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Interpolation and Extrapolation

Introduction
If we have a finite set of unknown function values

f(x0), f(x2), f(x2),-+, f(x,,,) and want to guess value of the function at point
x* ,if point x *falls within the range of points{r,}, i =0.1,2, 4xthen the process

is called The interpolation and reverse called the extrapelation

There are several mathematical methods used in this.field
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1- Lagrange polynomial

Let f be a real andycontinuous function in interval[a, b] and its values are
known in the points xy, xq, X5, ***, X, Which are numbered m + 1. To guess value
of functionvyin one or several new points, we close the function to polynomial
from/class m Consistent with the function in the given points and thus find a new
polynomial and make up the points needed to find their images .
b pall X, 200, Xg, 00, Xy B 3485 pa lewdy [, b] Bl (85 jalinue g e Alla f (S
O 253 508 ) AlA (Mely o s Byaa Laliisac ol saalgddaty 4 f A dad gueaid m + 1

@




S

S

2l Jasll - asll @l> o - Ssac Jul= o> (6895 au,l o]
Sl pod - pinpdl ol 188,001 polall @il @S — slags asols

o 3O TGl (s oS5 B g0 S e shall Ul 5 Slanall g alial) 8 A e 8 i 3
-u’)}‘aé‘; JJ:’JS

The general formula of polynomial P,,(x) ( Lagrange polynomial)
(@) oM il sy 3 gaal) aaxia) 3 gaal) 5_iSt dalad) dagpal)

P(x) = Zf( »ﬂ ((f; o
l:#]

f (x) = Pp(x)
B (x = 2)(x = x3) =+ (x — X3)
=/ (x) (x0 — x1) (xg — x2) - (X0 — Xpy)
FQ) (x = x0) (x — x3) -+ (x — x,)

(1 — x0) (1 — x2) -+ (%1 — Xp)
(x = x0) (x = xg) 'y (X = Xpp—1)
xl)(xm _ x2) (xm - xm—l)

o fOom)

And to find f (x ) without knowing form 0f the function we use the following

. (x" %)
law P (x™) = X750 f (%)) H:no(x Zx)
i%] y

(x" = x) (" — 2) ¥ (X" — xp) FFG) (x" = xp) (X" = x3) -+ (X" — Xp)
(x0 — x1) (g =%5) -+ (xo — Xpy) - (1 = x0) (X1 — x2) - (X1 — Xppy)

+f(xm) (x xo)(x xl) (x —Xm— 1)

Com—x1) (xm—%x2)"-(X*m—%m-1)

Bn(x™) = f(x0)

Note:-
1-Lagrange polynomial give a exact result at any point from the table points
because the function is consistent with the polynomial in the table points.

2¢ We'use Lagrange polynomial in both cases Interpolation and Extrapolation.
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Example 1:
Find the form of function f(x) and then find f(1.5), f(3.7), f(0.65) of the

following table and using Lagrange polynomial
X 1 1.2 2
y 0 0.1823 0.6931

Solution:
P(x)= if (x )ﬁm
? j=0 / i=0 (xj —Xl.)
_ (x —x1)(x — x3) (x — x0) (x = %) (x — x0) (x — x1)
F2(x) = (x0) (%0 — x1) (X0 — x2) ) (%1 — x0) (x D %2) TS (2 — x0) (%2 — x1)
(x—1Dx-2) (x<D(x-1.2)
P,(x) =0+ 0.1823 Az2-D(2=2) + 0.6931 oD =12

P,(x) = —0.273x% + 1.5121x — 1.2891. >

f (1.5) = P,(1.5) = —0.273(1.5)%% 1.5121(1.5) — 1.2391 = 0.4148.

f (3.7) ~ P,(3.7) = —0.273(37)% + 1.5121(3.7) — 1.2391 = —0.6183.

£ (0.65) ~ P,(0.65) = +0.273(0.65)% + 1.5121(0.65) — 1.2391 = —0.3715.

Find £(1.7), £(5), f(2.5)?

To find~the function
N ) —x) G — x0) (x — %)
FR~ P = f 00 G e — ) T Y G —20) G — )

(x — x0) (x — x1)

+
f(xz) (X2 — x0) (X2 — x1)
_ (x=1.7)(x-3) (x—-1.1)(x-3) (x—1.1)(x—-1.7)
o f(l'l) (1.1-1.7)(1.1-3) t f(1'7) (1.7-1.1)(1.7-3) t f(3) (3-1.1)(3-1.7)
3
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(x=1)(x—1.2)
(2-1)(2-1.2)

(x—1D(x—-1.2)

. (x—1.2)(x-2) (x—1)(x-2)
= (0) (1-1.2)(1-2) +(0.1823) (12-1)(1.2-2) +(0.6931)
=(0) +

(0.1823) _ _ (0.6931)
(1.2-1)(1.2— 2)( Dx-2)+ (2-1)(2-1.2)
_ (0.1823) (x2 (. 6931)
0.16

—3x+2)+——=(x?—-2.2x+ 1.2)

f(x)=-0.273x%+1.5121x— 1.2391.

Example 2:

Find f (2.3) of the following table and using Lagrange polynomial-without
knowing form of the function

x | 1.1 1.7 3

y | 0.6 152 | 20.3

Solution:
P(x") = Bieo f ) Mo (=0
i#]
£(2.3) ~ P,(2.3)
_ (2.3 — x,)(2.3 —{x,) (2.3 —x4)(2.3 — x3)
AT Ter e S A oy Teapmprny
(2.3 =) (238 — x1)
) G, —
((23-17)(23-3) (23— 1.1)(2.3 - 3)
P(23) = (1 % 147)(1.1 - 3) +15.2 (1.7 — 1.1)(1.7 = 3)

(2.3 -1.1)(2.3 - 1.7)
(3-1.1)3-1.7)

f (23) & P,(2.3) = —3.9053 + 16.3692 + 5.0174 = 18.3813 .

+ 20.3

S
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Find £(1.7), f(5), f (2.5)?

To find the function
N _ (x —x)(x — x3) (x — %) (x — x7)
f G~ P (%) = fxo) (0 — x1) (%o — x2) ) (1 — x0) (x1 — x2)

(x = x0) (x — x1)
(2 — x0) (X2 — x1)

_ (x=1.7)(x-3) (x=-1.1)(x-3) (x=1.1)(=17)
- f(ll) 1.1-1.71.1-3) + f(17) (1.7-1.1)1.7-3) + f(3) B-1L1H3B~ND

= (10.6) =Z=2D&=) | 150y &LDGS |, 50 3y &-LD1T)

+f(x2)

L1-1.7)(L.1-3) (L7-1.1)(1.7-3) B-1.1)(3-1.7)
= %(" — 17 =3)+ %(x —1.1)(x = A %(x —11D)(x -
1.7).
=100 2 475 451)+— B (% 41x+33) + —20D) (52— 28x+
(1.1-1.7)(1.1-3) (1.7-1.1)(1.7-3) (3-1.1)(3-1.7)
1.87).

= (9.2982)(x2 — 4.7x + 5.1) — (19.4872)(x% — 4.1x + 3.3) + (8.2186)(x2 — 2.8x + 1.87).

= (9.2982 — 19.4872 + 8.2186)x2 + ((972982)(—4.7) + (—19.4872)(—4.1) +
(8.2186)(—2.8))x + ((9.2982)(5.1),4(219.4872)(3.3) + (8.2186)(1.87)).

f (x) = —1.9704 x* + 13.1839.x —»1.518158.

Example 3:
Find the function of the following table by using Lagrange polynomial and find

£ (0.35), £°(1°15), f (=0.15),

x | 0 | 025 0.5 0.75 1
y | 1 1.0625 | 1.25 | 1.5625 | 2




S

=)

2l Jasll - asll @l> o - Ssac Jul= o> (6895 au,l o]
Sl pod - pinpdl ol 188,001 polall @il @S — slags asols

Solution:

To find the function P,(x*) = Z] of(x}) Hl 0 O )

(x -X;)

i£j
(r — 21 (x — 1) (x — 23) (x — )

J O = P = 1 0) i 5 e = 25) (ko — ) (o — )
O — x0) (6 — 1) (x — 23) (x — x4)

) G ) G — 20 — 1) Gr — )
( xo)(x xl)(x x3)(x - x4)

T ) G T3 Ger — )t — x9)Crs — x3)
( xo)(x xl)(x xz)(x - x4)

) 2 (s — 20 (s — 1) (3 — x2)
+ () ( - xo)(x - xl)(x xz)(x - x3)

(x4 — x0) (xq — 1) (x4 — x2) (x4 — X3)
(x—0.25)(x —0.5)(x—0.75)(x— 1)
(0—10.25)(0—0.5)(0—0.75)(0—1)

(x—=0)(x—0.5)(x =0.75)(x — 1)

+ (1.0625)

(0.25 — 0)(0.25 — 0.5)(0.25.~ 0.75)(0.25 — 1)
(x—=0)(x —0.25)(x=0.75)(x — 1)

(0.5 — 0)(0.5 — 0225)(0.5— 0.75)(0.5 — 1)
(x—0)(x +-0.25)(x — 0.5)(x —1)

+ (1.25)

* (5623) (675 — 0Y[0.75 — 0.25)(0.75 — 0.5)(0.75 — 1)

(x—=0)(x —0.25)(x — 0.5)(x — 0.75)

D a0 120251 =051 = 075)

= (—0_09375) (x =£0.25)(x — 0.5)(x — 0.75)(x — 1)

21.0625

K ( 0234375> O)(x - 05)(x - 0.75)(x — 1)

1.25

+(0 015625) —0)(x = 0.25)(x = 0.75)(x — 1)
~1.5625

+ (o 0234375> = 0)(x = 0.25)(x = 0.5)(x — 1)

* (o 09375> — 0)(x — 0.25)(x — 0.5)(x — 0.75)
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= (10.666667) (x* — 2.5x% + 3.3125x2 — 1.625x + 0.9375) + (—45.3333333) (x* —
2.25x3 + 1.625x2 — 0.375x) + (80)(x* — 2x3 + 1.1875x2 — 0.1875x) +
(—66.6666667) (x* — 1.75x3 + 0.875x% — 0.125x) + (21.333333) (x* — 1.5x3 +

0.6875x2 — 0.09375x).
=(0)x*—(0)x3+ (D)x%2—(0)x+1=x2+1.
f(x)=x*+1.

To find f (0.35), f (1.15), f (—=0.15),

f(0.35) = P,(0.35) = (0.35)2 + 1 = 1.1225.

f (1.15) = P,(1.15) = (1.15)% + 1 = 2.3225

f (=0.15) = P,(—0.15) = (—=0.15)?> + 1 = 1.0225

Homework

Find £(1.2), f(—0.5)?

Finite differences with 'peints equidistant from each other
L Laad alas) 44 gluciad) Jal8il) cld dgitalf <l g Y

Let f be a real function whose values are known in m + 1 points of equal
dimensions xg, X1, X5, ***, X, and that have known images
f(xo), f(x1), f(x3), -, f(x;n) OF Vo,Y1, Y2+, Y definite the first difference at
the point-x, .
W5 X, 2, Xg, o0, Xy S A slasia Bli & 4 1485 jme L (585 Aia Al f (S
- XAl 038 (3 ISV Gl 3 Sl g, 1, 5,0, Y M ne D sea
Af (xo) = f(x1) — f(x0) = Ayo = Y1 — Yo
Ayo =y1 = Y0, AY1 = Y2 = Y1,AY2 = Y3 = Y2, AVm-1 = Ym — Ym-1
defined the second difference as follows:-
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Azyoz =AAY) = Ay =AY = Vo —y) — 1 —Y0) = Y2 — V1 — V1 + Vo

= A%y =y, — 2y1 + ¥0l%y1 = A(Ay,) = Ay, —Ayy = (V3 — y2) — (V2 — Y1)
=yY3 =Y, — Yo+ Y1 248%y; =y3 =2y, + 0

Ay, = Vigo — 2Yi01 + )’;'C =12, ,n—2.

In general Ay; = ?:o Q ) (_1)jyi+k—j

Table of differences
Xo Yo
= Ayo ,
X A
1 V1 R y{A X
" A yQ\A 4
X2 Y2 A2y1 NYo ;
Ay, AS)’1 A A Yo
X3 Y3 A%y, Ay,
Ays , A%y,
X4 V4 A,
Ay,
X5 Ys
Divided Finite differences to three types:- EBl L) dagiital) (39 A andis
-;&\\9.1'\
1- Forward differences “29...13:4\ <8 g Al
2- Backward differences 4wl sill cild g il
3- Centraldifferences 4338 pall il g LAY
1-‘Forward differences daadil) cild g i)

To find an image point located at the beginning of the table we use the Forward
difference. o)) a3 Apeasill uld 4 ,all PRERY Jsaadl ol = 33 g2 gall 3y guall dady e Siall

Ayo=Y1—Yo=2Y1=Yo+tAyo =y = (1 +A)y,

8
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Vo=y+Ay, =y, =(1+A)y, =y, =(1+A) v,

Ym = (1 + A)m Yo
We get ¥, = Xkeo (Zl) Aky,

Ym = f (X0 + mh)

m(m-—1) 2 m(m—1)(m-—2) e

:)’0+mﬁ)’0+T Yo t 30 Yo
mm—-—1D(m—-2)(m—-—3
GV G G Y
4!
__ Xm—Xo
T h

Example 4:
Find £ (0.3), £(0.8), f(1.2) of the following table use the forward difference.
x [0 1 2 3 4
y |1 2 9 28 65

Solution:
Table of the forward diffetence.differences

X y A AZ A3 A4
0 1
\\1
~

1 2 A G

7 6
2 9 12 A0

19 6
3 28 18

37
4 65




&)l Jasll - asldl al>,0 - Syae Jud=i Juo> 81995 gu,l ..
Olowl=dl puud - pingdl (ol /a8,:a)] pglel) au sl adS — slasy asels
m = Xm—Xo —m = 0.3-0 — 0'3’
h 1
-1 -1 -2
f(x) = fxo +mh) = yo + mAy, + ZE A%y, + TEIED NSy o
m(m—l)(r:—z)(m—s) A4y0 +
£(0.3) =1+ (0.3)(1) + (0.3)((2).3—1) (1) + (0.3)(0.3—61)(0.3—2) ) .
£(0.3) =1+0.3—0.63 + 0.357 = 1.027.
Table of the forward difference
0 1
1
1 2 6
7 6
2 9 \12\ 0
19 ™6
3 28 18
3
4 65
m= @ =m= 0'81_1 =-0.2,
-0.2)(—-0.2-1 -0.2)(—0.2-1)(—0.2-2
£(0.8) =2+ (—0.2)(7) ¥ E22E2ED (12) 4 EEDEZDERID (45

£(0.8) = 2 — ¥4% 144 — 0.528 = 1.512.

Xm—X 1.2-1
m="2 = m =

= 0.2,

(0.2)((2).2—1) (12) + (0.2)(0.2—61)(0.2—2) 6) .

£(1.2) =2+ 1.4 — 0.96 + 0.288 = 2.728.

F622)=2+(0.2)(7) +

10
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To find the function

_ Xm — Xp _ _x—=0
. & m_(ll)_x (m-1)(m-2)
m(m m(m-1)(m-
f) = yo + mAy, + o= APyy + T A%y, +
m(m—-1)(m-2)(m-3) A4y0 +

4!
fO) =1+ @@+ 22 (1) + DEDED (6) = 1 4 x + 352 ~ G+

x3=3x2+2x=x3+1. f(x)=x3+1

Example 5:

Find f~1(1.64), f ~1(0.18) of the following table'use'the forward differences .

Solution:
Table of the forward differenee.differences

x y A AZ A3 A4
1 0~
0.7,
2 | 07 -0.3-]
0.4 0.2 |
3] 11 0.1 S
0.3 0 | 02
4 |14 0.1 Jog
0.2 0
5 | 16 0.1
0.1
6 | 1.7
11
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m=% o m=t 1,
h 1
m(m-1) m(m-1)(m-2)
f(x) = f(xg +mh) =y, + mAy, + " Ay, + TABYO +
m(m—-1)(m-2)(m-3) , 4
" Ayg+....
FOO) =0+ (x— 1)(0.7) + Z2X=D (g 3y 4 GDEDE3) 9y 4

2 6

(x=1)(x—2) (x=3)(x—4) (_0 Zdae)
24 )

f(x) =0+0.7x + 0.7 — 0.15x% + 0.45x — 0.3 + 0.0333x3 — 0.2x% +.0.366Zx — 0.1999.

£(x) = 0.0333x% — 0.35x2 + 1.5167x + 0.2001.

f(x) =0.0333x3 — 0.35x2% + 1.5167x + 0.2001(= f(x) = 1.64
= [f1(1.64) =?
= 1.64 = 0.0333x3 — 0.35x% + 1.5167x + 02001.
= 0.0333x3 —0.35x% + 1.5167x — 1.4399 = 0
=

sl s F71(1.64) = 5.296.

F(x) = 0.0333x3 — 0.35x2 +1.5167x + 0.2001 = f(x) = 0.18
= £-1(0.18) =?
= 0.18 = 0.0333x3 — 0.35x2 ¥ 1.5167x + 0.2001.
= 0.0333x% — 0.35x2 + 1,5167x + 0.0201 = 0
=

ol s £71(0.18)= 12,

Find £(0.7), f(2:3), f(4.2), f~1(10), f~1(30) of the following table use the
forward difference and find To find the function .

x [0 5 10 I5 |20 | 25
y |7 ] 11 14 18 | 24 | 32

12
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2-Backward differences dan) il cild g Al

To find an image point located at the end of a table we use the Backward
differences as follows

Sl sl e dana) 1l i) 13 o sad) Bl b @58 e A o sl
VY1 =Y1 =Y, VY2 = Y2 = Y1, VY3 = Y3 = Y2, VVin = Y — Ym-—1
szm = V(vym) = VY = Vym-1 = (ym - ym—l) - (ym—l - J’m—z)
= V2Ym = Ym = 2Ym-1 + Ym—2-

k .
= Voym = Zo (I ) =D’y

2 .
Vv, = 5heo ;) <0y = (B) <009+ (3) c0m + (B) -0 L5 — 231+ 0.
From the definition we notice:-
Ayo = Vy_1, A’y = V2y_y, Ay, = V3y_,
Vyi=yi—Yie1 2 Y1 =¥ — Vy; = (1 = V)y;
Vier=(A=-Vy; =y, =10-V"1y,4
And Ay, 1 =Y — Y12 Yi =Yic1 t Ay S @+ ANy =2y =
1+A)yi—,

So [(1-V) " =(1+4A)

k .
In general A%y, = X0 () (<1 gk

Table of differences

x y Vv V2 V3 V4 Vo
Xo Yo

Vyo
X1 V1 szO

vy, 3y,
X2 V2 vy, vy,

Vy, iy, —1 VS}’O
X3 V3 V2y, P vy,

Vys == 3y,
X4 Va P 4 V2ys

i Vy4

X5 Vs

13
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mm+1) _, m(m+1)(m+2) .
Ym = f(xo +mh) =y, + mVy, + TG 30 V°¥o

m(m+1)(m+2)(m+3)
4!

+ iy, + -

Example 6:

Find f(3.8), f(3.2), f (2.8) of the following table use the Backward difference:

x |0 1 2 3 4
y | 1 2 9 28 65

Solution:
Table of the Backward difference.

x y vV | V? v3 v*
0 1
1
1 2 6
7 6
2 9 12 50
19 .6 -
3| 28 CTvis -
v 34
4 65
m = Xm—Xo —m = 3.8-4 _ _0.2,
h 1
() = f(xo +mh)= yo + mVy, + H2v2y,  TEEDIEED gsy
m(m+1)(m+2)(m+3)
A Vi +....
f(3.8) =65+ (—0.2)(37) + w(w) 4 (S0D)(20.241)(-02+2) ) .

6
f(3.8) =65—-74—1.44— 0.288 = 55.872.

Table of the Backward difference

14
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o> (8993 2wyl 5.

X y % V2 V3 V4
0 1
1
1 2 6
7 g 6
2 | 9 2 - 0
19 7] 6
3 28 | 18
37
4 65
m="% =323 _ g2,

h
£(3.2) = 28 + (0.2)(19) + £202+D

2 (12) +

f(3.2) =28+3.8+1.44+ 0.528 = 33.768.
Xm—Xo 2.8-3

m=="—"-— =m-= = —032,
h 1

£(2.8) = 28 + (=0.2)(19) *

(=0.2)(-0.2+1)
2

f(2.8) =28—-3.8—0.96— 0.288 = 22.952.

To find the function
Xm =Xo x—4
= m =
L (m+1)
m(m+
f @)=y + mVy, + o V2y, +

=x—4

m =

m(m+1)(m+2)
3!

f(x) =65+ (x—4)(37) +

(18) +

(0:2)(0.2+1)(0.2+2) (

(12) +

V3y0 +

(—0.2)(-0.2+1)(—0.2+2) (

m(m+1)(m+2)(m+3)

4!

(x =4 x—3)(x—2)

(x —4)(x—3)
2

=65+37x —148+9x%2 —63x + 108+ x3 — 7x%2 4+ 12x — 2x%> + 14x — 24 =x3+1

fx)=x3+1.

15
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Find £ (20.3), f(24.8), f(23.2), f~1(22), f ~1(30) of the following table use the

Backward difference and find To find the function .
x [0 5 10 15 | 20 | 25

y |7 ] 11 14 18 | 24 | 32

3- Central differences 38 sall il g 1

To find a point image located in the center of a table or n¢arthe center, we use
Central differences as follows:

ol LS A 38 el (5 ) padiuas  JS el (ge il o ol Doy 3 @i Ak 3 ) gea Jlo ) siall

s A Example

6y = Yipl =Yt 0y3&= Yi&ys

2

Al Example
5)’”% =VYi+1 — Vi—1 > 53’% =Y2—"NN

8%y; = 6(8y) =6 (y”% - yi_é) > Syi% - Syi_% = YVir1 —¥) — i — yi—1)-
523’1’ =Vi+1 — 23’1 + yi_l,Vi =0,+1,+2, ..

633@-% = 6%yi1 5 8%y

8%y = 6(6%1y) = 8% 1(6y) = 82 (Vi1 — Y1) — Vi — Yic))=. ...

16
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&l ol - aulll ad> 0 - S>ac Jud=i o> (3.99 2wl ™
Olwll pond - psupll (ol /88 ,0)l polell au sl &S — Slae asol>
X y 5 52 53 5* 5°

X0 Yo
8 Yo
X1 V1 8%y,
Sy1 8%y,
X2 Y2 52)’1 8*yo
5y, 83y, 553’0
X3 Y3 5%y, 8y,
8y3 5%y,
X4 Va 5%y3
0V
X5 Vs

f(x) = f(xo +mh)

m(m—1)
=Y+t méy1+ ————
2

2!

m(m —1)(m — 2)
3! 2

5%y,

There are two formulas for finding central poifit images:- B 4l ) pa e J pasll (Urna cllia
4384l

1-Besssl’s formulas 4 S pall Jaw dpa
Its general formula ;- Al 43Gca
1 -1 -1)(m-05 Z-1)(m-2
Y = HyL+ (m - _) Sy1 + mig )udzyz + mim = m -~ 05) &y1 + mm’ = Vi )#54yz
m 2 2 2 2! 2 3! 2 4! 2

2- Stirling’s formulas 48 el i s fonan

Its general formula :-  4lall Aapa
m? m(m?—-1) m*(m*-1) _,
Ym S ot muoyo + -0y +————u8%y + 2 6%yo + -
Note:-
Yit1+Yi Example V2 +y
Wy == uyr ==,
. . Example .

1y, = yl+;+yl Uys = @ , U is the average

2 2

17
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&l ol - aulll ad> 0 - S>ac Jud=i o> (3.99 2wl S
Olewl=l pud - piapdl (ol /a9, polel) il &S — slasy asoel>

0y, 1+8y, 1 62yi+1+52yi—1

Uoy; :—22 25 ud?y; :—22 :

Example 7:

Find f(2.4) of the following table use the forward difference.

x 0] 1 2 |3 |4 |5
y 5| 6 | 13 32 | 65 | 130

Table of the forward difference. Besssl’s formulas A S el Jowy dpa
Its general formula :-  Zalall dasa
1 -1 -1 =05 2-1)(m-2)
Y = HyL (m - 5) Oy + m(ﬂ;! )H(SZ)’% + mlm )3,(m ) 533/% + mim " (m u54y%
+ e
X y 1) 52 53 54
0 5
1
1 6 6
7 6
S R S P
v
3y [ 327 M8 TR o
37 6
4 65 24
61
5 130
m=tme g 242y
1 m(m —1 m(m—1)(m — 0.5
Y =uy1+(m——)5yz+¥u52yz+ ( X )533@
2 2 2 2! 2 3! 2

18
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&)l Jasll - &gl al> e - o Lo o> 890 2l o]
ol pond - piapdl ool 7880l plel) &yl &S — slag) asols
13 + 32 0.4(04—-1) (12 +18

Y2u =" + (04 - 05)(19) + —— ( - )

, 0404 - D(0.4 - 05)

(6).

6
You = 22.5 + (=1.9) + (=0.12)(15) + 0.024 = 22.5 — 1.9 — 1.8 + 0.024.
y2_4_ = 18.824‘

Stirling’s formulas 4 58 pal) il i e

Its general formula :-  4alall A32ua
m? m(m*—-1) . m?*(m?—mM),,
Ym = Yo +mudyo + -0y + 40"y, + 2 6%y + -
x y ) 52 53 5*
0 5
1
1 6 6
2 | 13 I TR o
TR R N6
3 32 18 0
37 6
4 65 24
61
5 13Q
m? m(m? -1) m?(m*—-1) _,
Ym = Yo + Mudyo = 0°yo + ————— K07y + 2 6%y + -
7419\ (0.4)2 0.4((04)2 —1) /6 + 6
y2_4=13+(0.4)< . )+(2) (12) + « 6) )( . )

Vou = 13% (0.4)(13) + (0.16)(6) + (0.4)(—0.84) = 13 + 5.2 + 0.96 —
0.336.
y2_4_ = 18.824.

To find the function

Xm — Xo =>m=x—2
h 1

m= =x—2

19
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1) A4Sl Juss fnaa
B 1 mm-1) m(m—1)(m—0.5) ,
y’”_“y%+(m_§)832'§+ o MOyt 31 b

-1 -2
+m(m )(m )M

41
Va2 = 4 (x — 2 - 0.5)(19) + EREED (I8

2 2
(x—2)(x—-3)(x—2-0.5)
) (©).

4‘yl + ‘e
2

Vs =225 + (x—2.5)(19) + (x —2)(x —3)(7.5)
+ (x — 2)(x — 3)(x — 2.5).

Vyez = 22.5 +19x — 475+ 7.5x% —37.5x + 45 + x3 — 7.5x% + 18:5x — 15.

fx)=x3+5.
2) A 38 pall il i s
2 m(m? — 1)ty m*(m*-1) _,
Ym = Yo + mudy, +j5 Yo + 2 16y, a1 6%y +
7+ 19 —2)? -2 -2)2-1)/6+6
yx_2=13+(x—2)( : )+(x2 Y & )((x6 ) )( _ )

Ve =13+ (x—2)(13) + 6(x24x +4) + (x — 2)(x? —4x +4— 1)
Vyp = 13+ 13x — 26 + 6x? = 24x+ 24 + x3 — 6x% + 11x — 6.

f(x) =x3+5.

Example 8:

Find f(1.1) and f (1.5)of the following table use the forward difference.

-2 -1 0O [1 ]2 |3 4 5
y | 15 0O |-1 |0 |I5 |80 |255 |624

>

Solution:
Table of the forward difference. Besssl’s formulas 438 ) Jows e
Its general formula :- Aalall dizpa

20
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Ym = MY+ (m-3) 5ys + T 2+ moUEmY s 1+ T s
X y ) 52 53 54
-2 15
-15
-1 0 14
-1 -12
0 -1 2 24
1 12
1 0 \15 14 — ) o4
PN ~
2 15 7 50 — 24
65 60
3 80 110 24
175 84
4 255 194
369
5 624
m=xmh—_x° —m=221_01
=y () ¢ POy TRy, T Bty
0+15 0.1(0.1—1) /14 + 50
Yy q = 4 (01— 05)(15) + 2101~ D) ( - )
0.9(0.1 — 1)(0.1 = 05 0.1)((0.1)% = 1)(0.1 = 2) /24 + 24
\ ( )( )(36)+( )((0.1)* — 1)( )( )
6 24 2
yl.l = 0.464‘1.
m=£’%x° —m=2"t_0s5.
0+ 15 05(05—1) /14 + 50
i = + (05— 05)(15) 4 2305~ ( 2
0.5(0.5 — 1)(0.5 — 0.5 0.5)((0.5)% — 1)(0.5 - 2) /24 + 24
s ( )( )(36)+( )((0.5)* — 1)( )( )
6 24 2
V15 = 4.0625.

21
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Stirling’s formulas 48 pal) iy dsa

Its general formula :-  4lall Aara
m? m(m?—-1) m*(m*>-1) _,
Ym = Yo + mudyo +—r 0y +—————H0"yo + 2 6%y + -
x y 1) 52 53 5*
-2 15
-15
-1 0 14
-1 -12
0 -1 2 24
AT 12
1 0 v14 —| %24
S | —
5 36
2 15 50 24
65 60
3 80 110 24
175 84
4 255 194
369
5 624
m? m(m? —1 m*(m? — 1
Ym = Yo + mubyo +—-6"7y +¥H533’0 + I 2 )543/0 + o
~ 15y (0.1)2 0.1((0.1)% — 1) /12 + 36
yia = 0+ (0.0 22)+22 (14) + —— (===
01 0.1) -1
L ODO.D* -1 (24)

24
v, = 0% 0.8+ 0.07 —0.396 — 0.0099 = 13 + 5.2 + 0.96 — 0.336

y1_1 = 04641

1+ 15 0.5)2 0.5((0.5)2 —1) /12 + 36
y1_5=0+(0.5)(+2 )+(2) 14y + 22U 6) )( er )
0.5)2((0.5)%2 —1
+( )((24) )(24)

v, s = 4.0625.

22
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To find the function
_ Xm — Xo _x—1
m=— =m=

N ES IR

=x—1

1 mim—1 m(m—1)(m—0.5
Ym =uyz+(m——)5y1 guﬁyﬁ ( X )633/1
2 2 2! 2 3! ;
m(m? —1)(m -2
N ( )( ) y L.
4!
Vo= 4 (x-1-05)(15) + - I)Z(H) (=2)+ (x_l)(x_zg(x_l_o's) (36) +

(=) ((x— 1)2—1)(x 3) (24+24)

24 2

v, =75+ x-15)15) + (x-1D(x-2)16) + (x - D(x - 2)x25)(6) + (x* —3%°
+ Zx)(x - 3) .

y, =75 +15x— 225+ 16x* — 48x + 32 + 6x° — 18x” +12¢— 9x° + 27x — 18 + x* — 62° + 11x°

— 6x.
flx)=x*—1.
2) 438 el il s foma
S Lt VI G YOO
Ym=yo+mu5y0+?5 YO+T#5 Yo + 4! 6% yo +
1+ 15 Lo1y2 _1 12— 1) 12 4 36
}’x-1=0+(x—1)(+2 )+(x )(14) X ((x6 ) )( -; )
- 2 _ 2_
+(x 1) ((;4 1)2-1) 2
2 -1 X’Z— X —
=04 G D@ s T — Y 24
x_2x+1(x—2x+1—1)
* 24 (24)
—D(x* = 2x X* — 2x 2 — 2
yx_1=0+8x—8+7x2—14x+7+(x )(6 2)(24)+ 2 +2:.( 2) 24

Ve1 = 8x — 84+ 7x% — 14x + 7 4+ 4x3 — 12x% + 8x + x* — 4x3 + 5x2 — 2x
yx—1:x4_1-

23
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&)l Jadll - asldl dl>j0 - Ssac Jul=s

Find f(20.3), f(24.8), f(23.2), f~1(19), f ~1(13) of the following table use the

forward difference and find To find the function .

o> (3.99 2wl S
Olowl=l pod - pingdl ol /a8,2)l pglel) au,uill adS — slasy asel>

X

0

5

10

15

20

25

y

7

11

14

18

24

32

Find (1.1), (0.4), f(=0.1), £ (3.8), f(1.5), f (4.1), f (5.3), f (—1.2), f (B7), f ~1(10), f "1 (20)
of the following table use the forward difference and find¥Lo'find the function .

15

80

255

Example 1:

Find £(0.3),£(0.8),f(1.2),f(3.8),f(4.2),f(3.2), f(2.4),f1(1), f1(15)

Q0 A gl Ablia) Al

of the following table use the differences.

X

0

1

2

3

4

y

0

2

12

20

Solution:
Table of the difference.

24
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0 0~
2
6 0
3 12 2
8
4 20
Find £(0.3)
m_Xm’:XO =>m=m=03’
m(m-1)

-1 -2

3!

f(x) = f(xo + mh) =y, + mAy, +

2!

m(m—1)(m—2)(m-3) 4
4! A

Vo +....

(0.3)(0.3-1) (0.3)(0.3-1)(0.3-2)

£(0.3) =0+ (03)(2) + —=—(2)% (0)=0+0.6—
0.21+ 0 = 0.39.
Find £(0.8)

m = xm}:xo = 0.8 5%y ~02,

(-0.2)(-0.2-1) (-0.2)(-0.2-1)(-0.2—2)

£(0.8) = 2 + (=0.2)(4) + 2) + . 0)=2—
0.8+ 024+ 0%1.44.
Find f(1.2)
N =Sm=2"=02,
FL2) = 2 + (0.2)(4) + L2027D 5y 4 ©DO2DO2-2) 5y = 5 4 0.8

2
0.16 + 0 = 2.64.

25
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To find the function

Xm — Xo :m:x—O
h 1

m(m-1)

—1)(m—2
f(x) =y, + mAy, + " Ay, + mim—Dm-2)

3!

Ay, +

m(m—1)(m—2)(m-3) 4
4! A

Yo +-...

(x) = 04 (x)(2) + L&D 5y 4 WEDE=D) gy _ g4 2x 4 2% =
f 2 5

x*+x.
flx) =x%+x
X y \v} VZ V3 V4
0 0
2
1 2 2
4 0
/"
2 6 2 0
,6/ /,,o/
3 12 42
- 8
4 50~ |
Find f(3.8)
m=m"% £y 23870 g2
h 1
f(x) = fligg + mh) = yo + mVy, + 22y, 4 B g3y,
m(m+A)(m4+2)(m+3)
4! Vi +....

(-0.2)(-0.2+1) (-0.2)(—0.24+1)(-0.2+2)

6

f(3.8) =20+ (—0.2)(8) + (2) + 0) =

20— 1.6 —-0.16 + 0 = 18.24.

26
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Find f(4.2)
m = Xm—Xo —m = 4.2-4 — 0.2’
h 1
f@) = fxo +mh) = yo +mVy, + HEE 2y, + MR gy, 4
m(m+1)(m+2)(m+3)
" Viyo +....

(0.2)(0.2+1) ( (0.2)(0.24+1)(0.2+2) (

F(4.2) =20 + (0.2)(8) + 2) +

0) = 2041.6 +

0.16 + 0 = 21.24.

Find f(3.2)
m=TT o =222 02,
f(x) = f(xo + mh) =y, + mVy, + m(m“) vz & wWy
PR T4y, +...
f(3.2) =12+ (0.2)(6) + w@) £ 020210242 (o) _ 15 4 154

0.24 + 0 = 13.44.

To find the function

Xm — Xo x—4
= - == = — 4
m 3 m 1 X
( +1) (m+1)(m+2)
f(x) = flxo +mh) =y, + mVy, + e V2y, + —mm3!m iy, +
m(m+1)mg2)(m+3) 4
" V% +....

(x—4)(x—4+1) ( (x—4)(x—4+1)(x—4+2) (

f(x)=20+((x—4)(8)+ .

2) + 0) .

f(x)=20+8x—32+x>—7x+12+ 0=x%+x.

27
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x y § | 6% | & | &t
0 0
2
] 2 2
4 0
S e )
3 12 e
8
4 20
Find f(2.4)
m=@ —m=222_04.
1 m(m—1) m(m =1)(m — 0.5)
ym:”y%+(m_i>6y%+T”62y%+ 3] s
6+ 12 04(04—1) (24 2\ 04(0.4—1)(04—05
y2u =2 + (04-05)(6) + ( ; ) ( _ )+ ( 2( ) 0.

Y24 =9+ (—0.6) + (—0.24) + 0 = 8.16.

Stirling’s formulas A8 pall iy s

x y § | 6% | 8 | &4
0 0
2
1 2 2
w4 0
2 6~ | 42 D
\“6/‘ T 0 el
3 12 2
8
4 20

28
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m? m(m?—-1) m*(m*>-1) _,
Ym = Yo + mudyo +—r 0y + —————H0"yo + 2 6%y + -
446\ (0.4)2 0.4((0.4)2=1) /0+0
Voo =64 0) (110) 4 O 5 SHODTZD (040

Y24 =64+ (04)(5)+(0.16)+0=6+2+0.16 = 8.16.

To find the function

Xy — X X—2
m = mh 0 = m= 1 =x—2
1) &Sal Juy faa
1 m(im-—1 m(m~—)1)(m — 0.5

ym=uy1+(m——)5yz+¥u6zyz+ ! X )533'1

2 2 2 2! 2 3! >

mm? —1)(m -2
D=2
. 2

6+12 -2 -3 2+2 -2 -3 —-2-0.5
Va2 = o+ (x =2 - 0.5)(6) + TE (H2) 4 EREIEE0T (o),

Ve =9 +(x—25)(6)+ (x&2)(x—3)+0

=9 + 6x — 154 %% —5x + 6 = x? + x.
fx)=x*>+x .
2) 43S sal) i i fala

m? m(m? —1) m?(m*—-1) _,
Ym = Yo FmudYyo +—r 0y + o H0"yo + 2 6%y + -
446 x — 2)? x—2)((x—=2)2-1),0+0
yx_2:6+(x_2)< ! >+( : ) (2)+( )((6 ) )( 2 )

Ve =6+ (x—2)5)+(x?—4x+4)+0=6+5x—10+x>—4x +4 =
x% + x.

f(x) =x%+x.

29
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Find f~1(1) & f1(15)

D5ty

1=x’4x=2x*4+x—-1=0— x=-1618 & or x=0.618.

-
15=x2+x=>x2+x—15=0o0 x=-—44051 Jee or x = 3.4051.

Example 2:
Find f(2.4),f(5.6),f(3.7),f(4.3),f~1(998) of the following tablé-use the

differences. . 2 3 4 5 6
y 6 25 |62 123 (214

Solution:
Table of the difference.
x y A=V=9¢ A? A3 At
2 6
19
3 25 18
37 6
4 62 24 0
61 6
5 123 30
91
6 214
Find f(2(4)
m =0 oy =222 04,
h 1
f(%) = yo + mAy, + mim—1) AZ)’O + MAS% +

2! 3!

m(m—1)(m—2)(m-3) ,4
" A*yg +....

£(2.4) = 6 + (0.4)(19) +

(0.4)(0.4-1) (0.4)(0.4-1)(0.4—2)

4D (18) +

6)+0 .

30
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f(24)=64+7.6—-2.16+ 0.384 = 11.824.

Find f(5.6)
m = mxe =m=ﬂ=—0.4,
h 1
m(m+1 mm+1)(m+ 2
f(x) = yo + mVy, + %VZYO ( 3),( )V3J’0

N m(m + 1)(rr;!+ 2)(m + 3) Ty,
(—0.4)(—0.4 + 19

£(5.6) = 214 + (—0.4)(91) + > 30)
s (—0.4)(—0.4 J; 1)(=0.4 + 2) ) + 0
£(5.6) = 214 — 36.4 — 3.6 — 0.384 = 173.616:
Find f(3.7)
m=% —n=3"%__03,

Stirling s formulas 48 pal) il i s

m? mm? —1) m?(m*—-1) _,
Ym = Yo + mudyo + = 0°) H o H0"yo + 2 6%y + -
37+ 61\ (—0.3)2
F(3.7) =62+ (—0.3)( . ) + 28)

; (—0-3)((—60-3)2 - 1) (6 -; 6)

F(3.7) =62+ (=0.3)(49) + (0.045)(24) + (0.0455)(6) = 62 — 14.7 +
1.08'4,0.273 = 48.653.
Find f(4.3)

Xm—X 4.3—-4
mzmTO =m=

31
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Besssl s formulas 438 Al S e

m(im—1 m(m—1)(m — 0.5

( )mSZy; N ( )( )(Sgyl
2! 2 3! 2
m(m? —-1)(m -2

(DD

+(03-05)(61) + B (220

2 2

1
ym=uyz+(m——)5y1+
2 2 2

62+123
2

f(a3) =

(0.3)(0.3-1)(0.3-0.5)
- (6) +0.

f(4.3) =925 + (—0.2)(61) + (—0.105)(27) + (0.042):
f(4.3) =92.5—-12.2—-2.835+ 0.042 = 77.507.
To find the function

Xm — Xo _x—=2
- =m= 1 =(x—2)

m =

m(m-1)
2!

m(m-+1y(m-2) A3y0 n

2
A%yo 3!

f(x) = yo +mly, +

m(m—1)(m—2)(m-3) 4
" A*yg +....

fx)=6+((x—2)(19) +

(x£2)(x—3) (x=2)(x-3)(x—4)

/ (18) +

(6)+0 .
f(x)=6+19x — 38 +9x% —45x + 54 + x3 —9x? + 26x — 24 =x3 — 2.
flx)=x>-2

Find f~1(998)
998 = x° 2 = x3 =1000 = x = 10.

32
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Example 3:
Find f(1.4),f(4.7),f(2.8), f(3. 3),f‘1(2. 125),f‘1(134. 651) of the

following table use the differences.

X 0 1 2 3 4 5 6
y 2 3 10 |29 |66 |127 |218

Solution:
Table of the difference.
2
1
1 3 6
7 6
2 10 12 0
19 6
3 29 18 0
37 6
4 66 24 0
61 6
5 127 30
91
6 218
Find f(1:4)
SN EmXo 14-1 _ 0.4,
h 1

-1 -1 -2
f(x) = fxo +mh) =y, + mAy, + ZE A2y, + HEDEED A3y

m(m—1)(m—2)(m-3) 4
4! A

Vo +....

33
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(0.4)(0.4-1)(0.4-2)
6

(0.4)(0.4-1)

f(14) =3+ 0H(7) + &2

(12) +

(6)=3+28—

1.44 + 0.384 = 4.744.
Find f(4.7)

f(x) = f(xo +mh)

m(rr;!—l— 1) Vy, + m(m + 13)' (m + 2) 7%y,
4 m(m + 1)(71'4— 2)(m+ 3) y,
(=0.3)(-0.3+1)

=7y + mVy, +

F(4.7) = 127 + (—=0.3)(61) + . 24
-0.3)(-0.3+1)(—0.3+ 2
N (—0.3)( )( )(6)
6
=127 —18.3 — 2.52 —0.357(=3105.823 .
Find f(2.8)
m= "% gy =283 (932,
h 1

Stirling s formulas 4398 al) iy i dua
2

m m(m? —1 m?(m? —1
Ym = Yo + mudy, +?5ZYO +¥ 53 ( )64

31 HO Yot
£(2.8) =29 + (-0.2) (19 ;L 37) + (_02'2)

, (C02)((-02)? 1) (F3=)+o0

yO +

(18)

6 2
= 29 + (=0.2)(28) + (0.02)(18) + (=0.032)(6) = 23.952.
Find f(3.3)
m="% =333 _ 03,
h 1

34
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m(m—1) m(m —1)(m —0.5) 53

1
_ 2 2
ym_“y%Jr(m 2)5y%+ o MOty 3] 2
m(m? —-1)(m -2
N ( 4')( )u54yg+---
H 2

29+66
2

f(33) =

(0.3)(0.3-1)(0.3-0.5)
- (6) +0.

(0.3)(0.3—1) 18+24
+(0.3 - 05)(37) + 22CED (2 )+

f(3.3) =475 +(-0.2)(37) + (—0.105)(21) + 0.042 =37.937.
To find the function

el =
h m="

f(x) = yo + mAy, + 28D

2!
m(m—1)(m—2)(m-3) ,4
4! A

=X

m(m-1)m~2)
3!

A%y, + Ay, +

Vo +....

F@) = 2+ @@ + E gy, X DD

=24+x+3x*—-3x+w3—-3x24+2x=x342
fx)=x3+2

(6)

Find f~1(2.125)& f~1(134.651)
2125 =x342=x3=0.125=> x = 0.5
134.651= x3 + 2 > x3 = 132.651 = x = 5.1.

35
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Example 4:
Find £(0.2),f(2.7),f(1.2), f(1. 6),f‘1(2. 8385),f‘1(6. 0093) of the

following table use the differences.
X 0 1 2 3
y 2 5 3 7

Solution:
Table of the difference.
X y A=V=6 | A2 A3
2
3
1 5 5
-2 11
2 3 6
4
3 7
Find £(0.2)
m= @ = mi= 0'21_0 =0.2,

m(m-1)

f(x) = Yoot mAy, + 2 Ny, + mim w2 Nyo +

3!

m(m-1)(m—2)(m-3)
" Ayy +....

(0.2)(0.2—-1)
2

(0.2)(0.2—1)(0.2—2)

@2 =2+ (02)(3) + (=5) + (1) +0 .

£(0.2) =2+0.6+ 0.4+ 0.528 = 3.528.

36
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Find f(2.7)

Xm—X 2.7-3
m = n} 0 = m =

=—-0.3,

m(im+1 mm+1)(m+ 2
f@) = yo +mVy, + (T)v2y0+ ( 3),( Ly,
mim+1)(m+2)(m+ 3
N ( )( )( )V4

4!
(-0.3)(-0.34+1) (

Yo t+

F(2.7) =7+ (=0.3)(4) + 6) +

(=0.3)(-0.3+1)(—0.3+2)
6

f(2.7) =7—-12—0.63 — 0.6545 = 4.5155.
Find f(1.2)

Xm—X 1.2-1
mzmT" =m=

= 0.2,

Besssl s formulas LS pall S frsan

1 m(im-—1 m(m—1)(m— 0.5
Ym =uy%+(m—§> 53’;*’%#523’1+ ( ;f )53}’1

2 2

m(m? — 1)(m — 2)
+ 4!

f(12) =22 + (02-05)C2) + 22020 (=29 4

2 2

Ba*ys + -
2

(0.2)(0.2-1)(0.2—0.5)
- (11) +0.

F(1.2) = 4 +420.3)(=2) + (—0.08)(0.5) + (0.008)(11).
£(1.2) =4 + 0.6— 0.04 + 0.088 = 4.648.
Find f(1+6)

A Xm—xg 1.6—2

m= = m= = —04,
h 1
Stirling s formulas LS pal) il piis frsan
2 m(m? —1 m?(m? —1
Ym = Yo + mudyo +7523’0+ ( 31 ).U533’0 ( 21 )54 ot
37
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F(1.6) = 3 + (=0.4) (_22+ *

=3+ (=0.4)(1) + (0.08)(6) = 3 — 0.4 + 0.48 = 3.88.

_ 2
)+( 02'4) (6) + 0

To find the function

oM

m(m-1)

f(x) =yo + mAy, + o Ay, +

=X

m(m-1)(m-2) ,3
— > Ayt

m(m—1)(m—2)(m—3) 4
i A%yo

+....

Fo =2+ @@ + 28T D 5 DT

=2+ 3x — 2.5x% + 2.5x + 1.8333x3 <5.5x2 + 3.6667x
= 1.8333x3 — 8x% +9.1667x +.2.

Find f~1(2.8385) & f1(6.0093)
2.8385 = 1.8333x3 — 8x2 # 9:4667x + 2

= 1.8333x3,28x2 + 9.1667x — 0.8385 = 0 = x = 0.1.
6.0093 = 1.8333x3 —8x2 + 9.1667x + 2 = 1.8333x3 — 8x2 + 9.1667x —
4.0093 = 0 =.x = 2.9.
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Example 5:
Find £(2.9),f(9.8),f(6.2),f(6.6),f~1(70), f~1(208) of the following table

use the differences.

X 2 4 6 8 10
y 28 |54 |88 |130 |180

Solution:
Table of the difference.
X y A=V=3¢ A? A3 | At
2 28
26
4 54 3
34 0
6 88 8 0
42 0
8 130 8
50
10 180
Find f(2.9)
m= xm}:x" — m =222 = 045,

m(m-1)(m-2)
TEETE A3y,

£E)'S Yo + mAy, + HE a2y, + O Yo +

m(m—-1)(m—2)(m-3) ,4
" A*yg +....

£(2.9) = 28 + (0.45)(26) +

(0.45)(0.45-1) ( (0.45)(0.45—1)(0.45-2) (

8) + -

0) .

f(29) =28+11.7—-0.99 + 0 = 38.71.
39
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Find £(9.8)

Xm—X 9.8—10
m= mh . = m= ” = —0.1,

m(im+1 mm+1)(m+ 2
f@) = yo +mVy + (T)v2y0+ ( 3),( Ly,

N m(m + 1)(rr;I+ 2)Y(m+ 3) -

£(9.8) = 180 + (—0.1)(50) +

Yo t+

(-0.1)(-0.1+1) (-0.1)(-0.1+1)(—0.2%2) (

6

8 +

£(9.8) =180 —5—0.36 + 0 = 174.64.
Find f(6.2)

Xm—X 6.2—6
mzmT" =m=

= 0.1,

Stirling s formulas 438 pal) iyl i dva

m? m(m? — 1) m?(m*—-1) _,
Ym = Yo + mudyo +—r0°yo + 0"y, + 2 6%y + -
34 + 42\ *(0.1)? 0.1((0.1)2=1) /040
f(6.2):88+(0.1)( ; )+( 2) 8) + 22 6) )( ’ )+o

£(6.2) = 88 + (0.1)(38) +.(0:005)(8) + 0 = 88 + 3.8 + 0.04 = 91.84.
Find f(6.6)

Xm—X 6.6—6
mzmTO = m=——=1023,

34+ 42 0.3)2 0.3((0.3)2-1) /0+0
f(6.6)=88+(0.3)( JZ“ )+(2) @) + 234 6) )( JZ’ )+o

f(6.6) =88+ (0.3)(38) + (0.045)(8) + 0 =88+ 11.4 4+ 0.36 = 99.76.
Fo find the function

Xm — Xo o x=2 B
- =>m= > = (0.5x — 1)

40
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m(m-1)

-1)(m-2
f(x) =yo + mAy, + Y Az)’o + MM 0

3! Yo+

m(m-1)(m—-2)(m-3) ,4
" Ayg +....

(0.5x — 1)2(0.5x —2) @)

=28+13x—26+x*—6x+8=x%+7x+10.
f(x) =x%>+4+7x+ 10
Find f~1(70) & f~1(208)
70=x>+7x+10>x*+7x—60=0=> x =5.
208=x2+7x+10=>x2+7x—-198=0= x = 11.

f(x) =28+ (0.5x —1)(26) +

Example 6:
Find £(2.6), £(10.8),f(6.2), f(7.6), f 49), f~1(1409) of the following
table use the X 2 4 6 8 10 12 differences.
y 23 | 934 259 | 569 | 1071 | 1813

Solution:
Table of the difference.
x y A=V=8 A% | AP AT A°
2 23
70
4 93 96
166 48
6 259 144 0
310 48 0
8 569 192 0
502 48
10 1071 240
742
12 1813
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Find £(2.6)

Xm—X 2.6—2
m = mh 0 =>m=T=O.3,

m(m-1)
2!

m(m—-1)(m-2) A3

f(x) = f(xo + mh) =y, + mAy, + AZVO"'T Yo t

m(m—1)(m—2)(m-3) 4
4! A

£(2.6) = 23 + (0.3)(70) +

Yo +-...

(0.3)(0.3-1) (0.3)(0.3-1)(0.3-2)

2

(96) +

(48) r:

£(2.6) =23+ 21 —10.08 + 2.856 = 36.776.
Find f(10.8)

mzxm—xo =>m=10'8_10=0.4,
h 2
m(im+1 mm+ 1D(m+ 2
FO) = 3o +myy + Tm L D gy, o MOEDINE D

N m(m + 1)(721“4— 2)(m+ 3) Wiy,

£(10.8) = 1071 + (0.4)(502) + 2D (192) +

(0.4)(0.4+1)(0.4+2)

£(10.8) = 1071 + 200.8 + 5376+ 10.752 = 1336.312.
Find £(6.2)

Xm—X 6.2~6
m=—mh 0 > m=

Stirling s formulas 48 ) i i e
m? m(m? —1)
Ym = Yo Wmpoyo + -+ 0%y + ————

Ve =/ (6.2)

= 0.1,

m?(m? — 1) 5t

3
ué=yy + Al

166+ 310\ (0.1)?
. )+( 2) (144)

0.1((0.1)2 — 1) /48 + 48
pe (T )

= 259 + (0.1)(

42
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£(6.2) = 259 + (0.1)(238) + (0.005)(144) + (—0.0165)(48) = 259 +
23.8 + 0.72 — 0.792 = 282.728.
Find £(7.6)

Xm—X 7.6—8
m="22 —=m-= - =—-0.2,

Besssl s formulas 438 Al Jows e

1 m(im—1 m(m—1)(m— 0.5
ym=uy1+(m——)5y1+—( )u62y1+ ( A )533@
2 2 2 2' 2 3' 2
m(m?2—-1(m-2
N ( 4|)( )M54)’1+"'
H 2

259+569
2

+ (—0.2 —0.5)(310) + (_0-2)(2"0-2—1) (144+192)

V76 = f(7.6) = >

(-0.2)(-0.2—1)(—0.2—0.5) (48) + 0
- .

f(7.6) =414 + (—0.7)(310) + (0.12)(@68) + (—0.028)(48).
f(7.6) =414 — 217 + 20.16 — 1.344 =,215.816.
To find the function

Xy — X X —2
m_0 =m=—<=(05x-1)

m(m-1) ,» m(m-1)(m-2) ,3
o AYO+—3! A%y, +

f(x) = yo +mly, +

m(m—1)(m—2)(m=3), 2
" A yg +....

(0.5x — 1)((0.5x — 1) — 1)

f(x) =23%(0.5x —1)(70) + >

(96)

" (O.Sx—1)((0.5x—12—1)((0.5x—1)—2) (48)

=234+35x—70+12x*>—72x+96 +x3 —12x? +44x —48=x3+7x+ 1

fx)=x3+7x+1

43
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Find f~1(49) & f~1(1409)
49=x34+7x+1=2x34+7x—48=0= x = 3.
1409 =x3+7x+1=2>x3+7x—-1408=0=> x =11.

Relative finite differences (Divided differences) : 4wl Lugiiall cild g A

Finite differences with points of unequal dimensions to each other

Lo Laad by 45 glaciall ye L&D Cold dginall ol 5 5all
When points are not equal in dimensions ( /# Different between values X ) we use

Divided differences

ayi=u =2, em—1
Xit1 — X
OV:ii: — OV
62yi=M i=12,m—2
Xit2 = Xj
0%y 1 =02y
agyi — Vi1 Yi , l:1,2,m—3
Xiy3 7 Xi
ak—l . _ak—l .
0kyi= Vi1 Vi , l:].,z,m—k
Xitk — Xi
44
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&l ol - aulll ad> 0 - S>ac Jud=i o> (3.99 2wl ™
Olwll pond - psupll (ol /88 ,0)l polell au sl &S — Slae asol>
X y 0 92 93 0* 9°

Xo Yo
Yo
X1 V1 0%y,
dy1 2%y,
X2 Y2 62}’1 0%y,
dy, 0%y, " a5)’0
X3 Y3 0%y, Prs 0%y,
dys |50y,
X4 Va I 4 0%y3
i ay4
X5 Vs

Its general formula :-

f(Xm) = Yim = Yo + (x = x0)0y0 + (x — x0) (x — x )2y + (x — x0) (x — x1) (x — x2)3%y,
+ e

Example 9:

Find f(2), f(5), f (—1) of the following table use the Divided differences  and
find To find the function

x | -2 1 3 | 4 6
y | 3 22 | 57 | 205
Solution:
0—(—3 22—-0 57-22 205-57

dy, = 1_&_2;_1 L0y, = 22211, 0y, = T2 =35, dy; = " =74
< 11-1 _ ,  35-11 _ _  73-35_

V=3 (0N T Ty THO 2T T3

3 8—-2 _ 3 _13 8 4 _ 1-1 _
6°Vo 4_(_2)—1, 6°y; =— =1 and &%y, = D 0

45
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Ll Jasll - asldl >0 - Syae Jud=i Juo> 81995 gu,l ..
Olowll powsd - psupdl (l /89,.0) polell )il &S — slasy asel>
X y 5 52 53 5*
-2 -3
1
1 0 2
11 1
3 22 8 0
35 1
4 57 13
74
6 205

f(xm) = ¥m = Yo + (x — x0)0yp + (x — x0) (X — x1)0%y + (x =) (X — x1) (x — %)%y,
+ P

f@R)==-3+C-(C2)M+2—-(-2)2-1D(2) +2&(-2)2 -2 -3)(D.
f(2)=-3+4+8—-4=5.

fG==3+0G-CE2)DM+GE-CE2DGs D@+ G- =26 -D(G-3)(D.
F(5)=—-3+7+56+56=116.

fED)=-34+((-D -2+ (ED)ENCED —D@) + (D = 2D = D=1 = 3)(D).

fF5)=-3+1—4+8=2"
To find the function

f(x) =yo £ (x —%6)0yo + (x — x0) (x — x1)0%yp + (x — x0) (x — x1) (x — x)0°y, + -
fO) =3 — (2D + (= (=2 -D@) + (x = (=2 (x — D(x — 3)(D).

fOY=%3+x+2+2x?>+2x —4+x3—2x2—-5x+6.
fx) =x3—2x+1.
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Example 10:

Find f(2), f (3) of the following table use the Divided differences and find To
find the function

X 0 1 4 6
y | -10 20 14 30
Solution:
20-(-10) 14-20 _ 30-14 _
0yo =——7—7 =30 ,0y, =——=-2,0y, =————=8
) (-2)-30 _ 5 8—(-2) 3. _2-(38) 10 _
6y = = 8 ,6%y; = — =2, 6°Vo N F=— =1.6667
x y 5 52 53
0 -10
30
| 20 -8
-2 5
4 14 2 3
8 = 1.6667
6 30

fXm) = Yim = Yo + (= x0)0yo + (x — x0) (x — x1)0%y + (x — x0) (x — x1) (x — x2)3%y,
+ v

f(2) =yo (2= %0)0y0 + (2 — %) (2 = x1)0%y0 + (2 = %0) (2 — x1) (2 — %)%y, + -
F(2) = £104 (2= 0)(30) + (2 — 0)(2 — 1)(=8) + (2 — 0)(2 — 1)(2 — 4)(1.6667) .

F2) = 210 + 60 — 16 + (—4)(1.6667) = 34 — 6.6668 = 27.3332
f(3)=yo+ (3=x0)0y0 + (3 —%0)(3—x1)0%yo + (3 — %) (3 — x1) (3 — x2)0%y, + -

F(3)=-10+ (3—-0)(30) + (3= 0)(3—1)(=8) + (3= 0)(3 — 1)(3 — 4)(1.6667).
F(3) = =10 4+ 90 — 48 + (—6)(1.6667) = 32 — 10.0002 = 21.9998
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To find the function

fx) =y + (x — x0)0yo + (x — x0) (x — x1)0%yp + (x — x0) (x — x1) (x — x)0°%y, + -
FOO) = =10 + (x — 0)(30) + (x — 0)(x — 1)(=8) + (x — 0) (x — 1) (x — 4)(1.6667) .
f(x) = —10 + 30x — 8x2 + 8x + (1.6667)x3 — 5(1.6667)x? + 4(1.6667)x

fx) = (1.6667)x3 — (16.3335)9(2 + (44.6667)x — 10 .

Find f(32), f (43) of the following table use the Divided differencevand find To

find the function . 30 35 40

y | 05 | 0.5736 | 0.6428

Find £(0.8), f(4.1), f(5.7) of the following.table use the Divided difference and
find To find the function .

X |1 2 3 4 5 6
y |0 | 0.7 1.1 1.4 1.6 1.7

Example 11:

Find f~1(205); f'@), f"(4) of the following table use the Divided differences .

X 1 3 4 5
y | 0o |22 57 | 116
Solution:
22-0 57—-22 _ 116—57 _
ayo = 3T1=11 ) ayl = 4—3 =35 f ayz = 54 =59 .
5 35-11 o oo _ 59-35 3 12-8
82yy =———=8,8%y; =—-=12 . §yy=——=1 .

48




S

2l Jasll - asll @l> o - Ssac Jul= o> (6895 au,l o]

Olowll pund - piapll (il /89,0l pglel) il &S — >lay azoel>

x y 5 52 53
1 0

11
3 22 8

35 1
4 57 12

59
5 116

fXm) = Yim = Yo + (x —x0)0yo + (x — x0) (x — x1)0%y, + (x — x0) B %) (x — x2)3%y,
+ P

) =0+ x—-—DAD+(x—1D)(x—=3)(8) + (x = 1) 3)(x —4)(1).

f(x)=11x — 11 + 8x%2 — 32x + 24 + x3 — 4x%K3x — 4x2 + 16x — 12.
flx)=x3—2x+ 1.

f)=x}-2x+1= f'(x) =3x2£2(= f"(x) = 6x.
= f(2)=3(2)%-2=10and £'(4) = 6(4) = 24.

fx)=x3-2x+1= f(x)\5205= f~1(205)=? = 205=x3—-2x+
1.

= x3-2x—-204=0>= x=6.~f"1(205) =6.

Example 12¢

Find f~1(164), f ~1(0.18) of the following table use the Divided differences .

X 1 2 3 4 5 6
y 0.7 1.1 1.4 1.6 1.7
Solution:
22-0 57-22 116—-57
ayo — ; —11 ) ayl - 4—3 —35 ) ayz - 5_4 —59 .
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82y, === =8,6%, =2"2=12 . &y, =——=1 .

x y ) 52 53
1 0

11
3 22 8

35 1
4 57 12

59
5 116

fXm) = Yim = Yo + (x —x0)0yo + (x — x0) (x — x1)0%y, + (x ¥ %) (x — x1) (x — x2)3%y,
+ P

fOO)=0+xx-DAD+x-Dx-3)B)+F&x—D(x—-3)(x—4)().

f(x) =11x — 11 + 8x? — 32x + 24 +.x3% 4x? + 3x — 4x? + 16x — 12.
flx)=x3—2x+ 1.

f)=x}-2x+1= f(x)=38%% -2 = f"(x) =6x.
= f(2)=312)?%-2=10and f"(4) = 6(4) = 24.

fx)=x3-2x+1= \f(x) =205= f~1(205) =? = 205=x3—2x+
1.

= x3-2x2204=0= x=6.~f1(205) =6.

Eifid f51(205), f'(2), f"(4) of the following table use the Divided differences .

x |1 2 3 4 5 6
y | 0 0.7 1.1 1.4 1.6 1.7
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Find f(4.1), f(3.2), f ~1(1.5) of the following table use the Divided differences .

x |1 2 3 4 5 6
y |0 0.7 1.1 1.4 1.6 1.7

The general formula of polynomial P,,(x) ( Lagrange polynomial)

B = Y 109)| [ o
j=0 i=0 7/ L

i#j
Forward differences
Ym = f(xO + mh)

m(m =1 mm—1)(m—2
= Yo + mdy, + %Azyo + ( 3),( )433’0
m(m—1)(m=2)(m—3)
+ 2 Ay,

Backward differences

m(m+ 1) o m(m+ 1)(m+ 2) v3

Ym = f(xo + mh) =y, ¥ mVy, + ol Yo 30 Yo
+ m(m+1)(r;l!+2)(m+3) V4y0 T .
Central differences
Besssl’s formulas
1 m(im—1 m(m—1)(m — 0.5
ym=uy1+<m——>6yz+¥u52yz+ ( X )533@
> 2 2 2! 2 3! 2

m(m? —1)(m -2
(O =D)L

Stirling’s formulas 438 ) i it va
Its general formula :-  Aalall Aasa
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m? m(m? —1) m?(m? — 1) 5t

Ym = Yo + MUy +—r8%yo +——a—— 6% + 2 Yo+
Divided differences
Its general formula :-
f(xm) = Ym
= yo + (x — x0)0yo + (x — x0) (x — x1)0%y + (x — xg) (6— x1) (x
— %,)0%y, + -
52




