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Numerical Solution of Ordinary Differential Equations

In this chapter we present several methods by which we can find numericalsolutions
for differential equations. These numerical solutions become necessary whei we can not
find the exact solution of the equations.
Agaaall J flall ol sl Aplialéll chalaall dpaaall J ol alag) LI (e WSy (3 yla3e Juadl) 138 8 o

N alaall Gaal) Jal) sl Pl Sais Y Laie Gy 55

The general formula of the differential equation of the first order
y' = f(x,5),v(xy) = yo and The solution of this equation i§ y'= [ f(x,y) dx + c.
y = Al o3 dasy’ = F(x,9), ¥ (%) = Vo 'Y Aapliine Llalidl dalaall dalal) dapal

Jflx,y)dx+c
The equations of the second order and more will besconverted into a system of first-order

equations..sdsY) da jall e i¥alaa allas T oAl Hall e Y oaall Jy sal

Numerical Methods for Solving Qrdinary Differential Equations
doalal) Alalitl) e alaall Jad dasal) 3 k)

1. Tavlor Series Method _shUalaty 43, jh
2. Euler’s Method b 44,5
3. Runge -Kutta Method L3sS- g, 48k

1. Taylor.SeriesMethod _sbt Al 44, )k

Let x; = xg=x th, i=1,2,3,...,n,The Taylor series about point x, is
o Xp Akl Jsa sl Alubua of (i il

f(x)—f(xo)+(x—xo)f(xo)+( X0)" flx 0)"‘( Yo" f(xo) + - (1)

To find the solution of equation by usmg Taylor Series method at the point x;. we
put x = x;in (1) we get :
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sle Jani (1) b i, = ¢q i) vie ) oLl5 Aludidia &yl alaaials Alilad) Ja sy
f4) = [0 1) = /() + (5 - x0)f () + X £ () + FAZL £ (g e

(1 —x0) K= (k-1) (xx1=x) ) k)
X8 ) () + G2 00 () 4.

hZ h3 hk 1 .
1
V1= Yo +hyo £ 30+ gt 1),y( )+ Ry
He
Ri = 17 0 , x%<0<x

And to find the solution of equation by using Taylor Series Method at thé point x,

Xpakatil) die ) 5L Aol dfAgy a/Baaiuly Alslaall Ja da
(1) if x, = xy + 2/h then :
@ L @@ g
Note that the error is increasing

(i1) if x, = x; + h then :
52 PE k1

Y2 = Yo + 2hy, +

(k-1)
y2 =y +hy; + 2,3/1 + 3,y1+ +(k_1)!y1 + Ry
Similarly to x5, x4, ...
, 2w BN k—1 (k=1)
In general y,,,1 =y, + hy, + YR Yt +myn + Ry,

Example 1 :
Use the Taylor series method to obtain a solution of y' = x —y, y(0) = 1,h = 0.1 at

points 0.1, 0.2, 0.3 (use the Taylor series method up to y*))
Solution:-

x0=0,y0=1,h=0.1 x1=0.1
hZ h3 4

' 4
Vi =Y+ o+ ¥0 t5rVe + g ¥e ) + R

Y =Xx—Y2Yy =% -V >V =0—-1=y,=-1
y—l y=>yo—1 Yo=>Y=1—-(-1)=2
Y ==y 2y, =—Y =2y =—(2) =-2
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y® =y "=y =y sy = —(-2) 2 5" =2
3 (0. )2 (0. ) ( )4
yr=1+(0.1)(-1) +—2(2) + - (2) = y1 = 0.909675

x0=0,y0=1,h=0.1,x2=0.2

(1) if x, = x¢ + 2h then :

2n)? . (2h)32 ., (@2h*
( )y0+( ) +( )
2! 3! (4)'

0. 0.2)3 4
()(2) ( )(2) ()

Y2 = Yo + 2hyy + ¥ + Ry

y, =1+ (0.2)(—1) + (2) =%, = 0.837463
()if x, =x;+h, %, =01, y; =0909675, h = Ox1'then :

Y2 —J’1+h3’1+2,3’1+3,)’1+ +m
y=x—y=>y, =x;—y;, =y, =0.1=0.909675 = y, = —0.809675
y—l y=>y1—1 y1=>y1—1—( 0809675)—1809675

y' =y oy =—y > y1 = —(1,809675) = y" = —1.809675

y® = —y" = y® =y =y 2= (21.809675) = y* = 1.809675

(0.1)? (0.1)3
21 31

(k=1
yl )+Rk

y, = 0.909675 + (0.1)(0.809675) +

4
L@ ) (1.809675).£R* = y, = 0.837462

03

(1.809675) +

(—1.809675)

2¢ Euler’s Method

We assume that the solution x = f(y) is continuous and differentiable and that the
starting point is (X, ¥, ) The solution is required when x = x’, so the interval must be
divided into n of parts with width h (but small), h = (x  — x)/n, where

Then we apply the law
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Yisr =¥i thyi=yi +h = f(x;,y) + Ry, i = 0,1,.n—1.
Jadl s (g, Vg ) ot bl A oy Joaliill s 5 Jesi xc = f () il of i gl Ay b
8 0583 () e W) pmm el aY) e n ) Bl A e s AN = x ie sl
Vier =Yi +hy'i=yi +h* flx,y)i = 01,.n—1 os@l Ghiddwm)h = (x —x)/n

Example 2

Use the Taylor series method to obtain a solution of y' = x —y, y(0) = 1, k= 0.1 at
points 0.1, 0.2, 0.3 (use the Euler’s method)

Solution:-

Yisr =¥ thyi=y +h* f(x,y),i =01,.n—-1

Vi=Yo +h * f(x0,¥,) =1+(01)(0—1) =1—-0.1 =09.

v, =y, +h * f(xy,y;) =09+ (0.1)(0.1 — 0.9) = 0.82.

V3 =y, +h * f(x,,v,) = 0.82+ (0.1)(0.2 — 0.82)(=)0.758.

Vo =y3 +h * f(x3,y3) =0.758 + (0.1)(0.3 —,0.758) = 0.7122.

Euler Extended More method
Taking the fourth term of the Taylor series we obtain MEEM. In general
h? h3 " )
Yier =Yi +h fx,y) + % & y) +5 ¢ ") + R i = 0,1,..n—1.
e Joani oL Aluluia (e ol ) sl 22l 1a0aka) JASY) Lo Ay

Method Euler Modified
In this method we exploit EM to find Predictor f'(x;, y;) and then use it .

(f(xi:Yi) + f(xy;

To calculate the ayerage ))/ 2 We calculate again (Corrector)

h A !
Yier = Yi 5 (f 5, y:) + f'(Xi41,Yie1) T Ri
o gl Gl Gasdions o5 Predictor £7(x;, y;) SbawY EM Jaiws 43y jlall sda 3 Adasal) b o) 48

Example 3

Use the Taylor series method to obtain a solution of y' = x —y, y(0) = 1 ,h = 0.1 at
points 0.1, 0.2, 0.3 (use the Method Euler Modified )
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Solution:-

Vier =Y Thyi=y; +h* f(x,y),0 =01,..n-1
hoo , 0.1

=0 45+ (F'Goy) + f/u) = 1+(5) (0= 1 + (01 -09))
=1+ (0.05)(=1 — 0.8) = 0.91.

h
Y1 =Yo +§ * (f’(xo»)’o) + f’(x1;y1)) =1+
=1+ (0.05)(—1 — 0.81) = 0.9095.

z

Z)
= g e () + FGy) =1+ (5 1) ((0- 1) 4 @4 0.9095))

L)

(

- ((0-1)+(0.1-0.91)

=1+ (0.05)(—1 — 0.1905) = 0.909

h
yi=yo +7 * (f'(x0,y0) + f'(xp,y1)) =1+ <1)+ (0.1 — 0.909525))

= 0.9095238.
0.1

_) ((0 = 1) + (0.1 — 0.9095238))

h
Y1 =Yo +§ * (f’(xo;YO) + f’(xl'yl)) =1% 2

= 0.9095238.

Use the Taylor series method to obtaitra'solution of y' =

1
= ,(0)=1,h=0.1at
points x; = 1(use the Taylor series'method ).

3. Runge -Kutta Method- UisS- gy, 44k

The Runge Kutta method is the most widely used method of solving differential

equations . It differs from the Taylor series method in that we use values of the first

derivative of\f (x, y) at several points instead of the values of successive derivatives at a

one point.

sk AL 43 jla (e (alia a g Aplialiill ca¥aleall Jad Lalasiin) SV 45y Hhall 8 U oS g5, 43y Hk
Bas) 5 Akt yie A8l (o, y)liidall ad e Yoy Lliisac ie Y1 dGidall o ardios Ll

Runge-Kutta Method of Order 2: 2% e UisS-ziy) 48y )k

ki = hf (Xn, Yn)
ky = hf (xn + hyn + kq)

@
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1
Yn+1 = Yn T+ E(k1 + k) + Ry
A- Runge-Kutta Method of Order 3: <3 ¢y LigS-zeig) 4y
I = hf(xnl yn)
h I
I, = hf(xn +§JYn +§)
Iy =hf(xp + by, +2(; — 1))
1
Yn+1 =Yn T+ 8(11 + 41, + I3)
B- Runge-Kutta Method of Order 4: ¥ (wa G gS-zig, 44 )k
my = hf(xnr yn)

h my
my = hf (xp +§fyn +7)

h m,
ms = hf (xy +5. 0 +7)
my = hf(xn + h»yn + m3)

1
Yn+1 =Yn T+ g(m1 + 2m, + 2mgs my)

Example 4 :-
Find a solution equation f(x,y) = y%= ¥ — y,y(0) = 1 by using Runge-Kutta
method of order 2,3 and 4 witlr/is= 0.1
Solution:-
A- Runge-Kutta Method of Order 2:
Xo=0,y,=1,4=01,x; =0.1
k1 = hf (Xn, Yn) ks = hf (x0,¥0) = k1 = (0.1)(xo — ¥o) = k1 = —0.1
ko = hf (xn £ yn + k1) = ky = hf (xo + h,yo + k1)
ky = (0.1)£(01,1 + (—0.1)) = k, = (0.1)(0.1 — 0.9) = k, = —0.08

1 1
Yn+4 =yn+§(k1+k2)+Rk = Y1 =Yo +E(k1+k2)+Rk
y1=1+-(=0.1—-0.08) + R, =y, = 0.91 + Ry

B-Runge-Kutta Method of Order 3:

L = hf(xn,yn) = I = hf (x0,¥0) = I, = (0.1)(xg — ¥o) = ky = —0.1
6
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ho o1 0.1 ~0.1
ly =hf(Xn +5,¥n +§1) =1, = (0.1)f<x0 +(_),y0 4 > )>

2 2
I, = (0.1)£(0.05,0.95) = I, = (0.1)(0.05 — 0.95) = I, = —0.09

Iy = hf (xy + hy + 2(1, — 1)) = I3 = (0.1)f(xo + 0.1,y + 2(—0.09 — (—=0.1)))
I, = (0.1)f(0.1,1.2) = I = (0.1)(0.1 — 1.2) = I; = —0.092

1 1
Yn+1 = Yn +g(11 + 46, +13) = y1 = Yo +g(11 + 41, + 13)
y; =1 +%(—0.1 + 4(—0.09) + (—0.092)) = y; = 0.908.

C-Runge-Kutta Method of Order 4:
my = hf (Xn, Yn) = My = hf (X0, ¥0) = my = (0.1)(Xo — yp), > m; = —0.1

My = hf Gon 4 3,3 + 2 = my = (0.1)f (xo + O H’-”)

st
m, = (0.1)£(0.05,0.95) = m, = (0.1)(0.05 — 0.95)= m, = —0.09
(0.1) (—0.09)

h m
m3:hf(xn+§,yn+72):>m3=(0-1)f(xo+T'y0+ 7 )

ms = (0.1)£(0.05,0.955) = m5 = (0.1)(0:05 — 0.955) = m3; = —0.0905
my = hf(x, + h,y, + mg) = my, = (1) f(xg + 0.1,y, + (—0.0905))
m, = (0.1)£(0.1,0.9095) = m, =(01)(0.1 — 0.9095) = —0.08095

1
Vne1 = Yn t+ g(m1 + 2m, £.2my +my)

1
y, =1+ 6(—0.1 + 2(=0.09) + 2(—0.0905) + (—0.08095))
y; = 0.909675 KRk,

Find a solution equation f(x,y) =y’ = —xy,y(0) = 1 by using Runge-Kutta method
of ofder 2,3 and 4 with h = 0.1 at point x; = 0.1,x, = 0.2,x3 = 0.3.
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Equations of the higher order and system of equations of the first order
Y Al (e ¥ataall sl 5 Lladl Aol (e Y alas

The general formula for the equation of order (m) is y™ = f(x,y,v,y’,...,y™ D)
and the simplest way to solve them is to convert them to system of equations of the first
order contains (m) from equations as follows:-
o (5) Al Alsladd Falalaa, ol
~ieeh WS ¥alad) (e (p) e (ssina A5V A all e Y alas ol ) Ll sa s LI A5, jla Javd
y=y1.,Y =52, ¥ =5, ¥ =yn, S0 v = 0 V1, Y2 Y 500)-
Example :
y' =2xy+ylety =zwegetz =2xz+7y
Example :
y® = 3x2y" —2y" lety' =z,z' = h,h’ = k we get k/="3x*h — 2k.
To solve a system of first-order equations, we will(Summarize the methods preceding a
system consisting of two equations, In the same way 1fthe system is composed (m) from
equations.
O3 Ay Hhall ey ¢ pilalea (e () sSa aldaid ALl (3 SN aalin 691 a0l e c¥alaal (e aldas Jal
Yl (e (p) e O 5Se pladll
y =f(xy.2), z = g(xy.2),y(xe) Yo, 2(X) = g
Numerical Methods for SolvingSystem of equations of the first order
Y Aa Al e ¥ alaal) Al Jad aed) (5 k)

1.Taylor Series Method s\ ddee 48y jha

’ A k-1 k1)
Yna1 = Yn T WY (57 Vn + gyn+---+myn + Ry
Ry = };—I\;yék)(e) , X9 <0 < x;.
I+ D Zp+ hz, + };—Z'Zn - Z—Tzﬁ+...+%zﬁkﬂ) + Ry .
R, = ’,’(—fzg’”(e) , X <0 <x.
8
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2- Runge -Kutta Method

LgS geigydly b 2

2 ) (a US g Ay |

A- Runge-Kutta Method of Order 2:
kl = hf(xn' yann)
L, = hg(Xp, Yn Zn)
ky=hf(x,+h,y,+ky,z,+ L)
Ly=hg(x,+h,y, +kq,z, + L)

1
Yn+1 = Yn +E (ky + k3) + Ry

1
Zn+1 = Zn +§ (Ly + Ly) + Ry
B- Runge-Kutta Method of Order 3:

Iy = hf (Xn ,Yn » Zn)
J1=hg(xn,Yn,2y)

b = hf (o 4oy + L 7 42
n 2’7’1 2’7’1 2
J2 =hg(x +2 Y, +2 +]—1)
n 2’71 Z’TL 2

Iy = hf(xn + h,yn + 235 ), 2, + 2(J2 — ]1))
]3 = hg(xn + hiyn + 2(12 - 11)» Zpn + 2(]2 _]1))

1
Yn+1 =Yn T+ 6(11 + 41, + I3)

1
Zny1 = Zp At g(h + 4], +J3)
C- Runge-Kutta'Method of Order 4:
m; = hf(xn » Y :Zn)
p1 = hg(n.Vn » Zn)

m, =%hf (x +ﬁ y +& Z +p—1)
n 2’ n 2 ren 2

h mq P1
Pz=h9(xn+§:J’n+7;Zn+7)
h m; P2
m3=hf(xn+§»}’n+7»zn+7)

S
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h m,
z&=hg@n+54%+2 ) Zn + )
m4:hf(xn+h:yn+m3fzn+p3 )
s =hg(xy+h,y, +ms3,z, +ps3 )

1
Vne1 = Yn t+ g(m1 +2m;, + 2m3 + my)

1
Zns1 = Zn T g(m + 2p, + 2p3 + ps)

Example § :

Use the Taylor series method to obtain a solution of y” = x (y')A— * when y(0) =
3
).

1,y'(0) =0 ,h =1 (use the Taylor series method up toy(S)and A
Solution:-

Let y =2z, x,=0 Yo = 1, ZO—yO—O =1

y =x(y)?-y? =z =xz2 - y?

YOZZo—xo(YO) —Y’=0-1=-1

y' =2xy'y" + ()2 - 2yy

z' = 2xzz' + 2% — 2yz

" 1 ’ 1 ’ 2 ’
Yo = Zo = 2X9YoYo + (yo) —2Y0Yo’T 0

oY o)
y
z"' = 2x(zz" + (2)?) + 2zz\~ 2yz — 2z?
y'oo
' 2 h3 h4— @
Y1 =Yo +hys + 2,y0+ 3,;vo+4,;v0 + Ry
(1 )2 (1 )3

_1
h2 I h4

520 +§ZO +E
3

1 h -2
Z, = O+(1)(—1)+§(0)+§(2)+Rk = 7; :?+Rk

Z1 :Z0+h26+ ZO,W+Rk

10
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.+ ( )= (1 1 —2)
o xllleZI - '2» 3

Use the Taylor series method to obtain a solution of y" = xy when y(0) =0, y'(0) =1

at points 0.5 (use the Taylor series method up toy’”’ and z'")

Example 5§ :-

Find a solution of system Z—i =—x+y+z ,% = 2x + 3y — zwheny(0), = 1,z(0) =

2 by using Runge-Kutta method of order 2,3 and 4.
Solution :-
xo=0,y,=1,2,=2,h=0.1
y =f(xy,2)=—x+y+z
z =g(xy,z)=2x+3y—z
A- Runge-Kutta Method of Order 2:
ki = hf (X, Yn, Zn)
ki = (0.1)(=xg+ vy +29) = ki s01)(0+1+2) =k, =03
Ly = hg(xn, Yn, Zp)
L, = (0.1)(2xy + 3y, — 75 ) = L, =/(0N)(0 + 3, —2) = L, = 0.1
k,=hf(x,+h,y,+ky,z, +Ly) =k, =(01)f(0+0.1,14+0.3,2+0.1)
k, = (0.1)f(0.1,1.3,2.1) =k, = (0.1)(-01+13+21)=>k, =3.3
L, =hg(x, +hvy, +ky,z,4+L,)=L,=(01)g(0+0.1,1+0.3,2+0.1)
L, =(0.1)g(0.1,1.3,2,1) = L, = (0.1)(2(0.1) +3(1.3) —21) = L, = 0.2

1
Yn+1 :yn+§ (k1+k2) + Ry
1 1
1
Zn+1 =Zn+§ (L1 + L) + Ry

1 1
21:Z0+§(L1+L2) +Rk$21:2+§ (01"‘02) +Rk221:2'15

11
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B- Runge-Kutta Method of Order 3:
Iy = hf (xn , Yn » Zn)
L=01)(x+y,+2y)=>1=001)0+1+2) =1, =03
J1 =hg(Cen, Yn » Z0)
J1=(00.1)2xy+3y,—2y) >/, =(0.1)(0+3,—-2)=>]; =0.1

h I 1

I, :hf(xn-l'z »yn+§ »Zn+§)
0.1 0.3 0.1
L=0Df0+—,1+—,2+—)

I, = (0.1)£(0.05,1.15, 2.05)
I, = (0.1)(=0.05 +1.15 +2.05) = I, = 0.315

I, = hg(x w2 +I—12+]—1)

2 g n Z’yn 2’ n 2
0.1 0+O.1 1+0.3 2_I_O.l

,2_ " -g( 2 ) 2 ) 2)

/, =(0.1)g(0.05,1.15, 2.05)

[, = (0.1)(2(0.05) +3(1.15) - 2.05) = I, =0.15

I3 =hf(xXn +h,yn +2(1; = 1), 2y £'2(J> = J1))

I; =(0.1)f(0+0.1,1+ 2(0.315+%0:3), 2 + 2(0.15 — 0.1))
I; =(0.1)f(0.1,1.03,2.1)

I; =(0.1)(—0.1 +1.03+2.1)> 5 = 0.303

I3 =hg(xn +h,yn + 2 711), 2, + 2(Jz = J1))

[3 =(0.1)g(0 + 04514 2(0.315 - 0.3),2 + 2(0.15 - 0.1))
[ =(0.1)g(0.1,%03, 2.1)

I; = (0.1)(2(0.1) +3(1.03)-2.1) = J; = 0.119

1
Vn+1 = Ynit 6(11 + 41, + 1I3)
1
y; = W+ 6(0.3 + 4(0.315) + 0.303) = y, = 1.3105
1
Zn+1 = Zn + g(ll + 4/, +]3)

1
z;=2+2(0.1+4(0.15) +0.119) = z, = 2.1365

12




S Y

owdbudl Jasll - auldl dd>,0 - S>ace Jud=i Juo> 81995 gu,l ..
Olowll pud - poapdl ol /48,0l polel) au,ull &S — slasy asoel>

C- Runge-Kutta Method of Order 4:
my = hf(xn » Yn ;Zn) =0.3
p1 = hg(xn,yn,2z,) = 0.1

_ h mq P1
m; = hf(xn+§ ,yn+7 ,zn+?) = 0.315
_ h mq P1
p, =hg(x, +=,y,+—,2z, +=) =0.15
2 2 2
_ h m, b2
ms = hf (xy, to Yt ,zn+7) = 0.31825
_ h ms P2
p3 = hg(x, ‘|‘E »Yn +7 yZn -I-?) = 0.14975

my = hf(x, +h,y, + my,z, +p; ) = 0.3368
ps = hg(x, +h,y, + ms,z, + p; ) = 0.2005
1
yn+1 = yn + g(ml + Zmz + 2m3 + m4) = 1.317217
1
Zn+1 = Zn + 6(}91 + 2p2 + 2p3 + p4) = 215

Use the Taylor series metho@+e,obtain a solution of y” = x?y when y(0) =0, y'(0) =

1 at points 0.5 (use the Runge-Kutta method up toy’”’ and z'"") .
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