Chapter Five Sequences and Series
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So, when N - o, we have Ry (z) — 0. Therefore, for each point z
inside C,, the limit of the sum for the first N terms on the right in
Eq.(2) as N —» oo, is f(z). That is, if f is analytic inside a circle
centered at z, with radius ry, then f(z) is represented by a Taylor
series

F@) = f(20) + 551 T2 (7 — 7)1, where |2 — 2] < 5. m

Important Note:

The special case in which z, = 0; i.e.:

f(Z)— oo f (0) Zn

n!

Mz

n!

124 2
= fO) +f/(0z+ 0 44
is called a Maclaurin series.

Example: Find the Maclaurin series expansion for the following;:
sinz, cos z, sinh z, cosh z and e?

Solution:

% Let f(2) = sinz, then

f(0)=sin0=0

f'(z)=cosz—- f'(0)=1

f'"(z) =—=sinz—-> f"(0)=0

f®(2) =—=cosz - f®0) = -

f®(z) =sinz— fP0)=0
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f(z) =sinz = f(0) +f1(!0)z+f2(!0)z2

(€D)]
+ -+ f_(o) AL + ...
n!
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=0+2z+0-+0+=+
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=z-=—+4+=—
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le.:
. © K sz+1
sinz = Y7 ,(—1) 2D |z]| < o .. (1)

% To find the series of cos z:

Differentiating both sides of (1) with respect to z, we get:

2k
cosz = 32 ,(=1)k ék)! , |zl < .. (2)

«» To find the series of sinh z:
Since sinh z = —i sin iz, it follows from (1), that

X (iz)2k+1

sinhz = =i} ,(—1) 2D

i . ZZk+1
= —i Lo~ DH O™ s

= 3o (- DR (=) () () 2

(2k+1)!
2k+1
= SR (D (D [(~DH* =1]
. . ZZk+1
sinhz = Zk=0(2k—+1)! , |z] < oo ...(3)

#* To find the series of cosh z:

Differentiating both sides of (3) with respect to z, we get:

ZZk

coshz = Zi?:o@ , |z] < o .. (4)
+ To find the series of e?:
When f(2) = e?, then f™(2) = e?
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f™(0) =1, since e is analytic for all z, so:
0 0
e?=e’+e%24+ =22+ + 72" + -
2! n!
—1 z?  Z8 z™
= +Z+;+§+"'+E+"'
k
o Z
= 5= .. (5)

Example: Expand cos z into a Taylor series about the point z = %

Solution: let f(z) = cos z, then

oy = cosn = (8) + LD @ o

Now,

/)=o) =0
f'(z) =—sinz > f' (g) =-1
f"(z) =—cosz - f" (g) =0

@+0+@+0—(2_§)5

—>cosz=0-—

1

= S (- I
n=0 (2n+1)!

Example: Show that
= =T+ Dz +1)"

where |z + 1] < 1.
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Solution:

Since |z + 1| <1 -z, = —1 and,
f@)=%-f(-D=1
f[@==-f(-1)=2

f'@ =%~ f"(-1 =3
fO@ ===~ fP1D =4

f(n) (2) = (-1™.2.3..(n+1) N f(n) (=1) = (n + 1)!

zn+2

1 o m+1)!
7z 2in=0 iy (z+ 1"

=Ym—o(n+ Dz + D"

Example: Expand f(z) = % into a Taylor series about |z — i| < 2.

Solution: o .
7
Note that —i is a singular point located on the <
perimeter. The largest size circle that can be T
found is the one that the function is not analytic =~ ~2 2
—i

at it, which is —i. The distance between i and -i represents the
radius of convergence which is 2, and that’s why we have the circle
|z — i| < 2. And if we have |z — i| < 3 then the Taylor series cannot
be applied, since the function will not be analytic and one of its

conitions is that the function must be analytic inside C.

3 3
Z+i  z+2i—i
3

2i+(z—1)
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21. 1+Z—i

3 = 1 . z—i
= [ ] (Geometric series a = 1,7 = =)
20

= 5[0 (5]

Zl<t1o|z-il<2.

Note: |[—
21

Example:

1. Expand f(2) = ﬁ about z = 0.

Solution:

1
1-(-2)

f2) =
=1—-z+2z2—-234+ -+ (-D"z"+ - ,|z| <1

= Yn=o(=1D)"z"

1
1-z2

2. Expand f(z) = about z = 0.

Solution:

f(@) = Eioo(@)" = E3oe2%", |2zl <1

. . . a .
Note: to find the radius of convergence = lim,,_, | |“+|1| ,such as in
n
the previous example,
pyr =—1- |an+1| = 1} . lan+1l
- lim —— =1lim =1
a,=1 -la,|=1 =% ay| nee

o 7‘0 == 1

|z—0| <1y = |z| < 1.

Example: Write f(z) = iinto a Taylor series about z = i,r, = 1.

Solution: from Taylor’s theorem |z — z,| <1y, = |z —i| < 1
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=Ytz — D", lz—il <1

1)"n!

fO=3O=3f" D=5 .0 =2

[z _

/<,

1 0o (z=D"
z ano(_l)n i+l
Or:

11 1

z  z—it+i  i+(z-0)

1] 1
i|1422
L

=1ye (-nEr

,since |z —i| < 1

(z—D"
= T~ D"

Example: Write f(z) = éinto a power series for (z — 1).

Solution:
1_ 1
z z—-1+1
1 . .
= T3G=D (Geometric seriesa = 1,r = (z— 1))

=Yn=o(=D"(z-D", [z-1| <1
Example: Represent the function

f(@) == 3><z )

into a series of negative power of (z — 1), which converges to f(2)

where 0 < |z —1| < 2

Solution:

A B
f@=mos=mt5
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