Chapter Six Residues and Poles

Note: not every singular point is isolated, as in example 3, 5.

1 . . . o
6. f(z) = et has singular and isolated points at z = 0, i, —i.
Isolated neighborhood G)
F 1
\a

Isolated singular é

Let z, be any isolated singular point of f, then f is analytic at
each point z, when 0 < |z — z,| < R, so f(z) can be represented by
a Laurent series

f@) = S an(z = 20" + Bies o (@)

1 f(2) d

Where a, = % C z=zg)"*1

and b, = — dez

T 2mi

C (z—zp)~ "1
Hence:
b, = zim [.f(2)dz . (2)
Or

J.f(2)dz = 2mib,

where C is any simple closed contour around z, described in

positive sense. The coefficient b;of i in expansion (1) is
—<40

called the residue of f at the isolated singular point z,.
Formula (2) gives us a powerful method for evaluating
certain integrals around simple closed contours and it is
denoted by

b, = Resl[f, z]
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Example: Evaluate
e~ 2

gﬁc P dz

such that C : |z| = 2.

Solution:

Note: we can solve this integral by two methods.

i. By Cauchy integral formula

$. (ze—1)2 dz = 2mif'(z,)

f@) =e* > f'@)=—e*>f(1)=-

b oy 0z = 2mif' (1)

= 2mi(—e™1)

2mi
e

-1)?

ii. Note that f(2) =

Laurent theorem
e Z e—le—(z—l)
(z-1)2 (z-1)?

(z 1)2
1 Qoo (z—1)"2
=2 I (- —

1 1 z—1
o=t 5

/2
_ZK-JZ

is analytic over C except z, = 1, so by

&y 1n(z D lz—1] < oo
n=0

where the coefficient of (z — z)) 1 = (z - 1)1 ?1 = by, SO:

§, ——dz = 2mi(b,)

(z-1)?

-2

e
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Note: if z, is an isolated point, the we can find the integral by

Laurent and then we find the residue of the function at —z.

Example: Evaluate

such that C : |z| = 1.

Solution: Note z, = 0 is a singular point of f.
2 3
Zer=2|t4z+Z+ T4
z z 2! 3!
2
=l+1+£+2_+...
z 2! 3!
Note that b, is the coefficient of i ,then b; = 1 and
¢ £ dz = 2mib
C z 1
= 2mi
Example: Evaluate
1/z2
$.e'/* dz

such that C : |z| = 2.

Solution: Note that there is no fraction so we cannot solve by the
two previous methods that is Cauchy integral formula cannot be

applied here, so we will solve by residue.

z, = 0 is a singular and isolated point of f.

z o Z"
e =Zn=o;,|2|<°°,50

2yn
1/z%2 _ v (1/z%) i
€ - Zn:O nl 7’ |z2 < @
1 1
(o0]
= — || <
Zn=0n!22n z <

1

21 z4

=14+ +-—+-,0<|z| <o
Z

|144 ‘



Chapter Six Residues and Poles

The coefficient of (z — z,)™! = (z — 0) 1 is 0, then b; = 0 so that:
§,e?" dz = 2mib, = 0
And this is clear, since f is analytic on C and so by

Cauchy ¢ f(2) dz = 0.

Example: Evaluate the following integral by using residues:
gﬁcz3cos(§)dz; C:lz+1+i|=4

Solution:

The point z, = 0 is an isolated singularity of cos G) and lies in the
given contour of integration; we want a Laurent series expansion of

z3 cos G) about this point (i.e. z, = 0), since:

ZZn
COSZ =Yg @ Ve have

$. 2> cos e) dz = 2mib, = 2

4!

_mi
T 12

Example: LetC be a positively oriented unit circle z, = 0.

Evaluate
dz
. a
Solution: The isolated singular points are z=0 and z=-1,—-1 ¢
0<lzl<1
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1 1
f(Z) T 23422 72(z+1)

_i(L)
T 22 \1+z 0<lz|<1

=Z—12(1—Z+Z2—Z3+"')

L
A

1 1
==—-+1—-z+z*—-
zZ zZ
- b, =-1,5s0
Laurent series
1
§.f(2)dz = §.——dz 0<|z]<1

= —2mi

Example: Evaluate

-z

dz

e
ﬁc (2_1)2

where C is the circle |z| = 2 ,described in the positive sense.

Solution:

—Z

f(2) = (ze—1)2 is analytic on C and its interior except at the isolated

singular point z = 1, now
e—Z — e—Z+1—1 /_\
= e lel™? ;A S
— =1y (a1-z)" 1
=€ Zn:O n!

-1 v (z-1"
= ety (- Er

= et [1- - D + B (- Y

n!
— — — — oo ( _1)11
neZ=e¢l—elz-1)+e 1Zn=2(—1)"ZT
Since |z — 1| > 0, we can divide both sides by (z — 1)?
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A -1

. e _ e _ e”?! -1y [ n (Z=1)"2
T (z-1)2 T (z-1)2 (z—1)+e Zn=2(=1) n!

~ b, atz=1isequalto —e™1, s0
e ,
$. oz 42 = 2mib
_ 2
o e
Example: Evaluate
& dz
Cz(z-1)

where C is the circle |[z—1] =1 (i.e.: or described in the

positive sense as shown in the following figure).

Solution:

f(2) = z(z_l—l) , which is analytic on C and at all points inside C

except at z = 1, which is an isolated singular point. The Laurent
series expansion of f(z) that converges in the annular region

centered at z = 1, is

1 1 1
__+_

z(z—-1) Tz z-1

1 1

z—1 h (z-1)+1
=(@z-D7' =X, D"z- D"

=z-D1-1+@EZ-1)—-(EZ-1)*+--

~ by =1,s0

dz , .
$. oD = 2miby = 2mi

Example: Evaluate 566% dz, around |z| = 1.

Solution:

e
-

lz—1]=1

z = 0 is the only isolated singular point inside |z| = 1, recall that:
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