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Chapter Three
Mathematical Expectation
Def.: If X is a discrete random variable and fx(x) is the value of its

probability distribution at x, the expected value of X is:

E(X) =2 xfy(x)

xeS

Correspondingly, if X is a continuous random variable, and fx(x) is the

value of its probability density at x, the expected value of X is:

E(X)szfx(x) dx

That is; E(X) is the weighted average of the possible values of
X, each value is weighted by its probability

Example 1:

A pair of fair dice is thrown once, let X be the random variable whose
value is the sum of the two numbers on the dice. Then the probability
function of X is:

X 2 3 4 3 6 / 8 9 |10 | 11 | 12

fx(x) 3% | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36
And

pE< X <9)= Zf (0=2

34565429
36 36 36 36 36 36 36 36

2 3 6

0<X <4 fo(X)=—+2
P( )= Z () 36 "3 36 36

E(X)= ZXf () =25, )+3( ) g )+5( )+ (316) %=
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Example 2:
Let X be a random variable with probability distribution:

X 0 1 2
f(x) = ()()) X =012 60| o | o | 2
Find E(X). ’
E(X) = fo () =02 +U ) +25) =2 =

Example 3:
Suppose that X is a continuous random variable having pdf:

3x? 0<X<1
f(x)=
0 elsewhere

Find E(X).

T [ 2_13_X41_3__3
E(X)=:[Oxfx(x)dx:Ix(3x )dx_3£x dx—S{Z} _Z[l o]_Z

0 0

Example 4:
If X is a random variable with the following pdf:
Lz O<x<l
f(xX) =< 7(1+Xx°)
0 elsewhere
Find E(X).
4 1
E(X X—————dX=—
(X)= -([ 7z(1+X) 7r;[1+x
1
_14 — 2 In@+ x?) -
2 wyl+X 7T 0
E(In 1+1-In1+0) = 2 In2 = In4 =0.4413
T T 7T
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Note: Not every random variable has an expected value. The integral
that defines the mean might be infinite.

Example:

Let X be a random variable pdf given by:

i l<Xx<o
fx (X) =49 X 2
0 elsewhere

Then
E(X) = j

1

(0.0)

X *°1
—zdx=f —dx
X 1 X

=Inx|{ = Olli_1>r£101nx|f = ;il)rglo(lna—lnl) = o0

So we say that E(X) does not exist.

Def: If X is a discrete random variable and fx(x) is the value of its
probability distribution at x, the expected value of g(x) is given by:

Elg(x)]=> g(x).f, (x)

xeS
Correspondingly, if X is a continuous random variable and fx(x) is the
value of its probability density at x, then the expected value of g(x) is
given by:

Ela()]= [ g(x). f (x)dx

Example 1:
If X is the number of points rolled with a balanced die, find the expected
value of g(x) = 2X? + 1

f(x)= % x=12,3,4,5,6

Elg(]= 2 9(0.f(x) = 3%+9%+... +73% - 9?4

XeS
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Example 2:
If the random variable X has the following probability function,
X -1 0 1
f(x) | 02 | 03| 05
Then

L E(X) = le xf (x) = —1(0.2) + 0(0.3) +1(0.5) = 0.3

E(2X) = 21:2xf (x) = —2(0.2) + 0(0.3) + 2(0.5) = 0.6
E(X +1) X=__(—1+1)(O.2) +(0+1)(0.3)+(1+1)(0.5)=1.3
E2X +1) =(-2+1)(0.2)+(0+1)(0.3) +(2+1)(0.5) =1.6
5. E(X?) =-1%(0.2) + 0(0.3) +12(0.5) = 0.7

Note that: E(X?) £ [E(X)]?

Example 3:

For the following pdf:

2 <X <
f(x):{sx 0< X <1

B ow D

0 elsewhere
Find E(X?).

N [u2 ; 2 (a2 h 4 x° ' 3 3
E(X9)= | x"f(X)dx=|x*(8x°)dx=3| x"dx=3 — | ==|1-0|==
(X% =[x 1 0odk= [ 3x)dx =3 MOS[]5
Example 4:

If X has the probability density:
f(x) = {e x>0

0 elsewhere
Find the expected value of g(X) = e/

E(esx/4) _ J‘eex/4e—xdx _ J‘e—x/4dx _ _4"‘_%e—x/4dx
0 0 0

=—4e7* |” = —4l0-1]=4
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Theorem: If a and b are constants, then
E(@X+b)=ag(X)+Db
Proof:

E(aX +b) = T(ax +b) f (x)dx = aTxf (x)dx+bT f (x)dx

=aE(X)+Db
If we set b = 0, then: E (aX) = aE(X)
If we set a = 0, then: E (b) =b.

Theorem:

If a1, a2 are constants, then

E [2191(X) +a202(X)] = a1E[g1(X)] + a2E[g2(X)].
Proof:

Assume X is continuous

E [210:(X) +220:(0)] =/ [a101(x) + a,9,(x)] fyx(x)dx

(0]

- f 0191 () fi () dx + j 0292 (0) fie(¥)dx

— 00

co

= a1j g1(x) fx (x) dx + az] g2 (%) fx (x)dx

= a1E[g1(X)] + a2:E[g2(X)].
In general,
If a1, a2, ... and ay, are constants, then:
E [2101(X) +a202(X) + ... + ang@n(X)] = a1E[92(X)] + a2E[92(X)] +... +
anE[gn(X)].
Example:
If the probability density of X is given by:
21-x) 0O<x«<1
f(x)=
0 elsewhere
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- 2
C(r+D)(r+2)

Show that: E(X")

1 1 Xr+1 Xr+2 L
E(X")=|x"20-=x)dx=2|(x" =x"")dx =2 —
(X") j (1-x) !( ) Ll HJ

0

_2[ 11 }_2(r+2—r—1)_ 2
Clr+1 r+2] (r+D(r+2)  (r+1)(r+2)

2. Use this result to evaluate E [(2X+1)?].
E [(2X+1)?] =E [4X? + 4X + 1] = 4E(X?) + 4E(X) + 1
E(X1) 2 2 1

E [(2X+1)2] = 4(1/6) + 4(1/3) +1 =3

SGrnrrz When r=1 EX) =0 0=3



