
a. let A to get 2-H
A = {HHT,HTH, THH} A has 3 elts

P(A):ge [0,1]

b. let B to get no-H

B={TTT} P(B)—— < Pyt _ea
R s be et lege ( %a Ry ey (EW%‘%\} : i SLRNs BT ek

3 £

8
'ex/ to;% a %u:e.twwe( Find the pr That sum. of dots is equal to (8)
r B A%y%é R

b, To get @@, P(c) =7, P(C)“r’
¢. Find the pr. That df%ﬂ M o2 Uy ﬁ

Theorem 1:- P(CD) =0
Proof :- let A be any event

AD=0
A & Qare disj.

Aud=A
P(AU®)="P(A)
P(A)+P(®)=P(A) byAX 3
P(®)=0




Chapter Two. gntroduction to robability

Theorem 2 :- P(AC): 1-P(A)

Proof :- | | . S
TAA =0 : AS
oo A& Afare dis;

AUA® =S5 =P(AUA®)=P(S)

P(A)+P(A°)=1  BpAX2,AX3

. P(A%)=1-P(a)

Theorem 3 :- If A and B are joint events , then

P(AUB)=P(A)+P(B)-P(AB)
Proof .-
AB® & AB are disjoint = A=AB° UAB , S

P(A)=P(AB)+P(AB) by AX3 ()
BA° & AB are disjoint

B=BA° UAB

P(B)=P(BA°)+P(AB) by AX3

P(BAC):P(B)—P(AB) ..... NN Colten - 3 v 2)

" AB°,AB&BA® are disjoint
AUB=AB°UABUBA®
P(AUB)=P(AB°)+P(AB)+P(BA°) >y -3
. P(AUB)=[P(A)-2(aB)]+ P(AB)+[P(B)- P(AB)

P(AUB)="P(A)+P(B)-P(AB)
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Theorem 4 :- If A & B are events such that A < B, then P(A)< P(B) |

Proof :- A and A°B are disj.

B=AUA‘B “
P(8)=P(A U AB) 5
P(B)=P(a)+ P(AB) by AXy AB +—((n)B
P(B) P(A)=P(AB)>0 | | o |
B)-P(A)20=P(A)<P(B)

HW For any events A and B, show that

1. P(AB)< P(A) < P(AUB) < P(A)+P(B)
2.If A and B are joint events , when P(A)=0.8;P(B)= 0.5

Find the conditions.and the value of Max P(AB) and Min P(AB)

1
& P(B)= - Find the value of P(BAC) when

1
3. 1f P(A)=~3,~

. . 1
a. A&B aredisj. events b.AcCB ¢ P(AB)Zg

If A,B and ¢ are dis J. events find
L p(auB)nc] 2. Pt UB]

Theorem 5 :- (H-W-)
P(AUBUVC)= P(A)+P(B>+P<c>—P(AB>—P<AC>—P(BC>+P<ABG> »

Theorem 6 :- \ o a\/g (ge g’@ - jg, [ﬂ Vo "\% <
If ALA,-- An, be aseqlfnce of inf inite evenis such  that

A cArc A cAn e )

Then P[U ] LZWZP ) Lo P VPR

o0 ,;?"/ C’;\ ny- o Fona sz oife




o # [ § £

LR At -]

Proof's- AzﬁAzAf»AgAfzw“A B,

A, =A VA, =A UAA]
A3 :AIUAZUA3 :A2 UA3A;

[ {1
p

n
a=Unia, = Ul

i=]

p(A,,):P[O N Af_lj
i=1

=S P(AAS,)  byAX3
i=1

Lim P(&,)=Limy S Plar az)
n— e n—» e i=t

=S p(ar A%, ))

n->0

(=) ;.P@Aij: Lim P(®,)

Antroduction to P
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< C gl 7/\ "\jj ) 2
N

Theorem 7 : LCtAUAz:A:;:'“:Ah:'”be an infinite

sequence of events such that

CADA, DA D DA, D......

Then P(ﬁAi) =Lim PA)

n->cly

Proof - AS C Aj C AL A S -

AUa |- Lim )

i i — 00

el e o

-

(., -

Random Sampling 4 sdall clisl)
Suppose a population of n-elts.(;, @ a,) We want to choose a

subset of this population has (K) elts(a,,a,......ap)at random (k <n)
These subset is called random samples . there aretow Kinds of random
sample :- |

1. Un Ordered Sample &gy e <l

Select (k) elts from (n) elts at énce (at the same time)

2. Ordered Sample 4 sl cilial

a. _Cmé by one without replacemént selecte (]C )elts. From (n) elts .




dntroduction to Probabil

SE

one by one without repl .

b. one by one with replacement selecte (/») elts , From (n) elts.

o R TR e YRR

one by one with replac .

Case 1,143 Al

Choose (k) elts . at the same time from (1) elts .

We use , ( combinationn, K ) to find the number of all samples

)

Ex/ Given a set of (4) elts. {Cla b,c, d}

Choose a sample of (2) elts.

a. Find the sample space of all samples .

b. Find the pro. Thata sample has elts . (b)
Sol/ a. '

E
!
i
1
1
]
1

4y 4! -—4X3X2!—12“6
\2) " 2i(4=2) " 2w 2 samples
S = {(aﬁ b)ﬁ (aa C)? (Clj d)ﬁ <b> 0)5 (b? d>9 (C9 d)} |

b. Let A be a sample has elts {b}

A={ab)(b.e)(d.d)

31
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e/

Saie 50 Lsidl I by ealie dey ) Jus 0 5S Gladl Jloudl (b . Ads 4840

bl JSL Alasiudl oS
(O, O) | (O, Od)

: (a?c,d) b (32>a3;-: .as0) 49 a
P, xb, | Py X Pl,_l_ |
311 490 1

— X — X

21 0! 48! 0!

Ixl =3

Ex/ Given asetof (3) boys and (4) girls students. Choose a sample of
(3) students

a. Find S .

b. Find the pr. That a sample has 2 boys

c. Find the pr. That a sample has at least (2) gitls .

sol/ a.

-8 has 35samples

3b

— |
b3

A: be a sample that has (2) boys

s oo s
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o

§ 3x4 = 12[12 samples has 2boys and girl]

.ok

| o .

=
N
— D
.
TN
N B
N— A
[we]

s

=

Case 2 ¢

a. Choose (k) elts. From (n) . elts. one by one with out replacement .
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In this case we use (permutation n, k) to find the number of samples

~in S.

. ., n!
Where T “-x)

Ex/ Given a set of (4) elts. {a, b,c, d}

Choose a sample of (2) elts. one by. one Wijtho_ut»»r‘e»pl'_acfemeﬁ_tf_ o

" a. Finds

b Find the pr. That a sample has elts. (b) .
Sol/

b), (b ) (c,d), (d,a)]
c) (b,c) (eb) (d.)
d) (b,d), (c,d), (d,c)

={(@.b).(b.a).(b,c).(b,d).(c,b).(d.5);
6 1 |
PA)=—=—
( ) 12 2
ex/ Given {2,3,5,6,8} a set of (5) integers choose a sample of (3)
integers one by one without replacement .
a. Find the pr. That the sample con be divided by 5

b. divided by (2) .
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s Sl
SOI( P, ®h 60

S has (60) samples
a. let A be a sample which divided by (5)

o O W N
ON

4x3x1=12
. A has (12) sample
12
)
b. let B be a sample which divided by (2)
B has (36) samples

P(B) =<2 =< [0

P(A)

1
1
I
|
1
I

3 5 2
5 6 6
6 8 8
8

4x3x3=36
b. Choose (k) elts. From (n) elts , one by one with replacement.
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Ist 2nd 3Bid kih

1. T ] e
1 1
2 2
3
n n n n
k
NXNXHooe cov vnn Xn=n

oS has (nk) samples

ex/ Given 4 elts {a, b,c, d} choose a sample of 2 elts. One by one

with replacement

a. Find S

b. Find the pr. That a sample has elt (b)
Sol/

a. 4=16 S has (16) samples

'b. Let A be a sample has (b).
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Probabilicy

A ={(a,b),(5,a) (5, 5), (b.0), (b.4),(c.b).(d. b))
P(A)=1.

16
FExercises :-
I. A box has (24) bulbs of which (4) are defective .Choose 4 bulbs , |

find the pr. That they are defective .
2. A set of (11)integers ; (5) of them are negative and the others are
positive . Choose a sample of (4) integers and multiply them , then
find the pr. That the product is .

a. negative  b. positive

3. Given a set of (12) transistors of which (3) are defective.choose a
sample of (4) transistors then find the pr. that .

a. Two transistor are defective .

b. at lest one transistors is defective .

4 Find the pr. That two people of (K) people will have the same
birthday .
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Y Chapter Twe , © Bntroduction to fs0bavility
Probability Space
Def :- (B2Fifid )

A non-empty collection £9 subsets of a set (S) is called O -field of
subsets of (S) provided the following two properties holds .

1.If Acgp, then A° €p

A ol
then | 1A, 0 &\ A, €8
n-1 n-1

Def:- A probability measure (p)ona (5) _field of subsets (¢)is areal
valued function having a domain(¢)and satisfying the following
properties

1. P(S)=1

2. P(A)=0,VAEep

3 IFALA,, A _, are disjoint in § then
P(OAnjziP(An)
n=1 n=1




dntroduction

RS S

Drobability

Def:- (Probability Space )

The triple (S,4,P) is called a probability space .

Remarks :- the elements of S are called sample points .

Any A€ @is know as event clearly A is a collection of sample
points.

ex/ Toss a coin once
S ={H,T}
= {H},{T} 5, ®f2"

ex/ Toss a coin twice

o HH, HT, TH, TT
Vg b ¢ d

{a}, 0}, £}l e} fa. o} e b .}
= (b, d), {c, d}, {a, b, c}, {a, b, a’}, {a, "o a’}
b,c,d},S,®

4
=16
2 :

Independent Events : Akt &l sal)

fl)igi@lf A and B are events . We say A andB are indcpende'nt
events iff

P(A)xP(B)=P(AB)

At the same time A and B are dependent events iff

P(A)xP(B)= P(AB)
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Bx/ Choose (2) integey; From {1;2;3)4} one by one without (with)

replacement. | | | ,,

[fA: 1% chosenint. is (2) %Jﬁa?;jm;3@€\
B: 2™ chosen int. is (1) R~

Are A and B ind. Events ? why

Sol/

1. Without repl. & )

4 4

P
Shas (1D)elis. - (/.

! =

A= (2003 e PR - 2= 1
L4

B={21).61).40}=PB)= =7

12

1

AB ={(2,))}= P(AB)

1 1
P(A)xP(B) = —*5 " P(AB)
A and B are dependént
2. With replace.
(n*)=4* =16

~.S has (16) samples
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A= (20,2203 0A)= PR)= -

a4
41
16 4

B ={1,1),2,1).31) 41} = P(B) -

AB = (21)}= P(aB)= L

P(A)xP(B)= 1—16» = P(AB)
- A and B are indep. N o
Theorem 8 : If A and B are independent event such that

A # ®,B# @ then A and B are Joint events .
Proof - - Aand B ind = P(A)P(B)=P(AB)
TP/ A and B are Joint

ie/ TP/ AB#= O

cA=Dd=>P(A)#0

B#®= PB)=0

P(A)xP(B)=0

P(AB)=0  Byhyp

S AB = ©

iilosia il B g A el 13 o eey punaa g odlel A kil e el

Ju_i. (independent) oilins B 5 A ofalall 0585 o osall o0 ol 4 (Joint)
(Without repel) glasl g Ul A Gl JEl QA e

Theorem 9 : If A and B are disjoint events , such that A # ®,B = @

then A and B are dependent .

Proof:- .. A and B are disjoiﬁt




b d I i
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~AB=®=P(AB)=0.....(1)
cA=D= P(a)# U |
B#®=P(B)=0

P(A)xP(B)#0............ (2)

P(A)P(B) = P(AB)
A, Bare dependent

Theorem 10 ;- If A and B are independent events , then .

1. A and B® are independent .

2. B and A°® are independent . | A B
3. A® and B® are independent .-
Proof (1) :- Tp. A&B® are ind.

ie/ - Tp. P(a)P(B°)= P(ABC)

Independence of Three Events :

Def :- If A, B and C are events ,then A,B and C are independent

events iff
1.aP(A)P(B)=P(AB) (A,B arcind.)
b. P(A)P(C)= P(ACY A,C areind.)
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. PBP(C)=P(BCY B,C arcind.)
2. P(A)P(B)P(C)=P(ABC)
Note :- If satisfy only condition (I) ,then A,B and C are said to be

pairwise independent .
ex/ Given S = {{1,0,0),(0,1,0),(0,0,1),(LL1)}
A:1% coordinate is (1)
B: 2™ coordinate is (1)
C=3" coordinate is (1)
Are A,B and C indep ? why ?
“ Conditional Probability (4 ) Juday)

Def :- Let AB are events if event A happens first , then event B
happgns. |

Or evént A given then event B haﬁpens denoted by (B l A) .

Were (B\A) is called condition events .

Also P(B\A) is called conditional probability .

P AB T R
Where P(B\ 4) = _Is(-aj)-, P(A)# 0 b

Note :- 1. If A and B are indep. Events

P(A)P(B)

Pa) )

P (B\A)=

2. From def. of cond. pr.
RIS P(A.B)SP(A)P (B\A) multipiioation mlg\'&"iz'w g

ex/ Toss a dice twice plpne

i

Find the pr. That d +d, <6




ey

| S—;

| I——

§ B

12)( 2)(3 2)(s.2)
3)(2.3)(33)
)
)

N

2,4)

_P(aB)

N

/

Antroduction to Probabilicy




dntroduction to

Probability

Theorem 11 :-let A,A,,...,A,  be an events where

5 ? Al # @ i =1,2,... nthen

‘P(Al-@Az preeulh, ) = P(AI)P(Az VA, )'P(Az \AlAz)P(A4 \A1A2A3)
LPAVAAAL LA L)

Proof :- right side
=P(A )P(AlAz) P(AALA) P(AAALA,)  P(AALA, A
I oooooo

P(A) ~ P(AA,) " P(AALA)) P(AALA, A, )
=P(A,A,A, ... A |

= left side

ex/ A box has (r) red balls and (b) black balls . Choose (2) balls one
by one without replac.

1. If the first chosen ball is red find the pr. that both balls has different
colour .

2. Find the pr. that the 1% &2™ chosen ball are red .

3. Find the pr. That at most one . ball is red

Sol/ Let A: be the 1% red ball

. st
B: be 1™ chosen black ball rred A

b r bblack | " |(b) black
r+b-1" r+b

2. C: be 2™ chosen ball is red
P(AC)=P(A)P(C\ A)

roor-—1

el

P(B\A)= P(A)=

r+b r+b-1

b r+ b




Kb
r ¢
1 13

e f
[ W—

T
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P(AUB)-P(AB)

- 1-P(A)P(B\A)

| F b
r+b r+b-1

ex. 2/ Given (2) bad tubes and (1) good tube = Take the tube one by
one until both bad tubes are founds. find the pr. that 2" bad tube is

found on
1. test 1
2. test2
3. test 3

TSRRNY

B,




nf

uﬁ o w W,_\,_.R,H -

. Intraduction to Probability

lP(Bg@niegtl) P(@)=0
2.P(B,ontest1l) =P(B,B

)
=P(B,)P(B, \B,)

1.1
23
3. P(B, on test 1I)=P(GBB,UBGB,)

2
3

 =P(GBB, )+ P(B,GB,)
(G)P(B, \G)P(B, \GB,)+P(B,)P(G\B,)P(By\B,G)

{l
"

p—
[S—y

L .
2 DN

2
+...._
3

+
bJ[»——A

l

U).]t\) L= W=

ex/ A box has (4) red and (3) black balls choose a sample of (4) balls

one by one without repl . Find the pr. to get a sample 1,b,r,b

Sol/
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Let R; : to Choose 1% red ball
3 ~ Bj\R; : to choose 1* black ball , given 1% red ball

Ré\RIBI : to choose 2™ red ball , given 1% red , 1% black balls
B)\RiBR; @ to choose 2™ black ball , given 1 red |, 1% black and

2" red balls | o
P(RB,R,B,)=P(R )P(R \ B )P(R, \RB, )P(B, \RB,R,)
43312

765 4

3
= |

3

@D r|:|® 1 bl ® r | ® r

® b)) Db (D b (Db

N=7 N=6 N=5 N=4
Partition Of a Sample Space L & £/ @oting adie ance)
Def :- A Finite sequence of event A1A7 . AAForm partition of (S)
iff | .

Al A Ay

1. Al:AQ:'“:AK arc dIS_]OIHt

K
ie/{AI=0
i=1
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rnhablhtg

ex/ Toss a dice once S = {1,2,-3,495,6%
. A
_ 1 3] 2
A, ={13,5} 12
A, = {2,4,6}
AA, =0
AUA, =S

s
= A, A, form apartition of S

ﬂtTheorem 12:- If At (l = ,2,5K),Al$ @ from apartition OfS If .

.
O=BcS, then P(B)=) P(AP(B\AI)

=1

Proof:- A\B,A,B,A;B,..A B are disoint

B=ABUA,BUABU.....UA,B U
P(B)=P(A,B)+P(A,B)+......+ P(A B)by AX3

Ar | A, Ay

- AB

- P
ZP(AZ) (B\A#) . by theorem I

Theorem 13 :- (Bayes Theorem)

AB AB
- T If Aj(j=12,...K) From a partitions of S , where Aj# D andif

© = BcS then

P(Az‘)P(B \ Ai)
ipm (B Aj)

P(AY
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where (1) is a one value of (j)

Proof :- by theorem 12

K
ZP B\Az
i=l
P(Ai\B): lgj?];?) by def of - cond.pr.
= KP( ) (B\Ai) by theorem I andfheorém 12
Z B\Aj
_/=l
NO .

1. P(Ai\B)is called the posterior pr. (it is the pr. Of an event wich is

the source when a result is given ) .

2. P(Al>1s called prior pr.

~ {ex/ Given the following boxes :-

box 1 has (3) redand (5) white balls

box 2 has (2) red and (4) white balls

choose a box , then choose a ball from the chosen box

a. Find the pr. that a white ball is chosen .

b. If a red jhall is chosen , Find the pr. that it is from box 2 .

M B
Sol - _ 3 (red 2Nr | S
Let A, : choose box 1 5 \w
A, : choose box 2 Y\

B : choose a ball B
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=

B
AY

P~ !
% Ay /Ag))mgs @
\\/
o\
v
/,'%
Pl N @
42)_: , s .
£

2 ..
L P(B), = P(A)P(B\A)), i @

P(ALP(B\A ), +P(A2)P(B\A,),
(L)
_ P(A,P(BYA,),

i P(AjP(B\ A)),

Jj=1

H.W. Findp (B), , P(A\ B)W
ex/ Three Machines M, , M, and M3 produce glasses
My Produce 20% of glasses
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M, Produce 30% of glasses

‘ ! M; Produce 50% of glasses
. Also
N 1% of glass produced by M, is defective

2% of glass produced by M, is defective -

3% of glass produced by M5 is defective

Choose a glass ,then |

a. Find the pr. That the glass is produced by M3 if it is defe.
b. Find the pr. That the glass is def.

Let B choose a glass B

d

P(B \ya:/om

Mi nd
P(B\M,)nd = 0.99
d
P(B\M, M = 0.02
P(B\M, Jad = 0.98 nd

Ms o p(B\M,), =003 4
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P(M; P(B\M, ),

S p(M)P(B\ M),

"P(M3\B)d =

()1 ilP( M;)P(B\ Mi)d

P, )p(BVM,), + PPN, £P(M,)P(B\ M, )d

RHERRE AT

H.w/ C. P(B),, d. P(M,\B)nd
- ex/Box 1 has (3) red and (1) white and (2) black balls
box 2 has (1) red and (3) black balls

Toss a dice if (1) or (6) appears choose box 1, otherwise choose box 2

. Find the pr. that .

a. The ball is chosen from box 2 . If the ball is red .
b. A white ball is chosen .

Sol/

Ay : chose box 1.

A, chose box 2 .

B : chose a ball .
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S PA)HP® 2 pave)
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"2} coins have (H) on one side and (T) on the other

3. coins have (H) on bOth side .

4, coins have (T) on both side .
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(Wwbwb) | o he
3. Given (one ) blue card and () red cards which are named A, B, C,
D choose (2) ca:rds one by one without replace .find the pr. that .

. both cards are red , given that card A is chosen .

b. both cars are red given one red card is chosen .
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(dependent) ( [)‘.‘dilul.d J‘.‘tb ) O‘J'J.A'h-d C)_.'I:.\\A AB Cj& '

[{4 »
Dcﬁenclcn{‘ Events Sainal & et
PLAY. pCR) o= p(AR) 13 Kby 13 ( (i 18 ) paaias (s 4,8 O J

O



aie {1,234) palic dag ) (o digla Ao garas
—: LS BA oddlall s 13 (pla ) aay ) gla) G

(Y) 98 L J9N) paind
) (\) ﬁ %“3 @“’m e

r(1,2) 21 31 (41 \
1,3) (2,3) (3.2) (4,2)

1L,4) (24) (3.4) (4.3)

v

A={21),23),24)] < S = .P(A)-l% - _3:.

B ={Q21,@1, (41} = S = P(B) = % s %

AB = {(2D]c § = P(4B) = i%

P(A)xP(B) = %s&% - ?% o1 sl

1
12

s P(A)xP(B) # P(AB)
: o BuA o

P(AB) =

o = @

24

¢ (plitua opfitls AB ¢ OB
(Elad csd) (S

iy (1 =1 g



Ot 8 AB (sl
(la V) z=) S50 uad) 43y b ¥
16=(4>) & _nalic d

LN

) @D @1 @11
12) 22 (32) 4.2)

1,3) 2,3 (3.3) (3.3)

1L4) (24) (G.4) (44)

A= (20,2203, = P(A) == -}

B={11,2D,GD,4D} = P(B) = :

o]l
16 4

1
AB = {(2,])} = P(AB) = —
b ) 16 Caliiee bda AB

11 1
P(A)xP(B) = ~x— = —
(AxP(B) =237 =15

. P(4B) = P(A)xP(B)




A
2
3
4
5

6
4
8

9
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gntroduction to JOrobability
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[y
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~N O

5213 x 4 i< 522
12"‘ 4 x3 J‘}A.&M e

Daa (52) T G e Ay ol ¢ Al

C(10) a3y dead @5 0088 of Jlial A

C O o S sSE l Judsl

A ) oS5 o) Jlaial s L (4) @osal B
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s sl a0k 5 5 ) pre Builill g A {,:s_\:.\ S o) sl s Lad a3 (5> SRCEN BRI
o celll @ sl o

S - Jdall
Let B=to get10
§
1) 4 1
(B>—(52j 52 13

1 .
o " ._ O oL
=to get O (¢ iomenes) c3

’LdC—
| (13 .
1 13:_l~

L P(C)= 2=t ==

N {SZJ 52 4

1

T A

D = To get 4 cards one of themis A
52 -4 =48

oy

Doy (A3

= P(D) =
o)

Let E = to get (3) cards one of then A and the second is a picture and

the third any other card |

...p@):@(l?}ff)
A

>‘[,/
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“Random variables and Probability Distribution”

Def.: A random variable X isa function that mapps all elements s € S

(alleventin ( )toa rea&numbers (Rx) denoted by R. V/-——\
ava
HH 20

TH

Ex 1.: Toss a coin twice.

Let X = number of H show that X isa R. V.
S={HH, HT, TH, TT}
x(HH)=2,x(HT)=1,x(TH) =1, x(TT)=0
Rx={x;x=0, 1,2} countable S ¢ Rx
Note: We shall use X to denoted of R. V.X andrx to denote of value of
R.V.X,x € X:0, 1,2 (inex. “1”).

Ex2.: Choose a point from interval (0, 1).

Let X be the chosen point, to show X isa R. V.

S consist all pointin (0, 1)

.. S has infinite number of points

The points in S are mapped to a real numbers.
then X isaR. V.

Rx={x;0< x<1} uncountable.

Def.: A random variable X is a say to be discret r. v. if Rx is countable.
See ex. “1” above, denoted by d. 1. v.

Def.: A random variable x is say to be continuous r. v. if Rx is
uncountable denoted by c.r.v.

See ex, “2” above.

Ex.3: Toss a coin until first H appears.

Let x: number of tosses. show that x 1s d.r.v.

N
h._.
N
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Random variables and probability Distribution Chapter 3

Sol.:

xe X:1,2,3,4, ...
. Rx = {x; x € N} countable
Sox s durv,
Def.: Probability Mass function (P. M. f).
Let X bead.r.v. (o gzt i X o5

A function f isap.m.f of X if f{x) = p(X = X), and satisfy the following

conditions: - A

LLfx)20,Vx e X LD (X) =1
ﬁ(vXeX /

wedole WL s 4t Y
RSN WA W, ‘,J\.; 1

el
Note: 1. condition (1) shows the graph of fix) above of the x — axis.

2. Also, if Ac SthenP(x epg)= S f(x)=1
XEA Y

o 2 forx=0,1,2,3,4 .
Ex.: Given f(x)=<10

0, otherwise

Show that f(X) 1s a p.M.f. / ) ng ¥ L e Ll oF Gagh Conemi
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Random variables and probability Distribution

4

Chapter 3

cond. “1”: T. p f(x) 2 0 Vx €X

[O)=0, (D=, 1) =2, 1) ==, f(4)=-"

L) 20Vx eX
. cond (1) satisfied.

4
cond “2”: T.p Y f(x)=1

x=0
4 2
Zf(x):o+i+«1+—3~+i:1~9
0 10 10 10 10 10

Sof(x)isap. MLF

o (x= 1) = (1) = L
p(x=1)=1(l) 0
Tp(x=8)=1(8)=0

px23)=p[x=3)ux=4H]=p(x=3)tp(x=4)

30 4.7
={3)+fd)=—+—=—
)+ 1) 10 10 10

orbynote2 p(x =3)= if(x) =f3)+f4)=—

4
10

ooz \ o
P

7
10

* p(x £2) = pl(x = DU(x = 1)] = p(x = 2) + plx = 1)

2

:f(2j+f(1):ﬁ+ :

1
1010
X
Ex.: Givenap.m.f f(x)=4k’
0,
find the value of k and sketch f(x).
Sol.: s f{x)isap. m.f

5
2o by cond “2” we get Y f(x)=1

x=]
() +{(2)+£3)+ f(4) + f(5) =1
l 2 3 4 5

k k k Lk k

2 forx=1,2345
SE(x) =415
0,

otherwise

9] M b S i -

forx=1,2,3,4,5

otherwise

Py 1

5'5¢

/{15 -
ERILE

25

15 -

e]

NIENR¢

.
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Random variables and probability Distribution Chapter 3

Ex.: Toss a coin 3-times. Let x = number of H. find the p. M.f. of x and
sketch it’s graph.

Sol.: S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

. S has (8) elements »
x =no. of H, x € X; X= (), 12 3 S
Rx={xx=0,1,2,3}, Rx is a countable
xisd. r. v.

Event (X = x): to get xH, x =0, 1, 2, 3 when toss a coin 3- times

3 : o
( j : number of samples in event (X = x) when toss a coin 3-times
X

N
Ix)=pX=x)= 3‘—5— for x =0, 1,2,3
110 otherwise
3 ) ﬁ(.‘i(.) = f
Fx) =2
3/8 <
0 1/8 : 'y .
1 3/8 i |
o | 2 3
2 3/8 %
3 1/8
3
2. f(x)=1
x=0

Def.: “probability distribution”

i

A probability dist. of a r.v.}("is a set of all ordered pair of x and f(x), ¥x
eX.
1. e.: pr. dist.of x = {(xi, f(x1)); Vxi e X} of X.
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Random variables and probability Distribution Chapter 3

In ex. above: pr. dist. of x ::{(o,é), (1,—2-),(2,22),(3%)}

E»Ew Given (3) red and (5) white balls choose a sample of any (4) balls, let
x = number of white ball in a sample.

a. Find the P. m. f of x

b. Find the pr. that a sample has (2) white balls.

¢. Find the pr. that a sample has at least (3) white balls.

Sol.:

a. r3 At once

2 oo

n==8 k=4

8)
(4J: no. of sample in S

X = no. of wball in a sample, x =1, 2, 3, 4

Event (X = x): to get x w ball and ( 4-x) r ball in a sample.

5 Y
. Number of samples € (X =x) is ( J( . ]
X N4 ~-x

i

fx)=PX =x) = 8
4

0 otherwis. e

, Jor x=123,4

. 2
b. p(x =2)=1(2) =42

c.p(x>3)= gf(x) =f(3)+1(4)

PARNE(
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Random variables and probability Distribution Chapter 3

Uniform Distribution of discreet random variable:
P = R S
Def.: Given k integers: 1, 2, 3, ...., k choose one integer

Let x = the chgwsepint., S= {1, 2,3, ... k}
Jor x=1,2,3,....... k

1
LS = pX =x) =1k
0

otherwise

is called uniform dist. of k integers.
To show f(x) isap. m. f. ‘?

cond. “1”: T. p. {x)=0

'.'k>O:>l>O
k

. i
s fx) = 7 >0 for x =1,2,3,....k
{

=0 otherwise

L f) 20

k
cond “2”: T.p > f(x)=1

x=1

k
1 I &

E.f(x)~“~~1-+---~+..4.+-—-:H:1

Kay ko k k&

L )

k — times

S f(x)isa pan.f.

Exercise: 1

esss

I. A r.v.x. has adiscret dist. with p.m.f.,, f(x)=

Find the pr- digh. of L.

7‘%}:1 T fex)=|
Yraph of Fex)
f( UV):'forVW cle t @ﬁ
X)‘ kinf-
T;}f
t p 5. A g -
g 2 3 k

{cx, x=12345

0, o.w.

2. x has a uniform dist. on six integers: 2, 3, 4. 5, 6, 7 find the p.m .f. of x.

3. Given asetofintegers 2, 3,...., 15 choose one integer which divisable

by 3.

Let x = the chosen int. find the p.m.f. of x.

Lo ¢
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Random variables and probability Distribution Chapter 3

4. Given aset of integers {1, 2, ...., 10} choose an integer and determine
it’s divisors.
Let x = number of divisors. find the p.M.f. of x.

Probability density function (P.d.f):e

Letx beac.r.v.
A function f{x) is a p.d.f of x if for any interval Ac Rx

p(x e A)= [f(x)dx. and satisfy the following conditions:
A

1.f{(x) 20 Vx €R, 2. [f(x)dx =1

— 0
X(s) =x € Rx, Rx is uncountable Ac Rx
A is a set of real no.
Suppose that A = {x; a <x<b}.

b
p(x € A)=p(a<x<b)= [f(x)dx

a

= Area under curve from a to b.
f(x) is cont. over (a, b)

letc € (a, b)

f(x) is cont. at (c)

!
l
. [
|
p(x =c¢)=no. aver =0 = [f(x)dx=0 - ;'g S X
&

plag<x<b)=p((x=a)+tpla<x<b)-+px=D>)
=pla<x<b)

Note: When x isad. r. v.

1. p{a < x <b) not necessary equal to p(a <x <Db).

2. p(x = ¢) = f{c) not necessary equal to zero.
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Random variables and probability Distribution Chapter 3

kx  for O<x<2
Ex “1”: Givenap.d.f, f(x)=<k for2<x<4

0 otherwise

a. find the value of k and sketch f(x).

b. findp(x>1), p(x<3), p(~2~<x<~i~), p(x <1 '%<X<§)

. 2]
Sol.:a. by cond. “2” of p.d.f. = [f(x)dx =1

—0
2 4
1= fkxdx + [kdx = 121—(}(2 18 + kx r;
0 2 2 -
_k

— 1—5[4——0]+k[4—2] => V= 2k 2K

= =4k = k:i
4

Vi
Fow=]
% for 0<x<?2 i Yraph oF Py
Y.
f(x)= —ij for 2<x<4 -
0 ow. %1
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Random variables and probability Distribution Chapter 3

Zx a1
b. p(x>1)= [—dx+ [—dx
14 24
12 I 4 1 i 31 7
+=X ==l -DH4-2)=—+—=—
KR ’1 4 2 g2 =0Ty =g
2 3
p(x <3)= [dx+ [Ldx
04 24 | -
I » 2 1 I 1 3
=—X" T +— ~-4 O+-3-2)=—+—==
<X o | ( ) ( )2 172
2 2
P <x<2)= R+ [hdx
34 24
2
1 ° I o 5
I 22 5 1
= — X " — = — _ —~——~2
g 3 3 8( 4) 4(2 )
2
1. 7. I} 7o 1
= (V+ ()= = —
8(4) 4(2) 32 .8 BR
: P(X<1|i<x<z):P(A|B):P<AB)
2 2 P(B)
. 1 3
A={x;x<1} ={x; 0 <x <1}, B={x;;»<x<;}
AB:{X,%<X<1}
> 3
2% 195 1.9 1. 1
B)= [—dx=—x’|[2=—(Z——)==
)= 1!4 8 ’1 8(4— 4) 4
2
5 2

1 1. 1,3, 3
P(AB)= j—zdx:éxz 11 l(lmm):_w(m)ﬁ_im

‘ 178" 4784 3
2
Plx<i]lax<y=232.3
2 2’ 1/4 8

Lo I¥
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Random variables and probability Distribution Chapter 3

. - ke™ for x>0
Ex “2”: Givenap.d. f f(x)=
0 for o.w

a. find the value of k and sketch f(x)
b. find p(x <2).

Sol.: a. by cond. “2” of p.d.f ff(X)dX =1

T

I=k [eMdx=1=—ke ™ [[=1=-k(e™ ~e)y=1=k

) 14 fxy =1

s
f(X) — e——x for X > O Graph of f{x)
0 for o.w 5 4
/ ) 0 | 2‘ : 4'1
X flx)=¢"
0 e’ =1
1 e = LY 37
e 2.7
2 e”=0.13
3 e’ =0.05
o0 =0
2 0 2
b, p(x<2)= J“/'(x)a’x = joa’x + Je""'a’x =—¢ |2
—u — 0
=l o= =1-013=0.87
Uniform distribution on interval (a, b): L d=ba .
e it . b

Given an interval (a, b),b>a
Choose a point x from (a, b) then a <x <b

1

A function Fx)=1b_a for a<x<b

0 0.W

>Lu ¢
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Random variables and probability Distribution

Chapter 3

Is called uniform dist. on (a, b)
To show that f(x) a p.d.f
Cond. “1”: T.p f(x) = 0

+b—-a>0 since a>b

'.—B-]->O:>f(x):gl—>0 for a<x<b

—a —a
fx)=20 =0

Cond “2”: T.p ff(x)dx =1

oW

@ N b 1 e
= [f(x)dx= [0dx + J”b dx + [0dx
e o 20— a b

b
= : dx = : x|
b—a b-—a

=]

== b _
s A(x)isapd.f

Ex “1”: If x has a uniform dist-on (-2,3) [x ~ unif. (-

a. find a p.d.f of x and sketch f(x).
b. Find f(x>0}——%<x<2)

2,3)]

0 4 =1

——]— ~1~ for,— 2:<"X <3
f(x)=<3-(=2) 5
Sol.; a. 0 o
b. ) = p(AB)

p(x>0|—»~<x <2 P(B)

A={x; O<x<3}

fix)=0

g

SR

B:{x;—~ <x<2} «4

AB:{‘{'O<X<Z}
1S, 1
I(B)mf~dx_~gx}l~“(2 5= 75)=3

o | B 2
P(AB)= |-dx=—x|=—(2~0)=—
(AB) fs S X 5( )=

0

25
1/2

SL¢

,",p(x<0|»«7]);<x<2)m
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Random variables and probability Distribution Chapter 3

H.W.:;ﬁfg;é
L. x ~unif. (-1, 3) find p.d.f of x and find p(0 <x <2), p( x < 1|1 <x<2).

1
- 2. Given f(x)=— 77 for -0 < x <oo. Show that f(x) is a p.d.f.
n(l1+x7)
Note: f{x) above is called cauchy dist.

Comulative Distribution Function (c. d. f)

(Distribution Function (d. f)) ov C&‘@m wlative Dfﬁm‘éq%sm fun. )
C.oh.

Def.: Let x be ar. v. either d. r.v. or c.r.v

A function F(x) is a c.d.f of x iff

F(x) = p(X £x); -0 <x< o0

Event (X< x) = all point in (-0, x]ﬂ, 0Ssp(X<x)21=>0<Fx)<1
That is mean F(x) is bounded by zero and one.

i.e.: The graph ofF(x) lies between the line F(x) = 0 and the line F(x) = 1

I a fo=1
Graph of F(x)
= 0 o “

Note: We shall use F(x) to denote of ac.d.fofx and f(x) to denote of

p.m.forp.d.f,

To find F(x) when x is d.r.v.

Let x be a d.r.v. with p.m.f f(x)
Rx={xjel,j=1,2,3,....} countable

F(x) = p(X £x) by def. NEX)

Choose x and let x = x; (x;€ I) ) SNy
Event (X <x) = {xj<xi,1,j = 1,2,...}

(X< x) = {(X=x)) U (X=x) U (X=x3) U ..U (X=xj) U ...}
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Random variables and probability Distribution Chapter 3

P(X< x) = P(X=x )J+P(X=x,)+P(X=x;)+.. +P(X=x])+...
= f{x1) + {{(x2) + f(x3) +....

p(X<x)= ) 1(x])

F(x)= Zf(xj) c.d.f of x when it’s d.r.v.
Ex. “17: Give £ o forx=1,2,3,1
X. “1”: Given a p.m.f e 'x =123,
: £(x) =410

0 0.W

a. Find the c.d.f F(x) and sketch it’s graph.
3 3
b. Find p(x £2), p(x > 3), p(x < 2), p(l < x < —i), p(I<x< 5)

Sol.ia. Rx = {x,x=1,2,3, 4} count.

F(x)= Y f(x))

NJSX

1<x [<x<2 3<x<4 g x2d

« A A N
D | D
Interval of x xj el
F(x) =
10 F(x) = f(xj)
X< 1 0 0 F(x) =0 =
l<x<2 i
116 F(x) =0+ 1_]6 - i%
2<x<3 2 2 , ] 2 3
il F(x)=0+4+—+—=—
10 10 10 10
3<x<4 3 3 I 3 6
= =) F(X)= 0 — 4 o=
10 10 10 10 10
x4 4 4 F(x) =1
10
0 ‘][‘OI”JC<1 o &!(\)]
- Jorl<x<2 v
3 | | w ol
Flx)=| — for2<x<3 . oo
10 Ii() ) :O
6 i I
— JoB<x<4 . o .
10 =0 0 | 2 ]
3 Jorx>4 ’

>l ¢
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NOTE: I- F(X) discont. at x=1,2,3,4.
2- F(X) is cont. to the right for each interval of continiouity.

3
b. p(x < 2) ZF(2)=1~6

(Fa)= p(x<a)) 23

if(X)zf(l)—e«f(z):%jL.___ﬁ

or p(x €2~ 7, 1010

6 4
P(X>3)=1-P(X E3)= I-F3)=1- — = —
(XZ3)=I-PXBI)=1-FO)= - o=

Or p (-3)= p(x=4) = fi4) = -
P(x<2)%F(Q2) [p(x< x)=Mx)]

P (x<2)=p (x=1)F (1) =
10
3
P(1<x< > ) =p(¢) =0

3
Since 7 integer &1, — |
7 integer 5

3 1
PUSX<=)=p(x=D)=f(1)=—
( 2) p(x=1=£(1) m

H.Wg;Given an integers ,5,6,7,.....,15 Choose one even integer. Let x be
the chosen integer. Find F(x) and sketch it’s — graph.

To find F(x) when x is c.r.v.

Let x be a c.r.v. with p.d.f f{x) - XeR J\ o
F(x)=p (X £x) by def.
To find p(X < x)

L <
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X
X has a p.df f(x)=p(X<x)= [f(t)dt

~=CO

X
SFEx)= [f(tydt [edf of x when x is cr.v]

— 00

f(x) is cont. Vxe(-o0, x)

for0<x <1

~y . 2
Ex. “1”: Given a p.d.f f(x) = 3(=%)
0 0.W.

a. Find F(x) and sketch it’s graph.

b. Find p(x < 5), p(x <), p(x > Dy p(x £ ), pl—r <x <)
3 3 2 3 4

Sol.: a. F(x) = }}f(t)dt

-

0 X 2 X 5
= [ 0dt+ [3(1-t)7dt=3[(1-1t)"dt
—o0 0 0

3
:_3_(%15:_[(1*@3 —1]:1—(1—X)3

0 for x<0 gy -

3
F(x)=<1—-(1-x) O=x<l

1 oxzl
‘ ey
N FOO = 1-(1-x)°
i Fs) = 1
0 0
S 7
@ | Fex) = 1-(1-x)"
_ & IF(x) is conl. every where
1 1 F(x)=0
2
S\-\%ﬁ \///WMZ;MWW \\\/\ﬂ/ﬁm«ﬁw
. . e AN > PR s
s @ v NS P g, Ey’; " § . ; o .)‘,v ] ";G;,' .
éﬁ%ﬁ\%@%@g%sﬁ}}}g s g&%ﬁ@m = {:ﬂ> il | oxtiaasd)
. e _«MM'“-»-M
P \./~m\\/\ “‘“«S\“— .éw\/ PN / \

IRENE(
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I I 13 8 19
b. <) =F=)=1-(1-=)" =1-
p(x 3)‘ (3) ( 3) 57757
| 1
p(x<=)#F(2)
3 3
1 1 | |
plx<3) - 3g<1~— ) dx =3 ”“;” 3=-0-0"1
1 5 19
= J(1-2) — 1 _ 7
[( 3) 1]= [( ) —1]= ~ 55 27
p(X>1):1—p(x31):1—F(l):l—lz()
1 1
p(x<-—)=F(==)=0
2 2
1 il
] 1. 4 y 4 >
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/--</+>< et e = <

- Find P(x —2) 5 €<x>q)
O Is F ' contimons o x=0 7 Why7

Sel: .
o e = 0wkl x|

O\(A/‘

€<><>“/)\ /—— F(X\<‘/)
— Ly
-/—~[(/+</)€ j

@ /@x) Since F(O) =5 (67) = Zeyy

V\B - "”LV\ Cavny aistyibution
o Hiexs) ST

el ézvm o C.d.f. "78 2L

| —e™ A
/’“/er-: fr "7
O —[o\/. X <o

Lind 4he fr Foof X G)(X))

Sel: o
f@l) =Feo = E o L Z:
, <@ Fr X<o

out (7
ConS/JGY 14/16 C. df- af )Zi\
f(x) ~ § 0 Ar X<o o
X 7[’0), 0s X<‘
L ke xz

- M
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? F(o) = oi.\‘;,f(o)
F(I) :0¥7g(0)¥¥(,)
F(2) = O“"”ﬁ(")"\’ﬁ(/)hz(@
F(3) = oa‘_ﬁ(o)_\_

1 ot e v
1 5 * s .
v N
oy v . |
i yor td
. -

5

Gt Show Bt the folosing Lunckion 15 Pr funstibn
xx2 for X=1,2,3,4,4
ﬁu) - 95 :

gt
& :

o\ @=L YR =1 | % \G 5 7

Cah&@ —7E(I.) 3 é)O}f<g): Z’_j;>o)\/7€

_ “E0 20 o
°= 7E(><) s Aol
e Cwven o C~0(»C~ ol > s

EX): J—(+30 €™ For x>0
, O Kor  X<o L
Finds © PX€2) = F (&) by defe of
| =K et L
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. — :5’(2) —FCp ok
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Expectation and Variance:

Def:Letxbea.r. v either drv.orcrv."E(x)7 is called the “Expectation

of X7 or “expected Value of X” or \1 ean of X And denoted by L.

Defined as followes;

I-E(x) =3 xf(x),whenxisadrv.

2-F(x)y = {, XX cdxawhenxis aca

-alue of E (x) 1s constant.

2-E (x) exists i }::\‘ f(x) <z, when xisduara.
vN
o
3-E(x)exists i ['x J( jdn < o owhen xiscan,
-
(3
|
H 3}
Ex 17 Given pnld (X)) = (252 for v = 0,231
e 0.1
. Find E (X)7
Sol: E(x)= Y xf(x)
x=0
X ](”3\; (%)
. v
f(x)=~"2
8

.
TN TN
—_— L2
i
[ee BNV
oo | Ll
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o
ST
o L
x___‘q/
i
oo | o

e

d
7 ~
Lo W
\
[e2e]
1
PN
OO | 2

HoWaiven ap. Mt f(v)=

—————a

Ti(\)al :*\f() L(g
x=0 N=0) ‘
N > 3
E(x)= > xi(\):;
x=0 ~
[
| N
T forg H123.45
l 15
|

o
&
F

Find the expected Value of x.

\
!

Ex 2 Givenapdt f(x) i-%»oro SASA Find E(x) 2
0 O,

Sol; Fé\}» l\f (xNdy = \—wi\; [%
“

O\

4
4

-] 1(64 0]=-

8 3 10

UJ!oo

E\)

H.W: Given ap. d.f {(x)=

[ ———

3><2 forO<x <1
0 0w

Find E(x)? -
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CHAPCER

70

Dose E(x) exist?
e ] €. . N

ol: E(x) = jxmfdx: ja’.\—:lw@ “w
it

(X)) 1sexist.

Ex: Given ap .d.f f{(x)= -‘ X2

S 0w,

Dose E(x) exist?

I
N (v = ‘-ﬂ‘m’(.f,\' = /ny !q,a: L
A L b
I !
SR sisnor exist.
P L =

Expectation of afunction of x:

Def: Let x be ar.v. and let g(x) be afunctionef x then

Elet] =S gtx) fx)ifvisdry.

A
= fg(x) f(x)dx,if xiserv,

- o . —g for x =1,2.3.4
Ex 17 Givenapm.f {(x)=910 -
L0 0.W.

find E(x7)?
ol: g(x):X3

E @(X‘;] = Zfz 2(X) f(x)

=1 10 (10 |10 10 10

B A\PI\/\/\/]

"HE FUTURF 53 %
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X s
L EXT27 Givenap.d.f f(x)=4g for0 <x <4
0

0.W.
find E( Jv) ? s
1
sol: g(x)=+/x = 52
aiJ’i\ 1“13 12«“:‘4
E[g(>4)}:h(x“)=(i)lx~—édx~-§){ M jO
fo(\ 4)° "OJ: j@ 32]= %

Note: if f(x)beap.df ofarv.x then E(b)=b, where b is constant.
Proof: case "1 Ifix isa d.r.v. with pan.f, £(x)

E(b)= > brxi=h) fix)=

Case "2 If xisacoy, withp.d.f f(x).
E(b)= | bf(x)dx=Db _i:f(x) dx=b.
— -2 \\,'

Properties of Expectation :

em 1 [t'xisar.yv. have ap.f. f(x), and E(x) exists.
Ld v a\Tb abeR. then E(y)=aE(x)+

Solicase "1 If xisac. r.v. With P.d.f f(x)
Y=g(x)=ax+b

oo

E(y)=E|a(x)]= éhﬁ<>

THE FUTURE 34 %
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CHAPCER FOUR

t(ax +b) f(x)dx = .lj ax f(x)dx + {b f(x) dx

— o0 — oo -0

vy
prms—
I
e
L
H
o
| SO
1
Yty

oz oc
=a [ xf(x)dx+Db [f(x)dx=ak(x)+D
— o0 »._Cf;
case 27 It xisad.r.v. with p.m.f?{&).
y=g(x)=ax+h

<

E(yv)=Elg()]=> g(x) 1(x)
k= [u,\' - /7} = Z(u,\‘ +h) vy = Z ax o f(x)+ Z/) 1)

=adxf(x)+bYf(x)=alx)+Db
theorem "27 et x be ar.y, ifu(x)and v(x) are two functions of x. then:
E [u(x) + \'(.\')}: E[u(x )F E[\f(x')}

proof: " case "I I x s ad.rovowith pm T f(x) let g(N)=u(x)+v(x)

=k {u(x‘)ﬁ E[\v‘(x)]
case *2™: Ifx is ac.rv. with p.d.f{(x).
let g(N)=u(x) +v(x)

e

Elu(x) T v(x) |= E[g(x)}: fa(x) f(x)dx

= Oﬁu(x)-? v(x)} f(x)dx = [ u(x)f(x)dx + [\(\) f(x)dx

= E[u(x)]F E[v(x)]

THE FUTURE $ 5%
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CHAPCER 70

e iiqas . DL for —2<x<4
Ex 17 Given ap.d.f f{x)=¢ 13 for

find Eppx’ —1] & Elx+2) ?

- \ 5 4
SOI:E[QX 3~1]:> Lg(x)=2x 1= E[g(x)]: [g(x) f(x)dx
Or 2. E{zxilj:.‘za\*;- 1
i 5 [ 5
EX)= Ix° (- dx = — [(x7 =% )dx
) 5 18 ) 18 l3( )
[ 5 4"[ 1 -~ -~ 1
ARSI E N, 7 Rl P TN
18] 5 2 AR gy A\
1 ose HOS 11056 o
1§ 3 i 1R 3
) ) | . o \
Eix+2) la()=(x+2)" DL[Q(\)}: fe(x) fix)dx

Or 2. Elx2 +4x +4J: E(x3>1'-4E(x)—4

= (.,\': TN+ 4 {.\' (XY v+ 4

Find E [(x+2)7]?

.. . for x =1,2,3
2. Given ap. m.f,  f(x)=

) {10 23,4 find E{Ex?’ '“‘115[(%1%1)3}?
0

0. W.

hd % 2 9
(KD = = 3x% 2 ~])
_ theorem “3": let x be ar.v. |
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CHAPTER FOUR

I 3(a)suchthatp(x > a) =1, thenkE(x) 2 a.

{oo

b. If 3(b)suchthatp(x <b) =1 thenk(x)<Dh.

\
pr(a<\<b) thena < E(x)<b.

i
i\%(\/

Proof: a. case “17: If xis ac.r.v. with p.d.f {(x)

.

it X7 &
P(x>a)=1= [f(x)dx=1
a gg:m_w .»»nm«z{».:m e Mmi\yw

cT(x)>0 foras<x<w > “
=0 O.W.
Rx= *i{.\" L a<x<o |
T el T
E(x)= [x f(x)dx > [af(x)dx=a if(x)dx=]
a a 1
=a

L E(x)=a

Case (‘3) if x s doras with pom.f f(x)

Z\ (\}Z% ay () 4l
X=a
=a
SE(x) 2 a.
b. Similaryef(a).
c. Case 17 If xisadrv. have ap.n.t f{x)

b
Plasx<b)=1= ‘“1( )=

o f(x)>0 fora S. ._L e C/,.Hﬂwf T
b

P

=0  o.w X
E(x)= i.\j/'(.\') > Z ar(y) = (IZ Ty =1

E(x) =z a. (1)

E(x)= 2 WS orw)=by fx)=]

CE(xY<S b L2
Sy &2 we get a S E(x)< b
/theorem 47:Ifp(xza)=1 and E(x)=a then Wx=a)=1and p(x>a)=0.

x/vl

Tl

S
[E FUTURE 3] &
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CHAPTER FOUR

proof: case “17: If x is ac.r.v. from ap.d.f f(x)

pxza)y=1 = j:f(x:)dx =]
a

SA(x)>0for a<x<=

=0 ow
FOx)= | B o T
<\> :'\“ /{(\‘) UJV\'::(/:({ 1 ({J/(\ / !(f (\
” o . )
Ixf(x)dx=a [f(x) dx= [xf(x)dx= [af(x)dx
a . : a

thus inquality hold only when x=a

i.el}(\a« & = P( a)=0
pxza)= /7[(\ = )N > ) }— pPX=a)=plx>a=>1=px=u)+0= plx=u)=1
case 27 If X is ag_I,\ from ap.m.t f{x)

Spixza)=1 :>“f( i~ 1

SNy > 0 for a<\<f

=0 ow
E \) \f = 1§ :(I.}:‘/'(.\'):}%U/"(.\'?
D= £y
2. ) = Z
Xza B

This inequality hold onlyvwhen ¥ =a
e, (x>a)j=¢= p(x>a)=0
n(xza)= [(\ =a) (N> a)}:p(,\ =a)+p(x>a)

=l=p(x=a)+0=p(x=2a)=]

variance of randon variable:

Def: let x be ar.v. the variance of x denoted by v(y) or 5° is defined as
v(x)=Ek [{\ — F(x) ]3 ,l
E(x)=zpu. then v(x) s [[(\ﬂz)’J
note: since (Xw’/,l 20 then E [(x - M) JZ 0
"~ v(x) = 0alwayes.

properties 0;"&)&5?@;2@6:

theorem f‘S” let x be ar.v.,then v(x‘):E(xz)»h[iE(x()]2

e : . g\d\ /\é\/u%
THE FUTURE T
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CHAPTER FOUR

Proof: v(x)= E{[x~ E(I}

V=R = 2E () + | () ’Jf;z;(.\')com tan .

Vx)=E(x 2 )-2EECOHEx) ]

VogRE ) 2 [ECO)PHEE) = vix) = B - [Ex))
note: 1.v(x)=0<> E(\’z)? “{(x)]z )

S
2 v(x)2 0= E(x ) 2 [EOT
3.v(b)=0, bis constant.
Tl orem “6 let x be ar.v. and v(x)ex i st, If y=ax+b
bch/nn (\)*u V(X).
Proof: y= a\*b_-i&} v)=ak(x) +
\’()) [1 - Ly )] (= E :[(a.\ ~.—Z7)—(u£(_\')+bf)]3}

“ v - )
,[ﬁx—a}:(x,) 7 i=Epa [x—h(x)} |

= PE{LY - Bl = i)

] ©f 3xT ¢ foraEly <]
AEx:‘Gn'en ap.d.t (N :{_ ; ForD<ly <

O

afind E(x) &Y. b.Ifv=1-2x, then find E(y). (V).

a.E(x) = (:(A\'QS.\':')</.}' =324
v(x)=E(x ) - [ECOL
L Yy as
E=(x7)= [x7(3x7)dx==x" | ==
0 2009
, 39 48-45 3
\KX) IT e e DD e T2 —_
5 16 80 80
boov=(=-2)x+1=>  E(V)=(-2)E(x)+1
) = (95 4 _T3 - 3
E(v) (-)(4) 1~—211 5
— - 12
y)=( V(X)=4.(—)=—
2)° v( ( 20

' : , . [ ox(1-x) for0<x<l
How.: Givenap.d.f. f(x)=1(x) =
= 0 O.w.

If y=2-3x%, then find E(y) & v(3)
Theorem “7” v(x)=0 Iff 3K where kis constant such that p(x = k) =1

THE FUTURI
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CHAPCER FOUR

<& sup pose that p(x=k)=1.tpl"(X)=0
r f(x)>0 Jorx=k

Poo
=0 O,

Splr=0)=1= ;7‘2{\' -E)) = O}: 1
/7-2(.\' - [F(x) = O‘E' =1l= . ply=FE(v)]= 1?}

x=ko )= Ek)y=k = ply=4]=1

#  Existence of Mean and Variance:

E(x) existsiff E(x) < =

0

V(NI =E(x )—[E(ﬁ\‘)]z = .. V(X) exists iff E(x) & E(xz) exist
]

EX. U1 Given acauchypod f ()= ——— for —x<x<®

i+
Show that E(x) dose not exist?
s 1 IR 1
Sol E(x)= [ X —s——=dx=2 [N-——dx
e T(l=XT) g (1l +x")
1% 2x 1 N 1 L
=— 1~~}--,~;dx =—Inl+x")g=—[Inx~In %l;ﬁoc
n oo

Tgl+x-
ff(?.\':‘) ;/:vt = F(x) dose nol oexist

Exercises: 1. Let x be a c.r.v. have a p.d.f f{x) where

b
f(x)>0 for0<x<b<cw, Show that E(x)= [[1-F(x)]dx
=0 o.w.

Hint: 100 =29 6 f(x)dx = dF(x)

. X

2. Ifx is d.r.v. have p.M.T fx)>0 . forx=-1,0,1
= 0. W.

IV

THE FUTURE i&%?
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CHAPCER 7FOUR

Hoa

a. If £(0) = i Find E(x). PEx)=1= (=) +{(0)+1()=1

] i 1 Lo o
b. Iff(O):—;, and l:(x):g, Find 1(-1). (1)

3. G iy T "~xfor x <1
3.Gvenapdt fi(x)=« for x
0 0.\,

a Find E(x) & V(x),  b.Ify=2-3x find E(v) & V(v).

ol

i ] - x| “lex<] |
f(x)= o = ¢1—-x Ogx <]
0 oW, i

Momenis of Random Variables:

Def.: Let x be a raseitherdryviorcryv. let Ko< Pthen E(x") is called

“the kK" moment of X7 or “the moment of arder k of 37

- i L5k -
when k=1= E(x')=1"momentofx =1

E(x7) = 2% moment of x

Note: E(x]‘) exists 1T E M{) N

.o Theorem "8 If E(x) exists then () exists. j< kandj. k e I

Proof: case “17 If x 1s c.rove with p.d.ff(x)

k

E(Xk ) exists N F(\ )< o
Tp E(x') exists, T.p E(xl) <=

oo

ElxT) = (xf(x)dx e o4
- —on . “ {
I—I(;xg“]): [ ]xj]f(x)dx~:~ vfngjf(x)dx
‘\S] x>

| ot
THE FUTURE : 11 %







2" central moment of R.V.X is equal to V(x).
Ex.: Let x be a rv.st E(x) = 1, E(x7) = 2and E(x’) = 5. Find the 3"

s,

central moment of x.

8]

El(x-10)°] = E{x’ - 3ux’ i»Lt\ 1

! I

E(x7) - gptlz(x”) +‘3§1L”E(x) - }LS
J.2+3. 1. 1=-1=1

1

-
- 2.

I
v

Exercises: 1. Ifx ~uniform (a, b);a. b € R. Find the valued of 1™ central

.

moment of x and also find the 2™ central moment of x.

od

N
2 Letp=E(x) and §° = V(x) showihat E[(x-11)'] 2 &
L.e. 4" central moment of X is greater than orequal the square of variance

PRy

ot x.

Moment Generatine Function (M.o.f).

- A moment generating function (M.g.f) of a rv.x is a funcuon that

determines all moments of x, denoted by M, (1).suppose thatt € (-h. h). h > 0.
If E[e"] exists Wte(-h. h) then M (1) = E[e"], -h <t <h
There are two cases of M(1).

Case "1™ If xisadryv. froma p. MI(x)

M (1) = Ele"] Ze"

Case "27: If xisacr.v. haveap.d.ff{x)

M (1) = E[e"]= [e" f(x)d

. for x >0
CExcGivenapdt  f(x)= € or x
0 0.W

Find M(t) and sketch it’s graph.

' Sol.i M (1) = E(e™) = [@"" e Ny :(e"“'”"fh‘

¥

EQEF@Y@RE %ng_
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This integration exist only when (1-1) > 0, 1.e. t <1

M \-U‘) = *l:—"—]/-@ e [/» = "]‘j’]"; [81/ - Gl)l]: _L

,'r
A

0 1 Graph of

AINES

4 035

0
: Loza
-2 : 0.33 +0.23
0 F h &

- O

Ex.: Given a p.NLE

P f(x)=

]
Find \I\(I) . O OV

Sol.: Mo (1) 2 (@ Y= Z ot ol R Z T\}e""
b kg Vo) >

1 2 e ] . . 5 3 17 - 5 ~
:—-TZ,\'@‘ =—[l¢' =2 +3" = d e 457 jor —e<i<w
15 15

Theorem "g@" Letxbearv havea M.g.f. M(1), then

M (0)=1. M (0)=E(x), M(0)=E(x"), M"(0)=E(x ). ..,
MM (0)=E(x")

Proof: *M (t)=E(e"™) by Macclaurin series
. ‘ 2 G ‘ &
et =14+ X+ —F—+.
20 3l k!
t'x 'y’ thx
Sl =l A
3t k!
. tQX:‘ t3X3 ,[ka
M (1) =E[l+tX +——+——+ .+ ——+ . ]
o 21 3! k!

Kk

=
21

M_(t) =14 tE(x) +

= 14
%W

DR S t N
E(x)+—E(x") +..+—E(x")+..
3! k!
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CHAPTER FOUR

M (t=0)=M_ (0)=1
a kit

MU(0)=E(x]) . ‘ )
Simillary we can find E(x7), E(x7), ..  E(X) , (o«

Noter M (1) = M (0) M (0) + S MI(0) .+ M)

This series is called the M. g.f. by \acelauyin series.
D) 48Rl dy
r< - Find E(x) and V(x)

Ex: Given M (1)=-——
T 1= 2t 2
i
Sol \I\(t):(l~31'),t<q—
M(=—(I=80" - (-2)=2(1=20)

Vi(n) = B ) = [EGOT
M) =8(1-21)7

SET)=MIU0)=8(1=0)" =38

I

SN(x)=8-2"=4>0 o .
7o xbearv. havea Mg tfM(). IfY =ax+b.a. b, eR

Theorem 107 Let

then ML (1) = e™ . M (av)
Proof: Y =ax +b

1/ (i) = ]5(@& ) (Zﬂ (77();/-.} - [;‘[L’HHHM}
Mo =let e = e ELe = et M (ar)

o= Z’:[C/“ R :l

Since M (1)=E(¢")y=> M (ar)= E[e"""]
Ex:Given ()= I porie bl Ify=1-2x, find M, (1).
3 3

.
-2

Sol: y=(-2)x+1 , a=-2 . b=l

0

5
-

THE FUTURE
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' I+ 6t 6

o AL . fye
e bonded of probability:

Theorem 117 (Markov in quality))

iitriiouin, .

IFxisary, and if P2 O)=Tthen P> 00000 for 150
Proot: case “171if s a ervwith a pd 1Y)

Cpixz0) =l s X )dy = ] o —

Fx)>0 for x20 ol pes 2 %‘%\\s)
= U QW eI <t Ak

jxﬂx)dxw&ﬁ;om%xﬂp Mxﬂp mm k=1
t

HESS ;mx‘)dxﬁp E’{xy >H Fexydx
}f\)z.s plx 21
TP zt) L ——
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Theorem “127: »Chebyshev inqualities”

Letxbe arv, where V(x) exists, then:

Kgy»zi )< IU)% >0 24 wzﬁéq)}l—l(j\) 7>,

f’(\) :
Note: | —== is called ithe wupper buond of  plx - ,u’ 21

2
!
](\’) - 7 ' 7 7 I H ! N
21 = s called the lovwer buondof plix - 10 < 1)
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Proof: 1 p (xX)=FE[(x=pu)"120

Lt y=(e- ) 20 S EQ) = Hv- 1) =1 ()2
. by Markov inquality. we > get
2 [ yze
I}
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‘ e v
sy o E0) i LNy o tve
Avzi')s S P ) 2 J;l}_z

4 [_

Pﬁxm M 21 |

a. Find the e upper bound of (x /{,&]
b. Find the value of P{’X”M m} 2
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a R \v“; g
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b =

THE FUTURE $17 %




w“?'

t}ﬂ i '.I
& A
ge
of Edut ..
: cﬁ““’“k



CHAPCER FOUR

4 Y
:
! -
t b (.3 J1

ads ¥, < 4

(G

a. Find the lower bound of

S ;
b. Find the value of p(j— <N -

. 2N - &
F(x) In sy e ey e S8 pPEAUET) ) _gF

.
L

)
o

I')Ev -

i

405 - 4 VX

7
3 ] 5 3 3
N U o o N Ty o Do Y
P o= e D) E (e s - 2 )




w“?'

t}ﬂ i '.I

& A

ge

of Edut ..
cﬁ““’“k



Median of Distr zbzm();z of'r. 1‘ S

Def.: The median (M) isav alue of' x such that satisfi me the two follow

nqualities:

] ]
QN ’/)": & F2a! } b

By properties of ¢.d £ vy

X<y =Fi),  fx&om) = Fm) =

NorelD) G =g thess
SR

1
i

/f\\ﬂi) ..... /(}}}~,m

O//? avalf {«)/ M ;ﬂh}?,(w

i ; U

- ' S - forx =1, 2.3 4.3
Ex.: Given a pan.f fix)= gf 15
. 1

Find the median of v 0 O

Sol.: PO <m) < 3 & pv g omy oz T

Suppose that m =1

N=oe) <h= 7=ty
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CHAPCER FOUR

Suppose that m = 2

) . . 6
v ; v AT A (" PN SN b e o e T ctinn .
pvE i)y U+ () 703 s = ;:

o
in o= 3

P
e e
PN =
e :

Ex. Givenap.dd i) =9x°

1 i
[T !
i

Find the median of X7

1 i i
Sol.: Jx oy s o e,
N ) - ~

Py <=

L) =

From (1) & (2) => median = 2
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CHAPCER FOUK
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We can also find the value of (Median) from the graph of I(x) su

that, At the point F(x) = draw a line to cut the curve of I'(x) at A,

EJI-—-—*

draw a line to cut the X«zms‘ at m (median) rom ex. “27 above

i
i - for x > 1
FOx) =4 x° ‘

|

10 O

or: F(x)= — sl S

1 i - I ¥ ¢
E _ - _.}._ TN - _I» E e e TTNOW X : §~ Y
N N 7
e . g ‘“’“‘*\’ _____________ J ‘
S 4 e~ r H N
To Find the Mode of Dist O R \ m

£ Mode is a value of a rv.x that meximize 1N
e [fx) = mode. ce—=then f(ny) isa Max.

Note: F(x;)is Max, <@ 1'(xy) <0

Ex.: Given a p.d.f. TN =

Find the mode of x?

Sol.: ) <mode <}

fix) = - 12X = f(x)= 24x - 36X

(¥ 1 -

= 12x(2-3x)=0 either x = 0 or X =

f(x)=24-72x = {(0)=24>0 = f{0) 18 min.

2 2

A (W) =24-T7X5)=-24<0= /(=) Is max
:j ]

X! o 5 s W'}Oc:*((w

THE FUTURE 3%

"?/\/V\.xl“




w“?'

t}ﬂ i '.I

& A

ge

of Edut ..
cﬁ““’“k



CHAPTER FOUK

Def.: Percentile

Itis

ey

value of x say (X,) such that PN SN )= i<
denoted by I, 0 <t <100

e Proexg

L0 w2
Exo Givenap.df 5,
i !
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TABLE IV ) | I 2
The t Dzsﬁrtbumon* I R

Pr(T R (G VY
‘\/’T}’F (r/2)(1 + w? fr)rEni

[Pr ('Z < _ut) 1 - Pr (T < t)] .

o Pr(T<t) A
r 090 095 0975_.. 0‘99 L 0.995
N 3.078 6314 12.70_6 . 31.821 - 63.657
2 "1.886 2,920 4303 6965 - 9.925
3 1.638 . 2.353 3.182 - 4.541 5.84l
4 1,533 . 2132 2776 3747 4604
5 1.476 2015 2571 - 3365 4032
6 |.440 1.943 2447 3.143 3.707
7 1415 895 2.365 2.998 3.499
8 1397 - 1.860 . 2:306 2.896 3355
9 1.383 1.833 2262 2821 3250
10 1.372 1812 2228 © 2764 3169
| 1.363 1.796 2201 - 2718 3.106
12 1.356 1.782 79 2.681 3.055
13 1.350 1771 2.160 2.650 . 3.012
|4 1.345 1761 2.145 2.624 2.977
15 341 1,753 ol kA 2.602 2.947
16 1.337 |.746 2.120 2.583 2,921
17 1.333 740 2.110 2.567 2.898
18 1330 734 2.101 2.552 2.878
19 1.328 1.723 2.093 2.539 2.861 |
20 1.325 1.725 2.086 - 2.528 2.845
21 1323 .72 2.080 2.518 2.83 |
) 1.321- 717 2.074 2.508 2.819
23 [.319 1714 2.069 2.500 2.807 - ;
24 1.318 2.064 2.492 2.797 |
25 1316 2.060 2.485 2.787 |
26 [.318 2.056 2.479 2.779
27 314 2.052 2.473 2.771
28 1.313 2.048 2.467 2.763
29 1311 2.045 2.462 2756 . S
3C 131G 2.04) 2.457 . '.‘*-‘2.750 o

s ’@ Uus ‘table is. a.brzdm,d from. Xd,b‘c, HE of I xs,‘hgr and, &Atc_s bmusllcal Tai;[cs fm
‘ZBlo?oascai Agriculivral, and Midical’ Rescarcle pub ished by Oh\«cr and” Boyd Ltd
E(Imburg b) permission of the authors and pub x:,hcm



TABLE V *

»
T . <
The F Distribution* e
- Pr(Fis )= [ Lt /2 franmonis=r
' » o T(n/2)0(ro/2) (1 + 7aefry) v T
. ‘ . Iy
: ! "
PrFsH| V. 3 4 5 6 7 8 9 10 12 5
035 I 161 200 216 225 230 2 -
34 237 239
ggs 648 800 864 900 92 937 948 957 52; 525 5?3 522
i 4052 4999 5403 5625 5764 5859 5928 5932 6073 6056 6106 6157
A 2 18.5 9.0 192 19.2 19.3 19.3 19.4
. : : ) : 19.4
2.;;5 BS 190 392 12 393 13 394 394 e sod i S
! 8. ' A . . 4
0‘9 - ‘ 3 8.5 990 992 992 993 993 994 594 994 994 994 994
0335 :(7); ]z-(S)S : 2.38 | z :2 lz.gl Is.gd; 889 885 88 879 874 870
: : . . - 4. 14.5 14,
.99 341 08 »s 27 289 oya 5 145 144 14.3 143
095 ) , . . 277 275 273 272 270 26.9
oas . | 20 oed. 6% 639 626 6l6 609 604 600 5957 7S Thes
099 | 2 o 1698 E'SO 936 920 907 89 890 884 875 8.56
085 Lo o : : 160 155 15.2 15.0 148 14.7 14:5 14.4 14.2 N
P 651 579 541 519 505 . 495 g p %
657 | | w00 s 775 73 o 8 cesa i AT 474 468 46
099 | l 63 3 y 7 A5 698 685 674 648 662 652 643 2
| . . . M0 107 105 193 102 10 989 972 &
095 £ sS5 Si4 476 453 4330 423 421 41E 410 408 400 39+
0973 ggl- 725 660 623 599 . 582 570 540  5.52 5.46 537 527 &
099 1137 10.9 978 9.5 875 847 825 810 758 7.87 772  7.56
0.535 b 4 5.59 474 435 412 397 387 379 373 3.8 3.64 357 3.51
0575 | 8.07 6.54 589 552 529 5142 499 490 482 476 467 457
Q55 | ) $55 845 783 745 7.9 699 684 672 6.62 647 6.3
395 8 | 532 445 407 3.84 369 0 3.58 3.50 344 339 3.33 3.28 3.22
2373 bo7s7 205 542 505 482 465 453 443 434 430 420 4.0
.59 1.3 §45 759 7.0 663 637 618 603 591 5.81 567  5.52
235 9 512 435 -386 363 348 337 329 3.23 308+ 314 307 3.01
2375 7.2 5.7 303 472 448 432 420 410 4.03 3.96 3.87 3.77
059 10.6 302 699 €42 606 580 5.6 5.47 533 526 Sl 4.96
0.95 10 4,95 410 3.7i 343 333 .32 .04 307 3.02 298 291 2.85
0.975 £.54 545 483 447 424 407 3.95 385  3.78 372 362 3.52
099 10.0 755 655 539 564 539 520 506 454 485 471 4,56
0.95 Iz 4,75 339 349 326 3. 300 2.9i.- 285 280 275 263 262
0.975 6,55 500 447 412 389 373 3.61 3.51 3.44 337 328 3.18
0.99 ?}‘9,33 693 595 5.4 506 482 464 450 439 430 416 40!
0.95 15 454 3.68 329 306 290 279 271 264 259 254 248 240
0.975 Y 620 477 415 380 358 341 329 320 312 .06 2.96 2.86
0.99 8.68 636 542 489 - 456 - 432 414 400 389 3.80  3.67 3.52
= This table is abridged and adapted {from " Tables of Pc:c'(.;:titagc Points of the Inverted Beta Distribution,’ Biometrika, 33 (1943). It is .
published here with the kind permission of Professor . S. Pearson on behalf of the authors, Maxine Merrington and Catherine M. Thompson, .
aund of the Hiometrika Trustees. 'y o o ’ 2
w& T e
fé :




avy . T e T Appendiy g
TABLE 1]
- The Normal Distribution

, ~ Pr (zY < x) = .LV(:C) = f ~--];-- e~ w2 gy,
Gt , ot o V27 _
‘ (N(-2) = 1 - N(2)]
X N(x) x N(xy . X N(x)
7 —_—

0.00 0.500 110 0.864 2.05 0.980
0.05 0.520 N 0.875 2.10 0.982
0.10_ 0.540 [.20 0.885 2.15 0.984
0.15 0.560 1.25 0894 | 2920 0.986
0.20- 0.579 1,282 0.900 2.25 0.988
0.25 0.599 [:30 0.903 2.30 0.989
0.20 0.618 - L8 )5 0.9/ 2.326 0.950
0.35 0.637 [.40 0.919 235 0.99]
0.40 0.655 .45 0.926 2.40 0.992
0.45 0.674 [.50 0.933 D.45 0.993
0.50 0.691 [.55 0.939 - | 250 0.994
0.55 0.709 [.60 0.945 - 2.55 10.995
0.60 0.726 [.645 0.950 2.576 0.955
0.65 0.742 .65 0.951 2.60 0.555
0.70 0.758 1.70 0.955 265 .59
0.75 0.773 [.75 0.940 | 2.70 0.997
0.80 0.723 [.80 0.954 2.75 0.997
0.85 0.802 .85 0.948 280 0.997
0.90 0.816 1.90 - 097 2.85 0.998
0.95 0.829 1.95 0.974 2.90 0.998
1.00 0.841 1.960 0.975 2.95 0.998
105 = 0853 2.00 0.977 3.00 0.999
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 TABLE IT
The. Chi-Square Distribution*

' " ___ x 1 : .r/_;’Z-—l —'wl2 :

: CPrX =x)

r 0.01 0.025 © 0.050 095" - 0975 099
] 1 0.000 0.001 0.004  3.84 5.02 6.63
2 0.020 0.051 0.103 5.99 7.38 9.21

3 0115 0216 0.352 7.81 9.35 1.3

4 0.297 0.484 0.711 9.49 .1 13.3

3 5 0.554 0.83] NN 12.8 5.1

6 0.872 |.24 .64 12,6 14,4 16.8
7 [.24 [.69 i 14. | 16.0 185

8 1.65 2.18 2.73 15.5 (7.5 20.1

9 £2.09 2.70 3.33 16.9 [9.0 21.7
10 2.56 3.25 3.94 18.3 20.5 2320

[ 3.05 3.82 457 . 197 " 21.9 24.7

12 3.57 4.40 5.23 21.0 23.3 26.2

13 4.11 5.0 5880 224 247 277

|4 4,66 5.63 6.57 23.7 26.1 29.1

15 523 6.26 7.26 25.0 27.5 30.6

: 16 5.8 6.9 7.96 26.3 28.8 32.0

a 17 6.41 7.56 8.67 27.6 30.2 33.4

: 18 7.0l 8.23 9.39 28.9 31.5 34.8

. 19 7.63 8.91 10.1 301 32,9 36.2

20 8.26 1 9.59 10.9 3.4 34.2 37.6

, 21 8.90 0.3 1.6 32.7 35.5 ".38.9

22 9.54 1.0 2.3 33.9 36.8 40,3

23 10.2 [1.7 (3.1 35.2 38. 41.6

24 10.9 i2.4 3.8 36.4 39.4 1 43.0

25 s 13,1 [4.6 37.7 40.6 443

26 12.2 (3.8 15.4 38.9 41.9 45.6

27 2.9 (4.6 16.2 40. | 43.2 47.0

28 13.6 [5.3 16.9 4].3 44.5 48.3

29 14,3 1.0 (7.7 9.6 45.7 49.6

30 145.0 16.8 18.5 3.8 47.0 50.9

*This table is abridged and ada
¢ Incomplete Beta Function and of th
g1 - It is.published here with the kind permission of Professor E. o

~f the author, Catherine M, Thompson, and of the Biometrika Trus

¢ Chi-Square Distribution,’

pted from ' Tables of Percentage Pointsof the
" Biometrika, 32 (1941).
Pearson on behalf of
tees. )
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