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Chapter One 

Complex Numbers 

 

[1] Definition:  

     A complex number z is an ordered pair (a, b) of real numbers 
such that 

ℂ ൌ ሼ ℝ ൈ ℝ ሽ ൌ ሼሺ𝑎, 𝑏ሻ: 𝑎, 𝑏 ∈ ℝ ሽ 

where  ℝ  denotes the Real Numbers set. The real numbers a, b are 
called the real and imaginary parts of the complex number  𝑧 ൌ
ሺ𝑎, 𝑏ሻ , that is 𝑎 ൌ 𝑅𝑒ሺ𝑧ሻ and 𝑏 ൌ 𝐼𝑚ሺ𝑧ሻ.  If 𝑏 ൌ 𝐼𝑚ሺ𝑧ሻ ൌ 0 then 𝑧 ൌ
ሺ𝑎, 0ሻ ൌ 𝑎 so that the set of complex numbers is a natural extension 
of real numbers, then we have: 

 𝑎 ൌ ሺ𝑎, 0ሻ for any real number 𝑎. Thus 

0 ൌ ሺ0,0ሻ, 1 ൌ ሺ1,0ሻ, 2 ൌ ሺ2,0ሻ, … 

A pair (0, b) is called a pure imaginary number and the pair (0, 1) is 
called the imaginary 𝒊, that is 

ሺ0,1ሻ ൌ 𝑖 

Now any complex number z can be written as: 

ሺ𝑎, 0ሻ  ሺ0, 𝑏ሻ ൌ ሺ𝑎, 𝑏ሻ ൌ 𝑧 

The operation of addition ሺ𝑧ଵ  𝑧ଶሻ and multiplication ሺ𝑧ଵ. 𝑧ଶሻ are 
defined as follows 

𝑧ଵ  𝑧ଶ ൌ ሺ𝑎ଵ, 𝑏ଵሻ  ሺ𝑎ଶ, 𝑏ଶሻ ൌ ሺ𝑎ଵ  𝑎ଶ, 𝑏ଵ  𝑏ଶሻ 

𝑧ଵ. 𝑧ଶ ൌ ሺ𝑎ଵ, 𝑏ଵሻ. ሺ 𝑎ଶ, 𝑏ଶሻ ൌ ሺ𝑎ଵ𝑎ଶ െ 𝑏ଵ𝑏ଶ, 𝑎ଵ𝑏ଶ  𝑏ଵ𝑎ଶሻ 

Such that 𝑧ଵ ൌ ሺ𝑎ଵ, 𝑏ଵሻ, 𝑧ଶ ൌ ሺ𝑎ଶ, 𝑏ଶሻ 

Now, 

𝑧 ൌ ሺ𝑎, 0ሻ  ሺ0, 𝑏ሻ ൌ ሺ𝑎, 0ሻ  ሺ0,1ሻሺ𝑏, 0ሻ 

Hence  ሺ𝑎, 0ሻ  ሺ0,1ሻሺ𝑏, 0ሻ ൌ ሺ𝑎, 𝑏ሻ ൌ 𝑧 where ሺ0,1ሻ ൌ 𝑖 
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Then  𝑧 ൌ 𝑎  𝑖𝑏 

Now, 𝑧ଶ ൌ 𝑧. 𝑧, 𝑧ଷ ൌ 𝑧. 𝑧. 𝑧,   𝑧 ൌ 𝑧. 𝑧 … . . 𝑧 

               𝑛 െ times 

𝑖ଶ ൌ 𝑖. 𝑖 ൌ ሺ0,1ሻ. ሺ0,1ሻ ൌ െ1  or 𝑖 ൌ √െ1 

Then  𝑖ଶ ൌ െ1, 𝑖 ൌ √െ1   

 

[2] Basic Algebraic Properties: 

The following algebraic properties hold for all  𝑧ଵ, 𝑧ଶ, 𝑧ଷ ∈ ℂ 

 
1. 𝑧ଵ  𝑧ଶ ൌ 𝑧ଶ  𝑧ଵ
2.       𝑧ଵ. 𝑧ଶ ൌ  𝑧ଶ. 𝑧ଵ

                ൬
Commutative laws under addition and

multiplication ൰ 

 3.  ሺ𝑧ଵ  𝑧ଶሻ  𝑧ଷ ൌ 𝑧ଵ  ሺ𝑧ଶ  𝑧ଷሻ          (Associative under addition) 

 4. ሺ𝑧ଵ. 𝑧ଶሻ. 𝑧ଷ ൌ 𝑧ଵ. ሺ𝑧ଶ. 𝑧ଷሻ              (Associative under multiplication) 

 5. 𝑧ଵ. ሺ𝑧ଶ  𝑧ଷሻ ൌ 𝑧ଵ. 𝑧ଶ  𝑧ଵ. 𝑧ଷ                                 (Distribution laws) 

 
6. 𝑧ଵ  𝑧ଷ ൌ 𝑧ଷ  𝑧ଶ  iff  𝑧ଵ ൌ 𝑧ଷ  
7.  𝑧ଵ. 𝑧ଶ ൌ  𝑧ଷ. 𝑧ଶ      iff     𝑧ଵ ൌ 𝑧ଷ

ൠ                               (Cancelation law) 

 

Note: the additive identity 0 ൌ ሺ0,0ሻ and the multiplication 
identity  1 ൌ ሺ1,0ሻ, for any complex number. That is 

𝑧  0 ൌ 0  𝑧 ൌ 𝑧 

1. 𝑧 ൌ 𝑧. 1 ൌ 𝑧 

for any complex number. 

Definition: 

    The additive inverse 𝑧∗ of z is a complex number with the 
property that  

𝑧  𝑧∗ ൌ 0   (1) 
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It is clear that (1) is satisfied if 𝑧∗ ൌ ሺെ𝑥, െ𝑦ሻ, has an additive 
inverse. 

Definition: 

    The multiplication inverse 𝑧ିଵሺ𝑧 ് 0ሻ of z is a complex number 
with the property that 

𝑧. 𝑧ିଵ ൌ 𝑧ିଵ. 𝑧 ൌ 1               (2) 

Such that: 

𝑧ିଵ ൌ ቀ ௫

௫మା௬మ , ି௬

௫మା௬మቁ    (H.w) 

 

Note:  the additive and multiplication identity are unique. 

Note:  if  𝑧ଶ ് 0, then 

௭భ

௭మ
ൌ ቀ

௫భ௫మା௬భ௬మ

௫మ
మା௬మ

మ , ௬భ௫మି௫భ௬మ

௫మ
మା௬మ

మ ቁ   

Exercise:  show that  𝑧 ൌ 0  iff 𝑅𝑒ሺ𝑧ሻ ൌ 0 and 𝐼𝑚ሺ𝑧ሻ ൌ 0. 

Example:  verify that  

1. ൫√2 െ 𝑖൯ െ 𝑖ሺ1 െ √2 𝑖ሻ 

Solution: 

√2 െ 𝑖 െ 𝑖 െ √2 ൌ െ2𝑖  

 

2. ሺ2, െ3ሻሺെ2,1ሻ 

Solution: 

ሺ2, െ3ሻሺെ2, 1ሻ ൌ ሺെ4  3, 2  6ሻ ൌ ሺെ1, 8ሻ  

 

3. ሺ3,1ሻሺ3, െ1ሻ ቀ
ଵ

ହ
,

ଵ

ଵ
ቁ  

Solution: 
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ሺ3,1ሻሺ3, െ1ሻ ቀ 
ଵ

ହ
,

ଵ

ଵ
ቁ ൌ ሺ9  1, െ3  3ሻ ቀ 

ଵ

ହ
,

ଵ

ଵ
ቁ   

                                    ൌ ሺ10, 0ሻ ቀ 
ଵ

ହ
,

ଵ

ଵ
ቁ  

                                    ൌ ቀ 
ଵ

ହ
െ 0,

ଵ

ଵ
 0ቁ  

 ൌ ሺ2, 1ሻ 

Example:  show that each of the two numbers 𝑧 ൌ 1 ∓ 𝑖 satisfies 
the equation 

𝑧ଶ െ 2𝑧  2 ൌ 0 

Proof:  for  𝑧 ൌ 1  𝑖  

ሺ1  𝑖ሻଶ െ 2ሺ1  𝑖ሻ  2 ൌ 1  2𝑖 െ 1 െ 2 െ 2𝑖  2 ൌ 0  

for  𝑧 ൌ 1 െ 𝑖      (H.w) 

Example:  show that  ሺ1 െ 𝑖ሻସ ൌ െ4 

Proof: ሺሺ1 െ 𝑖ሻଶሻଶ ൌ ሺ1 െ 2𝑖 െ 1ሻଶ 

 ൌ 4𝑖ଶ ൌ െ4 

Example:  prove that ሺ1  𝑧ሻଶ ൌ 1  2𝑧  𝑧ଶ 

Proof: L.H.S → ሺ1  𝑧ሻଶ ൌ ሺ1  𝑧ሻሺ1  𝑧ሻ 

 ൌ ൫ሺ1,0ሻ  ሺ𝑥, 𝑦ሻ൯. ሺሺ1,0ሻ  ሺ𝑥, 𝑦ሻሻ 

 ൌ ሺ1  𝑥, 𝑦ሻሺ1  𝑥, 𝑦ሻ 

 ൌ ሺ1  2𝑥  𝑥ଶ െ 𝑦ଶ, 2𝑦  2𝑥𝑦ሻ 

R.H.S → 1  2𝑧  𝑧ଶ ൌ ሺ1,0ሻ  2ሺ𝑥, 𝑦ሻ  ሺ𝑥, 𝑦ሻ. ሺ𝑥, 𝑦ሻ 

 ൌ ሺ1,0ሻ  ሺ2𝑥, 2𝑦ሻ  ሺ𝑥, 𝑦ሻ. ሺ𝑥, 𝑦ሻ 

                                      ൌ ሺ1  2𝑥  𝑥ଶ െ 𝑦ଶ, 2𝑦  2𝑥𝑦ሻ  

                                      ൌ ሺ1  𝑧ሻଶ 

                                      ൌ L.H.S 
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Note: ሺെ𝑧ሻ is the only additive inverse of a given complex number. 

 

[3] Properties of Complex Numbers: 

1. 𝐼𝑚ሺ𝑖𝑧ሻ ൌ 𝑅𝑒ሺ𝑧ሻ 

2. 𝑅𝑒ሺ𝑖𝑧ሻ ൌ 𝐼𝑚ሺ𝑧ሻ 

3. 
ଵ

ଵ/௭
ൌ 𝑧, 𝑧 ് 0 

4. ሺെ1ሻ𝑧 ൌ െ𝑧 

5. ሺ𝑧ଵ𝑧ଶሻሺ𝑧ଷ𝑧ସሻ ൌ ሺ𝑧ଵ𝑧ଷሻሺ𝑧ଶ𝑧ସሻ 

6. 
௭భା௭మ

௭య
ൌ

௭భ

௭య


௭మ

௭య
, 𝑧ଷ ് 0  

Note: 

 ሺ1  𝑧ሻ ൌ 1  𝑛𝑧  ሺାଵሻ

ଶ!
𝑧ଶ  ሺିଵሻሺିଶሻ

ଷ!
𝑧ଷ  ⋯  𝑧 

 

[4] Vectors and Moduli 

    It is natural to associate any nonzero complex number 𝑧 ൌ 𝑥  𝑖𝑦 
with the directed line segment or vector from the origin to the 
point (x, y) that represents z in the complex plane. In fact, we can 
often refer to z as the point z or the vector z, in Fig. 1 the number 
𝑧 ൌ 𝑥  𝑖𝑦 and െ2  𝑖 are displayed graphically as both two points 
and radius vector. 

𝒚 

 

  

        𝒙 

 

Figure 1 

െ2 

1
ሺെ2, 1ሻ 𝑧 ൌ ሺ𝑥, 𝑦ሻ

0
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When 𝑧ଵ ൌ 𝑥ଵ  𝑖𝑦ଵ and 𝑧ଶ ൌ 𝑥ଶ  𝑖𝑦ଶ, the sum 

𝑧ଵ  𝑧ଶ ൌ ሺ𝑥ଵ  𝑥ଶሻ  𝑖ሺ𝑦ଵ  𝑦ଶሻ 

Corresponds to the point ሺ𝑥ଵ  𝑥ଶ, 𝑦ଵ  𝑦ଶሻ, it is also corresponds to 
a vector with those coordinates as its components. Hence 𝑧ଵ  𝑧ଶ 
may be obtained vectorially as shown in Fig. 2. 

                                                    𝒚 

 

   

        

                                                                                                         𝒙 

 

 Figure 2 

The distance between two points ሺ𝑥ଵ, 𝑦ଵሻ and ሺ𝑥ଶ, 𝑦ଶሻ is |𝑧ଵ െ 𝑧ଶ|, 
this is clear from Fig. 3, since |𝑧ଵ െ 𝑧ଶ| is the length of the vector 
representing the number  𝑧ଵ െ 𝑧ଶ ൌ 𝑧ଵ  ሺെ𝑧ଶሻ, 

|𝑧ଵ െ 𝑧ଶ| ൌ ඥሺ𝑥ଵ െ 𝑥ଶሻଶ  ሺ𝑦ଵ െ 𝑦ଶሻଶ  

 

                                                    𝒚 

   

   

        

                                                                                                         𝒙 

 

 

Figure 3 

 

𝑧ଶ 

0

𝑧ଵ  

𝑧ଶ 

𝑧ଵ 

𝑧ଶ 

0

ሺ𝑥ଶ, 𝑦ଶሻ 
 

 ሺ𝑥ଵ, 𝑦ଵሻ 
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Example:  the equation |𝑧 െ 1  3𝑖| ൌ 2 represents the circle 
whose center is 𝑧 ൌ ሺ1, െ3ሻ and whose radius is 𝑅 ൌ 2. 

|𝑧 െ 𝑧| ൌ 𝑅 , where 𝑧 represents the center of circle with radius 𝑅. 

 

Definition:  (The Absolute Value) 

    The modulus or absolute value of a complex number 𝑧 ൌ 𝑥  𝑖𝑦 

is defined by ඥ𝑥ଶ  𝑦ଶ and also by |𝑧|, such that 

|𝑧| ൌ ඥ𝑥ଶ  𝑦ଶ 

we notice that the modulus |𝑧| is a distance from ሺ0,0ሻ to ሺ𝑥, 𝑦ሻ, the 
statement |𝑧ଵ| ൏ |𝑧ଶ| means that 𝑧ଵ is closer to ሺ0,0ሻ than 𝑧ଶ. The 
distance between 𝑧ଵ and 𝑧ଶ is given by  

|𝑧ଵ െ 𝑧ଶ| ൌ ඥሺ𝑥ଵ െ 𝑥ଶሻଶ  ሺ𝑦ଵ െ 𝑦ଶሻଶ 

Example:  |𝑧 െ 𝑖| ൌ 3 

Solution:  we refer to |𝑧 െ 𝑖| ൌ 3 as |𝑥  𝑖𝑦 െ 𝑖| ൌ 3 

|𝑥  𝑖ሺ𝑦 െ 1ሻ| ൌ 3 → ඥ𝑥ଶ  ሺ𝑦 െ 1ሻଶ ൌ 3  

𝑥ଶ  ሺ𝑦 െ 1ሻଶ ൌ 9 ⇔ ሺ𝑥 െ 𝑥ሻଶ  ሺ𝑦 െ 𝑦ሻଶ ൌ 𝑟ଶ  

The complex number corresponding to the points lying on the 
circle with center ሺ0,1ሻ and radius 3  

𝒚 

 

  

     

                                                                                                              𝒙 

 

 

‐3 

4

ሺ0, 1ሻ

0



3

2

3

2

1
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Note:  the real numbers |𝑧|, 𝑅𝑒ሺ𝑧ሻ and 𝐼𝑚ሺ𝑧ሻ are related by the 
equation:  

|𝑧|ଶ ൌ ሺ𝑅𝑒ሺ𝑧ሻሻଶ  ሺ𝐼𝑚ሺ𝑧ሻሻଶ 

As follows  

|𝑧| ൌ ඥ𝑥ଶ  𝑦ଶ → |𝑧|ଶ ൌ 𝑥ଶ  𝑦ଶ ൌ ሺ𝑅𝑒ሺ𝑧ሻሻଶ  ሺ𝐼𝑚ሺ𝑧ሻሻଶ  

Since 𝑦ଶ  0, we have  

|𝑧|ଶ  𝑥ଶ ൌ ൫𝑅𝑒ሺ𝑧ሻ൯
ଶ

ൌ |𝑅𝑒ሺ𝑧ሻ|ଶ  

And since |𝑧|  0, we get 

|𝑧|  |𝑅𝑒ሺ𝑧ሻ|  𝑅𝑒ሺ𝑧ሻ 

Similarly  |𝑧|  |𝐼𝑚ሺ𝑧ሻ|  𝐼𝑚ሺ𝑧ሻ. 

 

 [5] Complex Conjugates 

    The complex conjugate of z is defined by  

𝑧̅ ൌ 𝑥 െ 𝑖𝑦  

The number is  𝑧̅ represented by the point ሺ𝑥, െ𝑦ሻ, which is the 
reflection in the real axis of the point ሺ𝑥, 𝑦ሻ representing 𝑧 (Fig. 4), 
note that 

𝑧̿ ൌ 𝑧  and  |𝑧̅| ൌ |𝑧|, for all 𝑧 

𝒚 

 

  

        𝒙 

 

 

Figure 4 

ሺ𝑥, 𝑦ሻ

0





ሺ𝑥, െ𝑦ሻ
𝑧̅

𝑧
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Some Properties of Complex Conjugates: 

1. 𝑧̿ ൌ 𝑧 

2. 𝑧ଵ  𝑧ଶതതതതതതതതത ൌ 𝑧ଵ̅  𝑧ଶ̅,    𝑧ଵ െ 𝑧ଶതതതതതതതതത ൌ 𝑧ଵ̅ െ 𝑧ଶ̅ 

3. 𝑧ଵ. 𝑧ଶതതതതതതത ൌ 𝑧ଵ̅. 𝑧ଶ̅ 

4. ቀ
௭భ

௭మ
ቁ

തതതതത
ൌ ௭̅భ

௭̅మ
   , 𝑧2 ് 0 

 

Note: 

1. 𝑧  𝑧̅ ൌ 𝑥  𝑖𝑦  𝑥 െ 𝑖𝑦 ൌ 2𝑥 ൌ 2𝑅𝑒ሺ𝑧ሻ 

𝑅𝑒ሺ𝑧ሻ ൌ  
௭ା௭̅

ଶ
 

2. 𝑧 െ 𝑧̅ ൌ 𝑥  𝑖𝑦 െ 𝑥  𝑖𝑦 ൌ 2𝑖𝑦 ൌ 2𝐼𝑚ሺ𝑧ሻ 

𝐼𝑚ሺ𝑧ሻ ൌ  
௭ି௭̅

ଶ
 

 

Some Properties of Moduli 

1. |𝑧ଵ𝑧ଶ| ൌ |𝑧ଵ||𝑧ଶ| 

2. ቚ௭భ

௭మ
ቚ ൌ 

|௭భ|

|௭మ|
  , 𝑧ଶ ് 0 

3. |𝑧ଵ  𝑧ଶ|  |𝑧ଵ|  |𝑧ଶ| 

4. |𝑧ଵ  𝑧ଶ  ⋯ 𝑧|  |𝑧ଵ|  |𝑧ଶ| ⋯ |𝑧| 

5. ห|𝑧ଵ| െ |𝑧ଶ|ห  |𝑧ଵ  𝑧ଶ| 

6. ห|𝑧ଵ| െ |𝑧ଶ|ห  |𝑧ଵ െ 𝑧ଶ| 

 

Example:  If a point 𝑧 lies on the unite circle |𝑧| ൌ 1 about the 
origin, show that  |𝑧ଶ െ 𝑧  1|  3 and |𝑧ଷ െ 2|  ||𝑧|ଷ െ 2| 
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Proof: |𝑧ଶ െ 𝑧  1| ൌ |ሺ𝑧ଶ  1ሻ െ 𝑧|  |𝑧ଶ  1|  |𝑧| 

                                   |𝑧ଶ|  1  |𝑧|  

                                  ൌ |𝑧|ଶ  1  |𝑧| 

                             ൌ 1ଶ  1  1 

             ൌ 3 

→  |𝑧ଶ െ 𝑧  1|  3 

 

Prove that  √2 |𝑧|  |𝑅𝑒ሺ𝑧ሻ|  |𝐼𝑚ሺ𝑧ሻ| 

Solution:  

൫√2 |𝑧|൯
ଶ

ൌ 2|𝑧|ଶ ൌ 2ሺ𝑥ଶ  𝑦ଶሻ  

 ൌ ሺ𝑥ଶ  𝑦ଶሻ  ሺ𝑥ଶ  𝑦ଶሻ 

  ሺ𝑥ଶ  𝑦ଶሻ  2|𝑥||𝑦|  ⋯   (by ) 

 ൌ ሺ|𝑥|  |𝑦|ሻଶ 

∴ ൫√2 |𝑧|൯
ଶ

 ሺ|𝑥|  |𝑦|ሻଶ  

→  √2 |𝑧|   |𝑥|  |𝑦| ൌ |𝑅𝑒ሺ𝑧ሻ|  |𝐼𝑚ሺ𝑧ሻ|  

∴  √2 |𝑧|  |𝑅𝑒ሺ𝑧ሻ|  |𝐼𝑚ሺ𝑧ሻ|  

 

Note:   ሺ|𝑥| െ |𝑦|ሻଶ  0 

→  |𝑥|ଶ  |𝑦|ଶ െ 2|𝑥||𝑦|  0  

→  𝑥ଶ  𝑦ଶ  2|𝑥||𝑦|    … ሺሻ  

Prove that:   

1. 𝑧  is real iff  𝑧̅ ൌ 𝑧   (H.w) 

2. 𝑧  is either real or pure imaginary iff  ሺ𝑧̅ ሻଶ ൌ 𝑧ଶ 
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Prove that: if |𝑧ଶ| ് |𝑧𝟑| then    

ቚ
௭భ

௭మା௭య
ቚ    

|௭భ|

ห|௭మ|ି|௭య|ห
 

Proof:   

ቚ
௭భ

௭మା௭య
ቚ ൌ

ห𝑧1ห

ห𝑧2𝑧3ห
               ... (1) 

Since |𝑧ଶ  𝑧ଷ|  ห|𝑧ଶ| െ |𝑧ଷ|ห 

→   
ଵ

|௭మା௭య|
    

ଵ

ห|௭మ|ି|௭య|ห
 

→  
|௭భ|

|௭మା௭య|
    

|௭భ|

ห|௭మ|ି|௭య|ห
   ... (2) 

From (1) and (2) we have 

ቚ ௭భ

௭మା௭య
ቚ    

|௭భ|

ห|௭మ|ି|௭య|ห
 

 

Example:  If a point 𝑧 lies on the unite circle |𝑧| ൌ 2 then show 
that  

ଵ

|௭రିସ௭యାଷ|
    

ଵ

ଷ
 

Proof:   |𝑧ସ െ 4𝑧ଷ  3| ൌ |ሺ𝑧ଶ െ 1ሻሺ𝑧ଶ െ 3ሻ| 

                                         ൌ |𝑧ଶ െ 1||𝑧ଶ െ 3| 

  ||𝑧|ଶ െ 1| ||𝑧|ଶ െ 3| 

 ൌ |4 െ 1| |4 െ 3| 

 ൌ 3 

∴  |𝑧ସ െ 4𝑧ଷ  3|  3 

→  ଵ

 |௭రିସ௭యାଷ|
   

ଵ

ଷ
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Exercises: 

1. Show that the hyperbola 𝑥ଶ െ 𝑦ଶ ൌ 1,  can be written as 

𝑧ଶ  𝑧̅ଶ ൌ 2 

2. Show that |𝑧 െ 4𝑖|  |𝑧  4𝑖| ൌ 10 is an ellipse whose foci are    

   ሺ0, ∓4ሻ. 

Proof:  1. 𝑥ଶ െ 𝑦ଶ ൌ 1,  𝑥 ൌ 
௭ା௭̅

ଶ
,  𝑦 ൌ 

௭ି௭̅

ଶ
 

ቀ
௭ା௭̅

ଶ
ቁ

ଶ
െ ቀ

௭ି௭̅

ଶ
ቁ

ଶ
ൌ 1  

௭మାଶ௭௭̅ା௭̅మ

ସ
െ ௭మିଶ௭௭̅ା௭̅మ

ସమ  ൌ 1 

௭మାଶ௭௭̅ା௭̅మ

ସ
 ௭మିଶ௭௭̅ା௭̅మ

ସ
 ൌ 1  

→ 2𝑧ଶ  2𝑧̅ଶ ൌ 4  

→ 2ሺ𝑧ଶ  𝑧̅ଶሻ ൌ 4  

→ 𝑧ଶ  𝑧̅ଶ ൌ 2  

 

[6] Polar Form of Complex Numbers: (Exponential Form) 

     Let 𝑟 and 𝜃 be polar coordinates of the point ሺ𝑥, 𝑦ሻ that 
corresponds to a nonzero complex number 𝑧 ൌ 𝑥  𝑖𝑦, 

𝑥 ൌ 𝑟 cos 𝜃      ,     𝑦 ൌ 𝑟 sin 𝜃 

     The number  𝑧 can be written in polar form as  

𝑧 ൌ 𝑟ሺcos 𝜃  𝑖 sin 𝜃ሻ ൌ 𝑟𝑒ఏ 

𝑡𝑎𝑛𝜃 ൌ 
௬

௫
  ,  𝑥 ് 0, 𝑟ଶ ൌ 𝑥ଶ  𝑦ଶ, 𝑖𝜃 ൌ cos 𝜃  𝑖 sin 𝜃 

    This implies that for any complex number  𝑧 ൌ 𝑥  𝑖𝑦,  we have  

|𝑧| ൌ ඥ𝑥ଶ  𝑦ଶ ൌ ඥ𝑟ଶ ൌ 𝑟 
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    In fact 𝑟 is the length of the vector represent 𝑧. In particular, 
since 𝑧 ൌ 𝑥  𝑖𝑦 we may express 𝑧 in polar form by 

𝑧 ൌ 𝑟 cos 𝜃  𝑖 𝑟 sin 𝜃 ൌ 𝑟ሺcos 𝜃  𝑖 sin 𝜃ሻ 

    The real number 𝜃 represents the angle, measured in radians, 
that 𝑧  makes with the positive real axis (Fig. 5). 

𝒚 

 

  

        𝒙 

 

 

Figure 5 

Each value of  𝜃 is called an argument of  𝑧 and the set of all such 
values is denoted by arg 𝑧 ൌ 𝜃. 

Note:  𝑎𝑟𝑔 𝑧 is not unique. 

Definition:  The principal value of arg 𝑧 ሺArg 𝑧ሻ 

    If  െ𝜋 ൏ 𝜃 ൏ 𝜋 and satisfy  

arg 𝑧 ൌ  Arg 𝑧  2𝑛𝜋, 𝑛 ൌ 0, ∓1, ∓2, …   

Then this value of 𝜃 (which is unique) is called the principal value 
of arg 𝑧 and denoted by Arg 𝑧. 

Example:  Write  𝑧 ൌ 1 െ 𝑖 in polar form 

Solution:  𝑟 ൌ ඥ𝑥ଶ  𝑦ଶ ൌ √1  1 ൌ √2 

𝑥 ൌ 𝑟 cos 𝜃 → 1 ൌ √2 cos 𝜃 → cos 𝜃 ൌ
ଵ

√ଶ
  

𝑦 ൌ 𝑟 sin 𝜃 → െ1 ൌ √2 sin 𝜃 → sin 𝜃 ൌ
ିଵ

√ଶ
   

 

𝑧 ൌ 𝑥  𝑖𝑦 

𝜃

𝑟

  ሺ1, െ1ሻ
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tan 𝜃 ൌ
௬

௫
ൌ

ିଵ

ଵ
ൌ െ1  

𝜃 ൌ tanିଵሺെ1ሻ ൌ ିగ

ସ
  

𝑧 ൌ 1 െ 𝑖 ൌ √2 ቀcos
ିగ

ସ
 𝑖 sin

ିగ

ସ
ቁ   

                 ൌ √2 ቀcos ቀ
ିగ

ସ
 2𝑛𝜋ቁ  𝑖 sin ቀ

ିగ

ସ
 2𝑛𝜋ቁቁ 

Example:  Write  𝑧 ൌ 1  𝑖 in polar form 

Solution:   𝑟 ൌ √2 ,   tan 𝜃 ൌ
௬

௫
ൌ 1  

→ 𝜃 ൌ tanିଵሺ1ሻ ൌ
గ

ସ
  

∴ 𝜃 ൌ 𝑎𝑟𝑔 𝑧 ൌ
గ

ସ
 2𝑛𝜋  

∴ 1  𝑖 ൌ √2 ቀcos ቀ
 గ

ସ
 2𝑛𝜋ቁ  𝑖 sin ቀ

 గ

ସ
 2𝑛𝜋ቁቁ  

Example:  Find the principal argument Arg 𝑧 when   

1. 𝑧 ൌ 1  𝑖 

Solution:  arg 𝑧 ൌ Arg 𝑧  2𝑛𝜋 

 ൌ  
 గ

ସ
 2𝑛𝜋 

∴ Arg 𝑧 ൌ
 గ

ସ
  

2.  𝑧 ൌ 𝑖 

Solution:  𝑟 ൌ 1, 𝜃 ൌ గ

ଶ
 2𝑛𝜋 ൌ 𝑎𝑟𝑔 𝑖 

 arg 𝑧 ൌ Arg 𝑧  2𝑛𝜋 

 ൌ
గ

ଶ
 2𝑛𝜋 

∴ Arg 𝑧 ൌ
 గ

ଶ
  

∴ 𝑖 ൌ  𝑧 ൌ 1. ቀcos
 గ

ସ
 𝑖 sin

గ

ଶ
ቁ  

Exercises: Find the principal argument Arg 𝑧  when 𝑧 ൌ െ𝑖, 1, െ1. 

 ሺ1, 1ሻ

θ

(1, 1)
𝜋
4
 

𝜋
2
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Example:  Let  𝑧 ൌ െ1 െ 𝑖, write  𝑧 in polar form and find  Arg 𝑧.   

Solution:  𝑟 ൌ √1  1 ൌ √2 

𝑥 ൌ 𝑟 cos 𝜃 → െ1 ൌ √2 cos 𝜃 → cos 𝜃 ൌ
ିଵ

√ଶ
  

𝑦 ൌ 𝑟 sin 𝜃 → െ1 ൌ √2 sin 𝜃 → sin 𝜃 ൌ
ିଵ

√ଶ
  

𝜃 ൌ tanିଵሺ1ሻ ൌ
గ

ସ
  

𝜃 ൌ
గ

ସ
 𝜋 ൌ

ହగ

ସ
 2𝑛𝜋  (Since  𝜃 is located in the third quarter) 

   ൌ 𝑎𝑟𝑔𝑧  

∴ Arg 𝑧 ൌ arg 𝑧 െ 2𝜋  

 ൌ
ହగ

ସ
െ 2𝜋 ൌ

ିଷగ

ଶ
∈ ሾെ𝜋, 𝜋ሿ 

𝑧 ൌ െ1 െ 𝑖 ൌ √2 ቀcos
ିଷగ

ଶ
 𝑖 sin

ିଷగ

ଶ
ቁ  

 

Example:  Let  𝑧ଵ ൌ 1  √3 𝑖, 𝑧ଶ ൌ െ1 െ √3 𝑖, write  𝑧ଵ,  𝑧ଶ in polar 
form and find Arg 𝑧ଵ, Arg 𝑧ଶ. 

Solution:   𝑧ଵ ൌ 𝑟ଵ ൌ ඥ𝑥ଶ  𝑦ଶ ൌ ට1ଶ  ൫√3൯
ଶ

ൌ √1  3 ൌ 2   

𝑥 ൌ 𝑟 cos 𝜃 → 1 ൌ 2 cos 𝜃 → cos 𝜃 ൌ
ଵ

ଶ
  

𝑦 ൌ 𝑟 sin 𝜃 → √3 ൌ 2 sin 𝜃 → sin 𝜃 ൌ √ଷ

ଶ
  

∴ 𝜃 ൌ tanିଵ ௬

௫
ൌ

గ

ଷ
 2𝑛𝜋  

𝑧ଵ ൌ 2 ቀcos గ

ଷ
 𝑖 sin గ

ଷ
ቁ  

→ 𝑧ଶ ൌ 𝑟ଶ ൌ ටሺെ1ሻଶ  ൫െ √3൯
ଶ

ൌ 2  

𝑥 ൌ 𝑟 cos 𝜃 → െ1 ൌ 2 cos 𝜃 → cos 𝜃 ൌ
ିଵ

ଶ
  

ሺെ1, െ1ሻ Arg z 

ሺ1, √3 ሻ

గ

ଷ
 



Chapter One                   Complex Numbers 

16 
 

𝑦 ൌ 𝑟 sin 𝜃 → െ√3 ൌ 2 sin 𝜃 → sin 𝜃 ൌ ି√ଷ

ଶ
  

∴ 𝜃 ൌ tanିଵ ௬

௫
ൌ tanିଵ ି√ଷ

ିଵ
ൌ tanିଵ√3  

       ൌ ቀ𝜋 
గ

ଷ
ቁ  2𝑛𝜋  

       ൌ
ସగ

ଷ
 2𝑛𝜋  

Arg 𝑧ଶ ൌ
ସగ

ଷ
െ 2𝜋  

  ൌ
ିଷగ

ଷ
  

𝑧ଶ ൌ 2 ቀcos ቀ
ିଶగ

ଷ
ቁ  𝑖 sin ቀ

ିଶగ

ଷ
ቁቁ  

Example:   𝑧ଷ ൌ െ1  √3 𝑖,  𝑧ସ ൌ 1 െ √3 𝑖  

Solution:    

Arg 𝑧ଷ ൌ
ଶగ

ଷ
   

𝑧ଷ ൌ 2 ቀcos
ଶగ

ଷ
 𝑖 sin

ଶగ

ଷ
ቁ  

→ 𝑧ସ ൌ 1 െ √3 𝑖  

          ൌ 2 ቀcos ቀ
ିగ

ଷ
ቁ  𝑖 sin ቀ

ିగ

ଷ
ቁቁ  

  

 

Note:   

1 ∓ 𝑖
െ1 ∓ 𝑖  

ቅ        Angle 45°   

1 ∓ √3 𝑖
െ1 ∓ √3 𝑖  

ൠ  Angle 60°  

√3 ∓ 𝑖
െ√3 ∓ 𝑖  

ൠ     Angle 30°  

ሺെ1, െ√3 ሻ 

ିଶగ

ଷ
 

ସగ

ଷ
  

ሺെ1, √3 ሻ 
𝜋 െ

𝜋
3

ሺ1, െ √3 ሻ

െ𝜋
3
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  Properties of  𝐚𝐫𝐠 𝒛 : 

1. argሺ𝑧ଵ. 𝑧ଶሻ ൌ arg 𝑧ଵ  arg 𝑧ଶ 

2. arg   ቀ
1
𝑧
ቁ ൌ െ arg 𝑧 

3. arg   ቀ
𝑧1
𝑧2

ቁ ൌ arg 𝑧1 െ arg 𝑧2 

4. arg 𝑧̅ ൌ െ arg 𝑧 

Proof: 

1. Let  𝑧ଵ ൌ 𝑟ଵሺcos 𝜃ଵ  𝑖 sin 𝜃ଵሻ  

 𝑧ଶ ൌ 𝑟ଶሺcos 𝜃ଶ  𝑖 sin 𝜃ଶሻ  

𝑧ଵ. 𝑧ଶ ൌ 𝑟ଵ𝑟ଶሺcos𝜃ଵcos𝜃ଶ െ sin𝜃ଵsin𝜃ଶ  𝑖 cos𝜃ଵ sin𝜃ଶ  𝑖 sin𝜃ଵcos𝜃ଶሻ  

 ൌ 𝑟ଵ𝑟ଶሺcosሺ𝜃ଵ  𝜃ଶሻ  𝑖 sinሺ𝜃ଵ  𝜃ଶሻሻ     𝒚 

∴ arg 𝑧ଵ𝑧ଶ ൌ 𝜃ଵ  𝜃ଶ   

 ൌ arg 𝑧ଵ  arg 𝑧ଶ   

  

 

Example:  Find  arg ቀ𝑖൫1  √3 𝑖൯ቁ 

Solution: 

arg ቀ𝑖൫1  √3 𝑖൯ቁ ൌ arg 𝑖  argሺ1  √3 𝑖ሻ    

 ൌ ቀ
గ

ଶ
 2𝑛𝜋ቁ  ቀ

గ

ଷ
 2𝑛𝜋ቁ 

 ൌ ହ


 𝜋  2𝑘𝜋 ,     𝑘 ൌ 𝑛  𝑚  

2. Let 𝑧 ൌ 𝑟ሺcos 𝜃  𝑖 sin 𝜃ሻ 

ଵ

௭
ൌ

ଵ

ሺୡ୭ୱ ఏା  ୱ୧୬ ఏሻ
 .

ሺୡ୭ୱ ఏି ୱ୧୬ ఏሻ

ሺୡ୭ୱ ఏି ୱ୧୬ ఏሻ
   

   ൌ
ሺୡ୭ୱ ఏି ୱ୧୬ ఏሻ

మሺୡ୭ୱమఏା ୱ୧୬మఏሻ
  

0

𝑧ଶ 

𝑧ଵ 
𝜃ଶ 

𝜃ଵ 

𝑧ଵ𝑧ଶ

𝜃ଵ  𝜃ଶ

𝒙
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ൌ ሺୡ୭ୱ ఏି ୱ୧୬ ఏሻ

మ   

ଵ

௭
ൌ

ଵ


 ሺcosሺെ𝜃ሻ  𝑖 sinሺെ𝜃ሻሻ  

∴ arg  ቀ
ଵ

௭
ቁ ൌ െ arg 𝑧  

Note:   Argሺ𝑧ଵ𝑧ଶሻ ൌ Argሺ𝑧ଵሻ  Argሺ𝑧ଶሻ  

For example:  Let 𝑧ଵ ൌ 𝑖 , 𝑧ଶ ൌ െ1  √3 𝑖 

arg 𝑧ଵ ൌ ቀ
గ

ଶ
 2𝑛𝜋ቁ , arg 𝑧ଶ ൌ ቀ

గ

ଷ
 2𝑛𝜋ቁ  

Arg 𝑧ଵ ൌ
గ

ଶ
                 , Arg 𝑧ଶ ൌ  

గ

ଷ
  

𝑧ଵ𝑧ଶ ൌ 𝑖൫െ1  √3 𝑖൯ ൌ െ √3 െ 𝑖  

arg 𝑧ଵ𝑧ଶ  ൌ 𝜋 
గ


ൌ




 𝜋  2𝑛𝜋  

Arg 𝑧ଵ𝑧ଶ ൌ ቀ𝜋  గ


ቁ െ 2𝜋 ൌ ିହ


 𝜋  

∴ Argሺ𝑧ଵሻ  Argሺ𝑧ଶሻ ൌ 


 𝜋 ∉ ሾെ𝜋, 𝜋ሿ  

 

[7] Powers and Roots 

     Let 𝑧 ൌ 𝑟𝑒ఏ be a nonzero complex number, let 𝑛 be an integer 
number then 

𝑧 ൌ 𝑟𝑒ఏ 

Example:  Find ሺ1  𝑖ሻଶହ 

Solution:  𝑟 ൌ ඥ𝑥ଶ  𝑦ଶ ൌ √2 , 𝜃 ൌ
గ

ସ
  

𝑧ଶହ ൌ ൫𝑟𝑒ఏ൯
ଶହ

  

       ൌ ቀ√2 𝑒 ഏ
రቁ

ଶହ
  

       ൌ ൫√2൯
ଶହ

𝑒 ଶହ.ഏ
ర 



Chapter One                   Complex Numbers 

19 
 

ൌ 12√2 ቀ𝑐𝑜𝑠
గ

ସ
 𝑖 𝑠𝑖𝑛

గ

ସ
ቁ  

ൌ 12√2 ቀ
ଵ

√ଶ
  



√ଶ
ቁ  

ൌ 12ሺ1  𝑖ሻ   

Example:  Find ሺെ1  𝑖ሻସ 

Solution:   𝑟 ൌ √2 , 𝜃 ൌ 𝜋 െ గ

ସ
ൌ ଷ

ସ
𝜋 

𝑧 ൌ 𝑟𝑒ఏ ൌ ൫√2൯
ସ

𝑒 ସ.
యഏ
ర   

                       ൌ 4𝑒ଷగ 

                       ൌ 4ሺcos 3𝜋  𝑖 sin 3𝜋ሻ  

                       ൌ 4ሺെ1  0ሻ ൌ െ4  

 

[8] De Moivre’s Theorem 

ሺcos 𝜃  𝑖 sin 𝜃ሻ ൌ cosሺ𝑛𝜃ሻ 𝑖 sinሺ𝑛𝜃ሻ 

Proof:  by mathematical induction 

1. If  𝑛 ൌ 1 → ሺcos 𝜃  𝑖 sin 𝜃ሻଵ ൌ cos 𝜃  𝑖 sin 𝜃 

2. Let it be true if  𝑛 ൌ 𝑘, we get 

ሺcos 𝜃  𝑖 sin 𝜃ሻ ൌ cos 𝑘𝜃  𝑖 sin 𝑘𝜃 … ሺሻ  

3. We must proof it is true if  𝑛 ൌ 𝑘  1 

Multiplying ሺሻ by ሺcos 𝜃  𝑖 sin 𝜃ሻ 

ሺcos 𝜃  𝑖 sin 𝜃ሻሺcos 𝜃  𝑖 sin 𝜃ሻ ൌ ሺcos 𝜃  i sin 𝜃ሻሺcos 𝑘𝜃  i sin 𝑘𝜃ሻ  

               ൌ ሺcos 𝜃 cos 𝑘𝜃  𝑖 cos 𝜃 sin 𝑘𝜃  𝑖 sin 𝜃 cos 𝑘𝜃 െ sin 𝜃 sin 𝑘𝜃ሻ  

ሺcos 𝜃  𝑖 sin 𝜃ሻାଵ ൌ cosሺ𝑘  1ሻ  𝑖 sin ሺ𝑘  1ሻ  

∴ It is true if  𝑛 ൌ 𝑘  1 

 ሺെ1, 𝑖ሻ 
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Note: If  𝑧 ൌ 𝑧  then  𝑧 ൌ 𝑧

భ
 and  𝑧 ൌ 𝑟𝑒ఏ ൌ ඥ𝑟

  𝑒ቀഇబశమೖഏ


ቁ ൌ 𝑧
ଵ ൗ  

is called nth െ root of 𝑧. 

Example: Calculate root of  𝑧ଷ ൌ 𝑖 

Solution:  𝑧ଷ ൌ 𝑖 → 𝑧 ൌ ሺ𝑖ሻଵ
ଷൗ  

→ 𝑟𝑒ఏ ൌ ൬1. 𝑒ቀഏ
మ

ାଶగቁ൰
ଵ

ଷൗ

  

s. t  𝜃 ൌ
గ

ଶ
 2𝑘𝜋 , 𝑘 ൌ 0, ∓1, ∓2, …  

→ 𝑟𝑒ఏ ൌ 𝑒 ഏ
ల

ା మ
య

గ  

∴ 𝑟 ൌ 1 , 𝜃 ൌ
గ


 2𝑘𝜋, 𝑘 ൌ 0, ∓1, ∓2, …  

To find the roots: 

If  𝑘 ൌ 0 →  𝜃ଵ ൌ
గ


                      (in the first quarter) 

→  𝑧ଵ ൌ 1. 𝑒 ഏ
ల   

If  𝑘 ൌ 1 →  𝑧ଶ ൌ 1. 𝑒 ഏ
ల

ା మഏ
య     (in the second quarter) 

                          ൌ cos
ହ


𝜋  𝑖 sin

ହ


𝜋  

                          ൌ
ି √ଷ






ଶ
  

If  𝑘 ൌ 2 →  𝑧ଷ ൌ 1. 𝑒 ഏ
ల

ା రഏ
య  

  ൌ cos
ଽగ


 𝑖 sin

ଽగ


 

 ൌ െ𝑖 

Note:  

1. If the complex number was raised to a fraction whether it 

was  
ଵ

ଷ
 ,

ଵ

ସ
 , … ,

ଵ


  then the number of roots is  3, 4 , … , 𝑛. In the 

above example the number of roots is 3. 
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2. 𝑧 ൌ 𝑧 has 𝑛 different roots only and they are located on the 
vertices of a regular polygon centered at the origin. 

Example:  𝑧ଶ ൌ 1  𝑖  has two different roots 

Solution: 

𝑧ଶ ൌ 1  𝑖 → 𝑧 ൌ ሺ1  𝑖ሻଵ
ଶൗ   

𝑟 ൌ √2 , 𝜃 ൌ
గ

ସ
 2𝑛𝜋  

Since 𝑧 ൌ ሺ1  𝑖ሻଵ
ଶൗ  

∴ 𝑟𝑒ఏ ൌ ൫√2൯
భ
మ ቀ𝑒 

ഏ
ర

ାଶగቁ
భ
మ
  

            ൌ √2ర  𝑒 
ഏ
ఴ

ା గ  

𝑟 ൌ √2ర  ,    𝜃 ൌ
గ

଼
 𝑘𝜋  

If  𝑘 ൌ 0 →  𝑧ଵ ൌ √2ర  𝑒 ഏ
ఴ   

                          ൌ √2ర  ቆටଵାୡ୭ୱഏ
ఴ

 

ଶ
 𝑖 ට

ଵିୡ୭ୱഏ
ఴ

 

ଶ
 ቇ      

If  𝑘 ൌ 1 →  𝑧ଶ ൌ √2ర  𝑒 
ഏ
ఴ

ା గ      

                           ൌ √2ర ቀcos ቀ
గ

଼
 𝜋ቁ  𝑖 sin ቀ

గ

଼
 𝜋ቁቁ  

                           ൌ √2ర ቀെ cos
గ

଼
െ 𝑖 sin

గ

଼
ቁ  

 ൌ െ√2ర ቀcos
గ

଼
 𝑖 sin

గ

଼
ቁ 

Note: 

cos
ఏ

ଶ
ൌ ∓ටଵା ୡ୭ୱ ఏ 

ଶ
  

sin
ఏ

ଶ
ൌ ∓ටଵି ୡ୭ୱ ఏ

ଶ
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Note:  Let 𝑚, 𝑛 ് 0 be any integer numbers, let z be any complex 
number then  

ሺ𝑧ሻ ⁄ ൌ ቀ𝑧
భ
ቁ


ൌ ൬ ඥ𝑟

  𝑒ቀഇబశమೖഏ


ቁ൰


  

                              ൌ ൫ ඥ𝑟
 ൯


𝑒 ሺഇబశమೖഏሻ

 , 𝑘 ൌ 0, ∓1, ∓2, …   

 

Example: Solve the following equation 

𝑧
ଶ

ଷൗ ൌ 𝑖 

Solution:  𝑧
ଷ

ଶൗ ൌ 𝑖 → 𝑧 ൌ ሺ𝑖ሻଶ
ଷൗ ൌ ቀ𝑖

ଵ
ଷൗ ቁ

ଶ
 

                        ൌ ሺ𝑖ሻଵ
ଷൗ ሺ𝑖ሻଵ

ଷൗ   

That is each one has three roots.  

Let  𝑤 ൌ ሺ𝑖ሻଵ
ଷൗ → 𝑧 ൌ 𝑤ଶ 

Now, we find the roots of 𝑤 

𝑟 ൌ 1 , 𝜃 ൌ
గ

ଶ
 2𝑘𝜋 , 𝑘 ൌ 0, ∓1, ∓2, …  

𝑤 ൌ 𝑟𝑒ఏ ൌ 1. ቀ𝑒 ഏ
మ

ାଶగ ቁ
ଵ

ଷൗ
  

 ൌ 𝑒 ഏ
ల

 ା మೖഏ
య

  

∴ 𝑤ଵ ൌ 𝑒 ഏ
ల

  ൌ cos ቀ
గ


 𝑖 sin

గ


ቁ , 𝑘 ൌ 0  

𝑤ଶ ൌ 𝑒 ഏ
ల

 ା మഏ
య

 ൌ 𝑒 ఱഏ
ల

  , 𝑘 ൌ 1  

𝑤ଷ ൌ 𝑒 ഏ
ల

 ା రഏ
య

 ൌ 𝑒 యഏ
మ

  , 𝑘 ൌ 2  

∴ 𝑧 ൌ 𝑤ଶ  

∴ 𝑧ଵ ൌ ሺ𝑤ଵሻଶ ൌ ቀ𝑒 ഏ
ల

  ቁ
ଶ

ൌ 𝑒 ഏ
య
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ൌ 𝑐𝑜𝑠
గ

ଷ
 𝑖 𝑠𝑖𝑛

గ

ଷ
  

ൌ
ଵ

ଶ
 𝑖 √ଷ

ଶ
  

𝑧ଶ ൌ ሺ𝑤ଶሻଶ ൌ ቀ𝑒 ఱഏ
ల

  ቁ
ଶ

ൌ 𝑒 ఱഏ
య

    

                               ൌ cos
ହగ

ଷ
 𝑖 sin

ହగ

ଷ
  

𝑧ଷ ൌ ሺ𝑤ଷሻଶ ൌ ቀ𝑒 యഏ
మ

  ቁ
ଶ

ൌ 𝑒ଷగ    

 ൌ cos 3𝜋  𝑖 sin 3𝜋 

H.w: Find the roots of ሺെ8𝑖ሻଵ
ଷൗ .                                        

 

[9] Regions in the Complex Plane 

Some definitions and concepts: 

Definition: Let z be any point in the z-plane, let 𝜖  0 then 

1. 𝑁ఢሺ𝑧ሻ ൌ ሼ𝑧 ∈ ℂ ∶ |𝑧 െ 𝑧| ൏ 𝜖ሽ  

This set is called a neighborhood of 𝑧. 

2. 𝑆ఢሺ𝑧ሻ ൌ ሼ𝑧 ∈ ℂ ∶ |𝑧 െ 𝑧| ൌ 𝜖ሽ 

This set is called sphere with center 𝑧. 

3. 𝐷ఢሺ𝑧ሻ ൌ ሼ𝑧 ∈ ℂ ∶ |𝑧 െ 𝑧|  𝜖ሽ 

This set is called the Disk with center 𝑧 and radius 𝜖. 

Definition: Let 𝑈 ⊆ ℂ, we say that 𝑈 is open set if  

∀ 𝑤 ∈ 𝑈, ∃ 𝑁ఢሺ𝑤ሻ  s. t  𝑁ఢሺ𝑤ሻ ⊆ 𝑈. 

For example:  ∅, ℂ are open sets. 

 

Definition: Let 𝐹 ⊆ ℂ, we say that 𝐹 is closed set if ℂ െ 𝐹 is open 
set. 
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Definition: An open set 𝑆 ⊆ ℂ  is connected if each pair of points 
𝑧ଵ, 𝑧ଶ in it can be joined by a polygon line, consisting of a finite 
number of line segments joined end to end that lies entirely in  𝑆.   

Definition: Let 𝑆 ⊆ ℂ, we say that 𝑆 is Region if it is open and 
connected. 

Example:  

1. |𝑧|  1, |𝑧| ൏ 1 is Region. 

2. Let |𝑧| ൌ 0 is not Region, since it is connected but not open set. 

3. ℝ ⊂ ℂ is connected but not open, since  ∀ 𝑟 ∈ ℝ , ∃ 𝑁ఢሺ𝑟ሻ contain 
some of complex points. 

Definition: Let 𝑧 ∈ 𝑆, we say that 𝑧 is interior point if there exist 
a neighborhood  𝑁ఢሺ𝑧ሻ s.t 𝑁ఢሺ𝑧ሻ ⊆ 𝑆. 

Example: |𝑧| ൏ 1 

   

  

  

Definition: Let 𝑧 ∈ 𝑆, we say that 𝑧 is exterior point if there exist 
a neighborhood  𝑁ఢሺ𝑧ሻ s.t 𝑁ఢሺ𝑧ሻ ∩ 𝑆 ൌ ∅. 

Example: |𝑧|  1 

   

  

Definition: Let 𝑧 ∈ 𝑆, we say that 𝑧 is Boundary point if ∀ 𝑁ఢሺ𝑧ሻ 
contain points from inside 𝑆 and outside it. 

 

   

  

   

 



Interior    

point 

Interior    

point 

 
Exterior    

point 

 
Boundary    

point 
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Note:  𝑆 is close set iff it contains all the boundary points.  

Example: 𝑆 ൌ ሼ ∓𝑖, ∓2𝑖ሽ, is 𝑆 open set ?  

Note  𝑁ఢሺ𝑖ሻ ⊈ 𝑆, therefore 𝑆 is not open.  

  

  

 

Example:  𝑆 ൌ ሼ𝑧 ∈ ℂ ∶ 1 ൏ |𝑧| ൏ 2ሽ  

Note   

0 is exterior point of  𝑆 

1, 2 are boundary points of  𝑆 

ቀ
ଷ

ଶ 
𝑖ቁ is interior point of  𝑆   

  

Example: 𝐷 ൌ ሼ𝑧 ∈ ℂ ∶ 2 ൏ |𝑧|  3ሽ 

𝐷 is not open set since it contain all the boundary points.  

 

Example:  𝑆 ൌ ሼ𝑧 ∈ ℂ ∶ |𝑧| ൏ 1ሽ ∪ ሼ𝑧 ∈ ℂ ∶ |𝑧 െ 2|  1ሽ    

Note 𝑆 is connected set. 

   

But if 

 𝑆 ൌ ሼ𝑧 ∈ ℂ ∶ |𝑧| ൏ 1ሽ ∪ ሼ𝑧 ∈ ℂ ∶ |𝑧 െ 2| ൏ 1ሽ,  

then 𝑆 is not a connected set. 

 

Definition: Let 𝑆 ⊆ ℂ, we say that 𝑆 is bounded set if  ∃ Disk 𝐷,   

𝐷 ൌ ሼz ∶ |𝑧|  ℝሽ such that 𝑆 ⊆ 𝐷. 

𝑖 

2𝑖   𝑁ఢሺ𝑖ሻ

െ𝑖 

െ2𝑖

2 

1  

0 

3
2

𝑖 
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Example: 𝑆 ൌ ቄ𝑧 ∈ ℂ ∶ 𝑟  1, 0  𝜃 
గ

ସ
ቅ  

𝑆 is not bounded set since ∄ Disk contain 𝑆. 

 

  

Example: |𝑧| ൌ 1 is bounded set   

 

 

 

Example: 𝑆 ൌ ሼ ∓𝑖, ∓2𝑖ሽ 

1. 𝑆 is not open set since every point of  𝑆 is boundary point. 

2. 𝑆 is close set since every point of  𝑆 is boundary point. 

3. 𝑆 is not connected set. 

4. 𝑆 is not bounded set. 

 

Definition: Let 𝑧 ∈ 𝑆, we say that 𝑧 is limit point if 

𝑁ఢሺ𝑧ሻ ∩ ሺ𝑆 െ 𝑧ሻ ് ∅ 

 

Example: 𝑆 ൌ ቄ𝑧 ∈ ℂ ∶ 𝑧 ൌ
ଵ


, 𝑛 ൌ 1, 2, … ቅ , 0 is the only limit point. 

 

  

𝜃

|𝑧| ൌ 1 


