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Chapter Two: Banach spaces

Definition 2.1. A normed linear space X is said to be complete if all Cauchy convergent
sequences in X are convergent in X. The complete normed space is called Banach space.

Examples 2.2.

n 1
[1] The space F" with the norm || x || = O |x, [)*, VA=(X1,x2,....xs) € F"is a Banach space.

par
Proof : F" is a normed space ,

let { xu} is Cauchy sequence in F" = xn € F" = Xn=(X1mX2m, ...,Xnm)
let >0 = FkeZ" st ||xmxl|| <&  Vml>k

=] xmxi| P < € Vml>k ... (1)

Xm = X1 = (Xim=X11 ,X2m=X21 , «e, Xnm=Xnl)
|| Xm-= XZ||2 - Z|xim_‘xil |2 SRALEE (2)
i=1

from (1) & (2), we get:

Zn:|xim—xi, <& Vm.l >k

i=1

then | Xim- xi|* < & Vmil>k = | Xim-xi| < & Vm.l>k
= Vi, {xim} is a Cauchy sequence in F'

Since F is complete ( because F'is IR or C)

= Vi, Ixie F s.t. Xim—> Xi

Put x=(x1,x2, ... ,xo) =xeF , T.P. xn—>x.

Let >0, Vm>k, we get:
|| xm-x||? = Zn:| x, —x. <& =||xmx|| <& Vm>k = {xn} convergent = F" is complete
P
Since F" is normed space = F" is a Banach space
[2] The space 1" (I<p < o) with the norm || x || = (Zn]xi |")i,x=(x1,x2,...)el” Jisa

i=1

Banach space. H.W.
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[3] The space 1”with the norm || x || = supi | xi | is a Banach space.
Proof: Since " is a normed space
Let { xm } is a Cauchy sequence in I” =Xm € I” = x,,= (X1mX2m, ..., Xnm, ...)
Lete>0,3keZ" st
| Xm-x1]| <&, VmiI>k ... (1)
Xm=X1= (X1m — X1, .., Xnm=Xnl, ...)
| xm- x1 || = supi | Ximxa | ... (2)
From (1) and (2), we have:
supi | Ximxi | <€, Vm,l>k

then for all i,

XimXi | <& ,Vm,l>k ... 3)

= Vi, then { xim } is Cauchy sequence in F

Since F is complete = { xim } is convergent =3 x; € F s.t. Xin —> Xi
Put x = (x1, x2,...), we must prove thatxe I, xm —> x

From (3), we get:

| Xim=xi| <&, Vm>k ... (4)

Since xm € " =TJkm €IR s.t.: | Xim| <km, Vi

Xi = (Xi — Xim) TXim

| Xi | < | Xi = Xim | | Xim

[4] Let X=C]a, b],
Proof:

T.P. (Cla, b), ||.Il1) is Banach space
1. Cla, b] is v.s. over IR

x||i=sup{| f(x)| - a<x <b}, Vxela, b] is a Banach space.

2.((Cla, b), ||.||1) is normed space

3. T.P. (Cla, b, ||.|1) is complete
Let { fu} be a Cauchy seq. in Cla, b]

Given €>0,3 keZ" s.t. I e fo |l1<&, Vm, n>k
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| o £ 1= sup{| (for 3 )X)| 2 a<x Sb}T sup{| fulx) - fo (x)] s a<x <bp< &, Vm n>k

= | fux) - fi¥) [< &, Vxela, b], Vim, n>k

3
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Since { fu} is Cauchy seq. in IR,

Since IR is complete Then { fu} is convergent

i.e. A fe IR (fcont's & bounded) s.t. fu —>f

= ( Cla, b], ||.||) is complete normed space

= (C/a, b], ||.||1) is Banach space

[S] Let X=C[0, 11, ]| . ||2: C[0, I] — IR defined by

1 £11= [ 7@ de v e cron
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Then (C[0, 1], || f|2) is not Banach space because it is normed space but not complete

Proof:
Let {Ja} is Cauchy seq. in C[0, 1], where:

1 OSxSl
2
fn = L LI
2 n
1
0 —+—<x<1
n

let m, n >3, then:

[ =l = [ 1y = £ [dx = [ | £,(0) = £, (x) | e
= [P0 @lds+ [ 1,0 1,001 ds
S ITACIE S FACIES

= [ G lds [ 11,001ds

< L+i—>0 as m,n—>oo
2m  2n

2| fu—fall 20 as mmn— o

= {fm} is Cauchy convergent seq. but not convergent
Suppose 3 fe C[0, I]s.t. fu—>>f

i.e. lim £,(x)= f(x),vx€[0,]]
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0 ,0<x< l
= flx)= 1 2 ¢l

1 ,—<x<1

2

Since f is not continuous at x= 1/2
=(C/0, 1], || f||2) is not complete = not Banach space-
Lemma_(linear _combination) 2.3.: Let X be a normed space, { xi,x2, ... ,xp} linearly

independent set in X, then Jc >0 s.t.:

1Y Ax =) |4, VA eF, 1<i<n
i=1

i=1

Theorem 2.4.: If X is finite dimension normed space then X is complete.

Proof: Let dim X=n > 0 and {x1,x2,...,xx} is a base to X.

T.P. X is complete space we must prove every Cauchy sequence in X is convergent.
Suppose that {y} is Cauchy sequence,

|| ym —y1|| = 0 when m,l — e (D)

since ym, yi1 € X then:

Ym = i ﬂ’im'xi ’ ﬂ’im el
i=l
Y= i/lilxi ’ ﬂ’il el
i=1
= YmY= i(/lim _ﬂ’il)xi ’ j’im eF
i1

Since the set {x1,x2,...,xa}is linear independent , then 3 ¢ > 0 such that

|| Ym=Yl || = ||Z(ﬂ“tm = A)x, || >c Z(ﬂim )X, e (2)
i=1 i=1

From (1) & (2), we get anl A, — A, | =0 when m,l — oo, then:

i=1
| A, —A; | = 0 when m,l — oo, Vi.
vi=1, ..., n, {4,} is Cauchy sequence in F.
Since F is IR or C and both of them is complete
Then Vi, 74 € F s.t. 1, >4
Puty = iﬂixl. =yelX, ym—>y = Xis complete.

i=1
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Corollary (2.5.)

Every finite dimensional subspace M of a normed space X is closed

Proof:

Since M is a finite dimensional subspace of a normed space X = M is a complete space =
M is closed

Note that, infinite dimensional subspace of Banach space need not be closed.

Example (5.8)

Let X = C[0,1] and let M = [{fy, f1, - }] where f;(x) = x so that M is the set of all

polynomials. M is an infinite dimensional subspace of X but not closed in X.



