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FUNCTIONAL ANALYSIS 

Convergence in Normed Spaces  
  Let X be a non-empty set. A sequence in X is any function from N (the set of all natural 

numbers) into X .If f is a sequence in X , the image f (n) of n Î N is usually, denoted by xn . It 

is customary to denote the sequence of the classical symbol {xn}. 

We say that {xn} the sequence of real numbers if X = R. Sometime, we write it as {x1 , x2 ,…, xn 

,..} .The image xn of n is called the nth term of the sequence.  

Note that, there is difference between the sequence and its range. For example, the rang of the 

sequence{(-1)n} is {xn : nÎN }= {-1,1}but the sequence is {xn}={(-1)n}={1,-1,1,-1, …}.  

Definition(1.32)  

A sequence {xn} in a normed space X is said to be  

1. Converge to the point x Î X , if 𝑙𝑖𝑚
!→#

$|𝑥! − 𝑥|$ = 0.		𝑖. 𝑒. 𝑓𝑜𝑟	𝑒𝑎𝑐ℎ	𝜀 > 0,

𝑡ℎ𝑒𝑟𝑒	𝑒𝑥𝑖𝑠𝑡	𝑘 ∈ 𝑍$	𝑠𝑢𝑐ℎ	𝑡ℎ𝑎𝑡	$|𝑥! − 𝑥|$ < 𝜀	𝑓𝑜𝑟	𝑎𝑙𝑙	𝑛 ≥ 𝑘.		 

𝑎𝑛𝑑	𝑤𝑒	𝑤𝑟𝑖𝑡𝑒	 𝑙𝑖𝑚
!→#

𝑥! = 𝑥	𝑜𝑟	𝑥! → 𝑥	𝑎𝑠	𝑛 → ∞ 

          It follows that xn ® x iff  || xn - x|| ® 0 

2. Cauchy sequence in X , if for every e > 0 , there exists k ÎZ+ such that ||xn – xm||<e  for all 

n, m ³ k 

3. Bounded, if there is M > 0 such that ||xn ||£ M for all n.  

Theorem (1.33)  

In a normed space X and A Í X 

1. limit point of sequence is unique. 

2. Every convergence sequence is Cauchy sequence, but the converse not true. 

3. Every Cauchy sequence is bounded, but the converse not true. 

4.Every convergent sequence in the normed space X is bounded. 

5. xÎ𝐴̅ iff there exists a sequence{xn}in A such that xn ® x.  

6. If a Cauchy sequence in X has a convergent subsequence, then the sequence is convergent. 

7. If {xn} and {yn } are Cauchy sequences in R , then {|| xn - yn ||} is convergent in R.  

Proof: 

1-Suppose that xn® x  and xn® y  s.t. x ¹ y, and put || x-y || = e ®   e >0 
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since   xn® x  Þ $ k1ÎZ+ s.t.  || xn – x|| < e /2  ,  " n > k1 

and     xn® y  Þ $ k2ÎZ+ s.t.  || xn – y|| < e/2  ,  " n > k2 

put k=max{k1, k2}. Then || xn – x|| < e/2   ,  || xn – y|| < e/2    " n > k. 

e = || x-y || = || (x - xn) + (xn – y) || ≤ || (xn -x) ||+|| (xn – y) || < e/2 +e/2 =e !  

and this contradiction then x=y. 

2- Suppose that {xn} is a convergent sequence in the normed space X, then $ xÎX  s.t.  xn® x 

Let e >0 , since xn®x Þ $ kÎZ+  s.t. || xn –x || < e/2  "n >k 

If n,m ≥ k ,then  || xn - xm ||=|| (xn –x)+(x- xm )||≤ || xn –x||+|| x- xm ||< e/2+e/2=e  

Then {xn} is a Cauchy sequence. 

Remark: 

The converse to above theorem may not be true. For example: 

Let X= IR-{0}, {xn} = {1/n }  

{xn} Cauchy convergent sequence in IR 

Since IR complete Þ {xn} = {1/n} ® 0 convergent in IR 

But {xn} not convergent in IR-{0} , since 0 Ï IR-{0}. 

3- Let {xn} be a Cauchy sequence in X 

Given e=1, $ kÎZ+ s.t. || xn – xm || < 1, "n, m > k. 

Let m = k+1 Þ || xn – xk+1 || <1 

Since | || xn|| – || xk+1 || | ≤ || xn – xk+1 || < 1 

Þ | || xn|| – || xk+1 || | < 1 Þ  || xn|| < 1 + || xk+1 || , "n>k 

Put M = max { || x1||, || x2||, … , || xk||, || xk+1||}  Þ || xn || ≤ M , "nÎZ+. 

4-Let {xn} be a convergent sequence in X Þ {xn}  a Cauchy convergent sequence in X 

Þ {xn} bounded. 

H.W. prove 5,6 and 7 

Theorem 1.34.: Let X be a normed space, { xn }, { yn } be a sequence in X such that xn® x0, 

yn® y0, then: 

1- xn± yn® x0± y0 

2- || xn || ® || x0 || 

3- || xn - yn || ® || x0 - y0 || 
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4- axn ® ax0      "aÎF 

Proof: 

1-  Since xn®x0, yn®y0, then: 

  if e > 0 

$ k1(e) Î Z+  s.t.  || xn- x0 || < e / 2 , " n > k1(e) 

$ k2(e) Î Z+  s.t.  || yn- y0 || < e / 2 , " n > k2(e) 

Define k3(e)= max { k1(e),k2(e)} 

|| (xn+ yn) – (x0+ y0) || = || xn+ yn – x0- y0 ||  

                                  ≤ || xn- x0|| + || yn- y0|| 

                                  < e / 2 +e / 2 =e , " n > k3(e)  

® xn+ yn® x0 + y0 

2- Since xn® x0 T.P. || xn || ® || x0 ||  i.e. T.P. | || xn || - || x0 || | ® 0 

By Theorem (1.13.)-4 : | || xn || - || x0 || | ≤ || xn - x0 ||    ….. (1) 

Since  xn® x0 ® || xn - x0 || ® 0  …..(2) 

By (1) & (2) we get:  | || xn || - || x0 || | ® 0   

Then  || xn || ® || x0 ||   

3-  T.P. || xn - yn || ® || x0- y0 || , i.e. T.P. | || xn - yn || - || x0- y0|| | ® 0 

Since  xn® x0  Þ || xn – x0 || ® 0 

&  yn® y0 Þ || yn – y0 || ® 0 

| || xn - yn || - || x0- y0|| | ≤ || xn - yn - x0+ y0 || 

                                      ≤  || xn – x0 || + || yn- y0|| 

Þ | || xn - yn || - || x0- y0|| | ® 0   Þ  || xn - yn || ® || x0- y0 ||  

4- ||axn-ax0||=||a ( xn –x0)|| = |a| || xn –x0||  

since || xn-x0||® 0  where n® ∞  Þ   ||axn-ax0||® 0 where n® ∞ Þ  axn ® ax0       

Definition 1.35.: Let X be a normed space, x0ÎX, a function f is said to be continuous at x0 if: 

" e > 0, $ d ( x0, e) > 0 s.t. || f(x) – f(x0) || < e  whenever || x - x0 || < d . 

Theorem 1.36. : Let X, Y be two Normed space, a function f : X ® Y continuous at x0 ÎX iff 

for each sequence {xn} in X such that xn ® x0, then f(xn) ® f(x0 ). 
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Theorem 1.37.: Let X be a normed space, A subspace in X, then the two following statements 

are equivalent: 

1- A is bounded. 

2- If {xn} seq. in X and {ln} seq. in F such that ln®0 as n ®¥ , then xnln® 0 as n ®¥. 

Proof: 

T.P. 1 ® 2 

|| xnln – 0|| = || xnln || = | ln| || xn || ® 0.     as n ®¥. 

T.P. 2 ® 1 

Suppose A unbounded  

i.e. $ xnÎA s.t. || xn || > M , " nÎZ+ 

put ln=1/n ® 0 as n ®¥ 

but lnxn ® 0  C! 

then A is bounded. 

Definition 1.38.: The linear vector space X /Y is called quotient or factor space formed as 

follows: 

The elements of X / Y are cosets of Y {sets of the form x + Y for x Î X}. The set of cosets is a 

linear v. space under the operations: 

(x1 + Y ) Å (x2 + Y ) = (x1 + x2) + Y; 

l(x + Y ) = lx + Y. 

     So for example Y + Y = Y and lY = Y for l ≠ 0. Two cosets x1 + Y and x2 + Y are 

equal if assets x1 + Y = x2 + Y , which is true if and only if x1 + x2 Î Y .  

Definition 1.39.: A quotient vector space X/Y is called quotient normed space if there exists 

norm define on X/Y. 

Theorem 1.40.: If X is a normed space, and Y is a normed linear subspace, then X/Y is a 

normed space under the norm: 

|| x + Y || = inf {|| x+y || : yÎY}.  H.W. 

 

 


