Fundemantal of Mathematical Natural Numbers Univercity of Baghdad

1’st class College of science for wemen
2022-2023 DR. Tamadher Arif

The Natural Numbers 4sglall ajasy)

Definition:

Let 0=, where @ is empty set.
1={0}

Likewise define,

2={0,1}, 3={0,1,2},4={0,1, 2,3},
and hence

0=0, 1={0},2={0.{0}}, 3={0.{0}.{0.{0}}}, 4={0. {03 {0.{03}.{0. {0} f. {03 } ;3

Definition :
Let S be any set. The successor of S is denoted by S * and defined by ST =S U{S}.

Remarks.

1.ScS*

2.5 eS"

Example.

1. 1f S ={a,b}, then S™ =S U{S}={a,b,{a,b}}
2.0=0

3.1={0}={o}=0{0}=0"=0"
3.2={0,1}={0} {1} =1{1}=1"

4, 3={0,1,2}={0,1} {2} =2 {2} =2¢
5.4={0,1,2,3}={0,1, 2} {3}=3U{3}=3"

6. 5={0,1,2,3,4}={0,1,2,3} A{4}=40{4}=4"

Yo WSS Ll Al G Skl slae Y1 de sane Al (Sae o5 2 s ot g ok @3 J)sad)
abini YA 0,1,2, ..., 2ol (5 oS5 dath Sy ua dpndall Dae W) IS de gane (58 gkl 5y ankaiass
Agmpall slac Yl S de sena (e A )

Definition.
Let S be any set. We'say that S is successor set if

1. peS 2. If x €S, then x* €S
Remark.

Any successor set contain the numbers 0,1,2,...,n

Proof. Since'if S is successor set, 0 S —0ecS =0ecS —=1e¢S = 2¢S
then . =0,1,2,....,.n €S

Axiom of Infinity (AleaYlall Lgn)

There exists successor set (&l de gane 22 )
Theorem.
1. The family of successor sets is nonempty
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2. The intersection of any nonempty family of successor sets is also successor set.
Proof:
1. Direct from Axiom of Infinity.

2. Let {A,},_, be nonempty family of successor sets
=@eA, foralAer = @enA

AeA
Let x e NA, = xeA, forall Ae A
AeA
= X'eA, forall reA= x "enA, so that NA, is successor set.
AeA AeA
Definition.

The intersection of all successor sets is called the set of natural numbers and denoted by
N. Each element of N is called the natural number. The set of natural numbers is smallest
successor set.

Definition.
The set S is said to be transitive set if the following condition hold

If X €S, then Xx =S
Examples.
1. The set A ={a,b} is not transitive , since a € A but az A
2. The natural number 3 is transitive set , since 3=9{0,{0},{0,{0}}}, and
Pped = ¢pc3
{0}e3= {0}<=3 ,since pe3

{0.{0}}e3= {0.{0}} <=3, since p.e3.and {p}e3
3. Zero is transitive set , since

If 0 is not transitive set, then there exists xe Osuchthat x 0 .
This contradiction because” 0= ¢ i.e. thereisno x 0.

Lemma (*): The set Siis.said.to be transitive set is it satisfyx En - x S n

Remark. Every natural number satisfy the property x € n - x € n.

Peano’s Axioms
The Peano’s axioms (postulates) for natural numbers are:

1. 0eN

2.1f neN thenneN
3.1fneN,then n® 20

4. 1f X is a successor subset of N, then X =N
5 1f nmeN suchthat n"=m™*,then n=m .
Proof 1. Since N is successor set , then 0 e N

Proof 2. Let neN, since N is successor set, then n* eN
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Proof3.Let neN, n*=nu{n} = nen®* = n"2¢p = n* =0

Proof 4. - N is intersection of successor setand X is successor set,
~NcX, but Xc N, then X =N.
Proof 5. Let n,m eN such that nT =m™
Sincenen*and n® =m™, thennem*, but m* =m u{m}, then either nemor n=m

If n=m, we are done.
Orn em, by lemma (*), we have ncm

by the same argument we have mc n, — n=m.

Remark.
Axiom (4) is called The Principle of Mathematical Induction.

Example:
1. The set A={a, b} is not transitive since a € A but a« A.
2. The natural number 4 is transitive set,

Since 4={¢,{¢}.{o.{0}}{o.{0o}.{0.{0}}}},
pEL->pC 4

{p}e4->{p}c4
{(p, {(p}} €4 > {cp, {(p}} C 4 (since € 4/{p} € 4)

{0, (). (0. (03}, (0. (01} 42 {0,060, fv. (). {0, (0. {o. (@)}

(since € 4,{¢} € 4, {0, {0} €4 &{0, {0} {0, (0}}} € 9)

3. Zero is transitive set. If not:
@ is not transitive set = I3x € 0 butx £ 0 C !, because 0 = ¢ (That means Ax € 0).

Arithmetic of the Natural Numbers duhll dae¥) clua
Recursion Theorem ,/_sill 4a s

Let a € X (X'is nonempty) and f: X—X be a function, then 3! function o: N — X such that
vn € N,

1. a(0) =a
2. a(n®) = f(a(n)).

Example.
Letc#1andf: R — R function defined by f(x) = cx, Vx € R. Define a: N - X by
a(n) = ¢, then

1l.a(0)=c’=1
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2.a(n*) = f(a(n)) = f(c®) =cc=c"**vneN
= Cn"’

Generalization Recursion Theorem JJSill 4da yua aaxs

Leta€e X. Foreachm € N, f;: X = X, 3! a: N - X such that Vn € N,

1. a(0) =a
2. a(nt) = fn(oc(n)).

Addition on N dsubll sac ¥l e aaal)

Theorem.

Letm € N,, 3! a: N X N = N such that

1. a(m,0) =m,Vn € N

2. a(m,n*) = (a(m, n+))+,Vn € N.

oa(m,n) =m + n, vn,m €N

Definition.

We write a(m, n) = m+n name “addition” for the binary operation “+”.

Theorem.
lm+0=m,VmeN

2.m+nt = ((m + n+))+,‘v’n,m € N.

Example:
241=240"=R2+0)*=2"=3
142=1+1"=0Q+D*=0Q+0H"=(@+0)H*T=01")"r=2"=3

Cancellation law for addition
Letn,m,k € Nand m + k = n+ Kk, thenn = m.

Properties of addition on N

Theorem: for all n,m, k € N:

1.nt=1+n

2.(m+n)+k=m+ (n+Kk) (Associative property)
3.0+n=n

4 m+n=n+m. (Commutative property)
Proof.

1. ket X={neN:n"=1+n}=> X cN
Since 0" =1=1+0,then 0 e X
et ne X. Toprove n™ e X
Since neX = n"=1+n
= (") =(1+n)" =1+n" =n"eX By the axiom of induction X =N.
2.Let X pp={k eN:(m+n)k =m+(n+k)}= XmncN
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Since M +n)+0=m+n,m+(n+0)=m+n, then 0e Xy,

Let keX = . Toprove k™ e Xmm
Since keX = = (M+n)+k =m+(n+Kk)
M+n)+k " =(M+n)+k) =M+ +k)) " =m+(n+k) =m+(n+Kk)
= k" eX . Bythe axiomofinduction X =N.
mn mn
3.Let X={neN:0+n=n}=> X cN
Since 0+0=0, then 0e X
Let neX. Toprove n* e X
SinceneX = 0+n=n = 0+n*=(0+n)"=n" = n*'eX
By the axiom of induction X =N.
4.Let X ={neN:m+n=n+m}=> XmcN
Since n+0=n, 0+n=n,then 0eXm
Let neX  .Toprove n*eXn
Since neX, = m+n=n+m
m+n"=Mm+n)" =l+(n+m)=(1+n)+m=n"+m= n*eX;, By the axiom of induction X =N

Theorem.

There is a unique binary operation on N (called addition) such that
1. m+0=m forallm e N

2. m+n" =(m+n)" for all m,n € N.
Multiply Natural Numbers.
Theorem. Let m € N, by recursion theorem 3! y,,,: N X N — N such that
1. Ym= 0forall meN
2. Ym(m™) = y;u(n) + m forallm,n e N.
Definition. Let m € Nby recursion theorem 3! y,,,: N X N — N such that

Ym(N)=mmn ne N
Then m.n is.saidto. be multiply natural numbers.

Remark. letn,m € N
1. m0=0
2. m.n"=m.n+m

Properties of multiplication on N
Theorem.
1.0-n=0,forall neN
2.1.n=n,forall ne N
3m-(n+k)=m-n+m-k forall n,m,k e N (Left distributive over addition)
4. (n+k)-m=n-m+k -mforall n,m,k N (right distributive over addition)
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5.Mm-n)-k =m-(n-k) foralln,m,k e N  (Associative Properties)
6. m-n=n-mforalln,me N (Commutative Properties)
Proof:
1. Let X ={neN:0-n=0} => X cN
Since 0-0=0,then 0 e X
Let n e X. Toprove nt e X
Since neX = 0.n=0
0-n*=0-n+0=0+0=0=n"eX. By the axiom of induction X =N.

2.LetX={neN:ln=n} =X cN

Since 1.0=0, then 0e X
Let ne X. Toprove n™ e X

Since neX = 1n=n
1n"=1n+l=n+l1=1+n=n"= n" e X By the axiom/of induction X =N.

3.Let X ={keN:(m-n)k =m-(n-k)}= XmncN
Since (m-n)-0=0, m-(n-0)=m-0=0,then 0eX
Letk eX =~ . Toprove k™ e Xm
Since keX, ., = (m-n)}k=m-(n-k)
m-n)-k*=m-n)-k+m-n=m-(n-kK)+m-n=m-(n-kK+n)=m-(n-k ")
= k'eXm . By the axiom of induction X . =N.
4. LetX ={ne=m-n=n-mph =X &N
Since n-0=0, 0-n=0, then 0eX
Let neX .Toprove n* eXpy
SinceneX = m-n=n-m

m-n"=m-n+m=n-m+m-1=(n+1)-m=1+n)-m=n"-m
= n"eXy. By the axiomof induction X, =N.

Definition (3.23):
Letn,m e N . Define m" as follows

1. m%=1forall meN

+
2.m" =m"xnforalln,meN

Theorem (3.24):
1. m™=m"xm“foralln,m k eN
2. (mxn)*=m" xn*forall n,m, k eN

3. (MN*=m"™ foralln,m k e N




