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Numerical Derivation and Numerical Inteqgration

Numerical derivation: gl (Ei&y)
CHBELEY ) (e Aty &) il DG cllia: CIBELEY) £ 530
e st vie Al Al (8 il Jasa gl aadien (Numerical Derivative): gaasd) @aisyi-1
SST e adias A A el Jaxe e Jseanll aasioy (Partial Derivative): 2oa Gasy)-2
e
Alee (A L e adiai dly A il Jaxa Je J pasll ardiny (Self Derivative): S 3aiiy)-3
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1.1 Numerical derivation when points are not equal in dimensions
Aay) (B 4y gliia Jalil) (4 4S5 Y Ladie (gaaad) GULEY) 1.1
If we have m +1points X, X;,X,, -+, X, that@re unequal dimensions and let f have

a real and continuous function and are derivable in interval [a, b], the convergence the
function f to Lagrange polynomial which The general formula,
QLI ALlE 9 5 patna g Agiis Ay f S (0 5Lyt Alaal 13 X g, X g, X oo ey X Bl m 1 bl S

Zul.d\ Fanal) (53 c_a\)sxj 35aldasie e f A (e o SBY) Lld [, b] bl 8 LGB (e s
(x \ xl)
() = Zf(x ) 1_[
i ’ (xj + xiy
l:#]

We can find derivative of Lagrange polynomial using known derivation rules and
make up theypoints needed to find their derivative.
e syl Lalail) (1 6K 9 A8 5 prall (BELEY) 2o 8 aladiuly il SV 3 sas Baaie ASida Aoy LiSay

Example 1
find £'(1.67), f"(3.28), f*(6.5) of the following table by using Lagrange
polynomial

X
1
=
o
N

Solution:
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P =) fep] | ((ff]__fc))
j=0 i=0 L

l#]
(x —x1)(x — x3) (x — x0)(x — x3) (x —x0)(x — x1)
o= -1 O ot =) T YD g — a0 G — )

(x+1D(x-2) (x+ 1)(x—0) x2—x—-2 9(x*+x)

RO =0+Waopo-n TV erne-n — PW "=+t "%
P(x) =x*+2x+1= f(x) =x*+2x+1= f'(x) = 2x + 2
= f'(x)=2x+2= f'(x) = 2(1.67) + 2 = 5.34.
=Sff)=2=f()=2= ) =0=f®().
f"(3.28) =2,f*(6.5) =0

P,(x) = f(xo)

1.2 Numerical derivation when points are equal in dimensions
a1 (B A gluucia Tl oS5 Ladic gadad) (3EIEY) 1.2

If we have m + 1 points X,,X,;,X,,---,X,, that are equal{dimensions between them

and let it be h such that xm = xo + mh If required find.the derivative we calculate it
e Gy g X, = X + mh o) Sun 38N Joh b oSl Gagall sl 4 glaie Llis m 4 1l ()< 13

o LaS L AELL))
d d 1
m = (x —xy)/h = x = x, + mh, dx=hdm:>ﬁ=h :d—’;ﬁ.

dy dy dm:>dy_1 dy
dx dm ' dx  dx h dm

The formula 5_:1 can be obtained from deriving the previous Interpolation formulas
Bl DSy m (M3 g0 2 Gl e Jpeanl) (Ko
dm

a- Forward differences  dwasiil) < g Al

f(x) = f(x{+mh) = y, + mAy, + %!_UAZ}’O + m(m_;)!(m_Z) Ny, + m(m_l)(T!_Z)(m_s)A4YO +

m? m 5 m3 —3m? 4+ 2m 5 m* —6m3 +11m? —6m .
y=yo+mAyo+(7—7)A Yo + G Ayo + o4 A%y + -
ay Ay, + ! A%y, + m” + ! My, + m’ _ 3m7 + 11 1)A4 +
— = m—— —— m+-= —_—— —m——
am Yo + ( 2) Yo+ ( > 3) Yo+ ( 6 4 12 2 Yo
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dy _ 1 dy

dx h dm’

d 1 1 2 1 3 3m2 11 1

= = B0+ (m = DWyo + (= m+ DNy + (T = -+ m = DAy + ) (D)
ifm =0,

dy 1 dy 1 1 1 1

EZE'Ezzl(AyO +5A2y0 +§A3y0 _ZA4y0+"'). ....... (10).

Example 3 :

Find f'(18.4), f'(18.8) f'(19.2) of the following table by using Forward
differences .

X 18 19 20 21 22
y | 10.8894 | 12.7032 | 14.7781 | 17.14894 19,8550

Solution:

Use the Forward differences .

X y A A? A3 A*
18 10.8894
1.8138
19 12.7032 0.2611
2.0749 -2.336
20 14.7781 -2.0749 9.4878
0 7.1518
21 14.7781 5.0769
5.0769
22 19.8550
_ Xm (%o _ _184-18
m=— m= T =
dy I o 1 A2 m? 1 A3 m3  3m? 11 1 At
g—x—ﬁ-( Yo+ (m—2)A%o + (- —m+3) }(’o +)2(—— 7 tEm P }’(o )3)
y _ 1 1 0.4
Ty =1 08139+ (0.4 - —) (0.2611) + < -0+ ) (=2.336) + (
_ 30042
—+5 (0 4) — —)(9 4878)).
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d
d—z = (1.8138) + (=0.1)(0.2611) + ( 0.08 — 0.4 + 0.3333)(—2.336)
(18.4)
+ (0.0107 — 0.12 + 0.3667 — 0.25)(9.4878)).
L~ (1.8138) — (0.02611) — (0.0304) + (0.0702) = 1.82749 .
dx(18.4)
_ Xm — X _188-19
m = A = m= — - 0.2
dy 1 A 1 A2 m? 1 A3 m3  3m? 11 1 N
T~ 7 @Yot M=o+ (- —m+ I8y + (= ?-'_Em_i) Yo+ ).
b 1 20749+ ((—0.2) - 1) (—2.0749) + < (202 _ 4254 3) (7.1518).
dX(lg.g) 1 2 3
d
% = (2.0749) + (=0.2 — 0.5)(=2.0749) + ( 0.024.0.2 + 0.3333)(7.1518).
(18.8)
D~ (2.0749) + (1.4524) + (3.9570) = 7.4843-
dx(18.8)
_ Xm — Xo _192-19
m= . = m = 1 =0.2
dy 1 A 1 A2 m? 1 A m3  3m? 11 1 A4
Zx — 7 @Yot (m =DA%y + (- —m+ )8 + ((?)—2 7 Tpm PVt ).
dy 1 1\ 5 02)° 1
T ‘I'(2'0749)+<(0'Z)‘E)( 2.0749)+< -0+ 3) (7.1518).
d
% = (2.0749) + (w0.3)(—2.0749) + ( 0.02 — 0.2 + 0.3333)(7.1518).
(19.2)
L = (2.0749) + (0.6225) + (1.0964) = 3.7938.
dx(19.2)

Find the fanetion f'(0.820), f'(0.840), f'(0.860)of the following table use the
Forward differences .

0.800 [0.850 |0.880 |[0.890 |0.895 |0.898 |0.899
y {0.7174 | 0.7513 | 0.7707 | 0.7771 | 0.7802 | 0.7821 | 0.7827

X




S

ool Lasll - &gl @l> o - Ssac Juds

b- Backward differences

danal i) 8 g 48l

f(x) = f(xo + mh)

m2 m 5
y=yo+mVyo+(7+7)\7 Yo +

= Yo + mVy, +

m(m+1)

Viy, +

m(m+1)(m+

o> (3.997 2wl S
Olowl=l powd - pingdl (ol /a8,2)l pglel) ay,ull adS — slasy asol>

2) V3y0 + m(m+1)(m+2)(m+3)

3!

m3 +3m? +2m

3

Vyo‘l‘

4!

m*+6m3 +11m? + 6mv

Vy, +

6 24
dy 1, m? 1, m3  3m? 11 .
7= "o +(m+§)v Yo + (7+m+§)v Yo + (—+ T+ﬁm+—)v Yo +
dy _1 4y
dx h dm’ . . .
2= (W + M+ )y + (S + m+)Vy + (5 + T+ mF vy, +
ifm=0,
d 1 d 1 1 1 1
ﬁ=;.ﬁ=z.(VyO+Ev2yo +§v3y0+zv4yo+---). ....... (20)
Example 4 :
Find the function f'(1.41), f'(1.38), f'(1.32)of.the following table use the Backward
differences .
X 1.1 1.2 1.3 1.4
y 0.4860 |0/8616 |1.5975 |3.7616
Solution:
Use the Backward differencesr.
X y % V2 V3
11| 0.4860
0.3756
1.2| 0.8616 0.3603
0.7359 1.0679
1.3 1.5975 1.4282
2.1641
1.4 3.7616
X — Xo 1.41-1.4 0.01 01
= pret = = = U.
m h m 01, 0.1
dy _1 Vyo + +—v2 + —+ +lv3 + —3+£2+— +—v4
dx _h (3’0 (m ) Yo + ( m ) Yo (( e, 4 12m ) Yot
dy _
Tr e =0T ((2 1641)+(o1+ )(1 4282)+< (0.1 + >(1 0679))

5
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d 1
el = _—.((2.1641) + (0.6)(1.4282) + ( 0.005 + 0.1 + 0.3333)(1.0679)).
dx(1.41) S 0.1’
dy 1
— = —.(2.1641 + 0.8569 + 0.4681) = 34.891.
dx 1.41 0. 1
(1.41)
_ Xm — Xp _ _138—14_—0.02_ 0.2
m="n m=". L o1
dy 1 1 m3  3m? 11
T (Vy0+(m+—)V2y0+ (—+m+—)V3y0+ (—+ T+Em+—)v‘*y0 )
dy (— 2)?
T =01 <(2 1641) + (( 0.2) + )(1 4282) +< =+ (-02) 4 )(1 0679)).
d
el .((2.1641) + (0.3)(1.4282) + ( 0.02 — 0.2 4 0.3333)(1.0679)).
dX(1.38) 0 1
dy 1
— =—.(2.1641 + 0.4285 + 0.1637) = 27.563:
dx 1.38 0. 1
(1.38)
_ Xm — X _ _132—13_0.02_02
m=" m= 01, = 0 o
dy 1(Vy +(m+ )sz +( +m+ )v3y+( 3+3mz+11m+ )v"y )
N 0 > 0 - By 0 — T T T - o+
Z; 2.1641 (oz ) 4282+ & )2 042 i 1.0679
amz) 01 ( )+ + -] )+ > + ( )+ ( ) |-
d
el ((2.1641) +.(0:%)(1.4282) + (0.02 + 0.2 + 0.3333)(1.0679)).
dX(1_32) 0 1
dy 1
— =—.(2.1641 + 0.9997 + 0.5905) = 37.543.
dx(1.32) 0.1

Find the-function f'(0.085), f'(0.040), f'(0.090)of the following table use the
Baeckward differences .

X {0.001 |0.002 |0.005 |0.010 |[0.020 |0.050 |0.100
y 10.6250 | 0.6225 | 0.6220 | 0.6215 | 0.6215 | 0.6214 | 0.6206
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c- Central differences 4338 sall il g )

i-Besssl s formulas 4 S sal) Juw cild g jil)

m(m —1)

1 m(m —1)(m — 0.5 m(m? —1)(m -2
ym=uyz+(m——)5y1+ ps®y: + ( X )53y1+ ( ) )uc?‘*yz
: 2)°73 2! : 31 2 4! :
+...
1 m? —m m3—%m2—0.5m m* —2m3 —m? — 2m
y=uy1+<m——)5y1+ ud?y: + 83y1 + ud*ys + -
: 2) 775 2 : 6 : 24 >
dy—(S +( 1) 52 +m2 m+163 +m3 m” m+1 5*y1 +
am = Ovit(m =g ROy (= Ot (e~ T POy
dy _ 1 dy
dx h dm’
dy

dy _ 1 _ 1), 52 m?_m 1,63 mi_milm 1y ca
dx—h.(Sy%+(m 2)u6y%+(2 S+ s 2o S Db ys )
ifm =0,

dy _1dy _1 _1oep 17 S
dx__h'dm _if(6y% 2#5 y;+12 5y;+12u6 y%+- ) R (30).
Example 5 :

Find the function f'(4.5), f'(3.5), f4%9), f'(3.1)of the following table use the
Besssl’s formulas differences .

X |2 4 6 8

Yy |56 126 | 268 530

Solution:

use the Besssl 5 formulas .

X y 5 52 53
2 56

70
4 126 72

142 48
6 268 120

262
8 530

7

S
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m = —xm’:xo =m= 4'52_4 = 07'5 = 0.25.
dy 1 5 1 52 m? m 163 m3 2 m 1 5t
B ROt (Mgt G = Ok =T )
dy 1 72 + 120 (0.25)2 (0.25) 1
e =7 ((142) 4 (0.25 — 0.5) ( _ ) 4 ( - = @)
d 1
2 (142 — (0.25)(96) + ( 0.03125 — 0.125 + 0.0833)(48))
dX(4_.5) 2
dy 1
——  ==.(142 — (0.25)(96) + ( —0.01045)(48))
dX(4_5) 2
2 =1 (142 —24-05016) = =.(117.4984) = 58.7492.
dx(4.5) 2 2
Xy — X 3.5—4 —-0.5

m= mh O —m= > = > = —0.25
dy _ 1 72 + 120 (<0.25)? (-0.25) 1
True =2 ((142) +((—0.25) — 0.5)( > )+< e +E> (48))
d 1
& 2 (142 = (0.75)(96) + (0.03025 470.125 + 0.0833) (48))
dX(3_5) 2
dy 1
——  =—.(142 — (0.75)(96) + (0:2396)(48))
dX(3_5) 2
2 =1 (142 - 72+ 11.5008)= =.(81.5008) = 40.7504.
dx(3.5) 2 2

_ Xm — X L 49-4 09
m = - ="m= =5 = 0.45
dy 1 72 4+ 120 (0.45? (045 1
Ty =7 ((142) £((0.45) — 0.5)( ~ ) + < e E) (48))
d 1
D £%(142 - (0.05)(96) + (0.10125 — 0.225 + 0.0833)(48))
dX(4_9) 2
dy 1
—— 7 =2.(142 — (0.05)(96) + (—0.04045)(48))
dX(4,_9) 2
o =1 (142 -4.8-1.9416) = =.(135.2584) = 67.6292.
dx(4.9) 2 2
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_ Xm — X ~31-4 -09
m="" = m=———=—= 045
dy 1 724120\ ((Z0.45)* (=045)
am) =5 <(142) + ((-0.45) - 0.5) ( 3 ) + < 3 5 )(48))
d 1
D _ 2 (142 = (0.95)(96) + (0.10125 + 0.225 + 0.0833)(48))
dX(g_l) 2
d 1
2 (142 = (0.95)(96) + (0.40955)(48))
dx(3.1) 2
@ =1 (142 —91.2 + 19.6584) = =. (70.4584) = 35.2292.
dx(3.1) 2 2

Find the function f'(0.025), f'(0.045), f'(0.03) ' (0.04)of the following table use the
Besssl’s formulas differences .

Xx]0.01 [0.02 [005* |0.10
y [ 0.6215 ] 0.6215(,0.6214 | 0.6206

ii- Stirling s formulas 43S yall Siianild g 4l
m? m(m2 -1 m?(m? —1)
Yy = Yo + mudy +76 Yo TM Yo + Y
m? 5 m? —m 5 m* — m?
y=yo+mu5yo+—5 Yo + ué Yo+ ———
d 2 3

3’_ 1 3 m> m, 4
uSy, + My (o 5O Yt )0 v,

64y0 + cee

64_}70 +

dy _ 1 ady

dx h ‘dm . ,

d 1 m 1 m m

= == NubYy + mb2yy + (5 = Dub>ye + (- = )84y + ) (4)
ifm=s0,

WLl L1 (uSyy —~uddy, + - 40

T h'dm _h - (uSyo .U Yot o) i (40).
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Example 6 :

Find the function f'(1.022), f'(1.018)of the following table use the Stirling’s

formulas differences .

X 1 1.01 1.02 1.03 1.04
y 3.10 3.12 3.14 3.18 3.24
Solution:
use the Stirling’s formulas differences.
x y 1) 52 53 5*
1 3.10
0.02
1.01 3.12 0
0.02 0.02
1.02 3.14 0.02 -0.02
0.04 0
1.03 3.18 0:02
0.06
1.04 3.24
m = xm’:xo —m = 1.0222—1.02 0002 _ 0.001.
dy _1 85y, + mé? +m2 . 53 +m3 54y, +
I = 7 WOYo + Mm%y +i—m — DIH07Yo + (=~ 13)07 Vo ).
Z_Z(lm) _ 0;1 | <<0.02 er 0.04) + (0.00D(0.02) + <(0.0§1) ~ %) <0.022+ 0) N <(0.o§1) ~ (0.3;)1)) (_0.02)>
3—1(1.022) = ﬁ. ((0.03) ¥ (0.001)(0.02) + (0.0000005 — 0.1667)(0.01) + (1.6667 * 10~*° — 0.000083)(—0.02))
dy Ll
T ooy 00T (0.03 + 0.00002 + (—0.1666995)(0.01))
2y = L. (0.03 + 0.00002 — 0.001666995) = L. (0.028353005) = 2.8353005.
dx(1.022) 0.01 0.01
N xm};xo — = 1.0182—1.02 _ —0.2002 — _0.001
Y_L s + mé? +m2 Y s +m3 254y, +

10
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dy 1 0.02 + 0.04 (-0.001)*> 1\ /0.02+0 (-0.001)* (-0.001)
@1.018) =ﬁ'<( . >+(—0.001)(0.02)+< . —g>( . >+< A B >(—0.02)>

dy 1
— =—. ((0.03) + (=0.001)(0.02) + (=0.0000005 + 0.1667)(0.01)
dx1.018) 0.01

+ (~1.6667 * 1071° + 0.000083)(—0.02))

dy = L (0.03 — 0.00002 + (0.1666995)(0.01))

dx1.018) 0.01°%" . . .

by =-1.(0.03 — 0.00002 + 0.001666995) = —. (0.031646995) = 3.1646995=
dx(1.018) 0.01 0.01

Find the function f'(0.63), f'(0.54), f'(0.69), f'(0.58)o0f the following table use the
Stirling’s formulas differences .

X 0.2 0.4 0.6 0.8 1
y 09799 109178 0.8080 (]M0.6386 |0.3843

Numerical ITntegration

:‘snﬂ\ dA\Sﬂ‘

e SR Ay 5 s e iad) al Al 53 58 goaad) JalSl

sl JalSill sanae ilad llia

RSl Fiin) Al e diall are- |

b 855 2 ) ling p saiah ) 55 28 A (S5 AiSan iad) JalSEl A ) ee ()55 Ladie - 2
2l g Lt e Jalsil) Ay iy pa3 oS- 3

To find the value'ef Numerical integration, the function can be written in the form
of a power series as follows:

b LS (5 58 Alubdia S5 e Al 4SSy (g0l JalSil) A ol
f(0)=ey™F ¢ (x — x9) + co(x — x9)% + c3(x — x0)3+... +¢,, (x — x0)"+...
If theClosed interval [a,b]is a continuous on the function and be within the
convergence of the series, we get 4dlaall 3 yiall ulS 13) [a,b] <l Gaa g Al e dlatia
PSR AR IMNEA

11
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b b b b
Lr ) =f f(x)dx = cof dx+c1f (x—xo)dx+c2f (x — x0)% dx
a b a a a
+c3f (x — x0)3 dx+...

a
b

* b
+cnf (x —xo)"dx+... = ZCL-[ (x — xo)t dx
i=0 ¢

a

Example 1 :
Find the approximate value of integration fol Cojéx) dx for four term.

Solation :

~ 2 44 46
cos(x) = 1_7+E_E+
B cos(x) ! x? x* «x°
3 1M1 xg x% xlz1 p
_jo Vx 204 6l X
5 9 13 1
(2 1 Xz N Xz X2 )
= Xz — 5 11\ 13
$0 RS
=2 1 1 - +-«=1.809045584 = 1.8090
B 5 7708 ~ 4680 ' -
Example 2 :

Find the approximate value\of the determinate integration of the interval [0.5,2.5],
(foz_'ss f(x)dx) on the function defined in the following table.

X 10.05 0.10 0.20 0.26
y |0.05 0.0999 0.1987 |0.2571

Solation :

12
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o> (8993 2yl 5.1

@

. y A=V=3§ A? A3
0.05 0.05

0.9980
0.10 0.09999 -0.0667

0.9880 -0.1200
0.20 0.1987 -0.0919

0.9733
0.26 0.2571

FOtn) = Ym = Yo + (x — x0)Ayo + (x — x0) (x — x1) A%y + (x — x0) (x — x1) (292 ) Ay + -+

£(x) = 0.05 + (x — 0.05)(0.9980) + (x — 0.05)(x — 0.1)(—=0.0667) + (x — 0.05)(x ~ OKL) (%= 0.20)(—0.1200)

f(x) = —0.119x3 — 0.025x2 + 1.004x

2.5 2.5
[ = j Flx)dx = f (—0.119x3 — 0.025x2 + 1.0048)d¥
0.5 0.5
_ 4 2.5 3 2.5 2 2.5
_ 0.119x . 0.025x 1.004x —.20.0299.
4 0.5 3 los 2 los

1- Find the approximate value of intégeation | 11'72—de for four .
2- Find the approximate value of the determinate integration of the interval [2,3],
(f; f(x)dx) on the function«defined in the following table.

X 0 1 2 3 4
y 1 2 9 28 65

Newton-Cotes Formulas  («iss-¢figs ua
Newton-Coates formulas are the most important methods of numerical integration.
gl JalSil) (3 yha st (he (gl 6S- (5 ga Ra il

asTrapezoidal Rule. < ad 4udi aclal)
Let n Number of partial interval (sub-interval) and z = bn;a.

h =b;—a}(‘;cﬂ\ﬁ\)ﬂ\)‘£j;j\ﬁ\)ﬂ\ddcngﬂ
When n=1 then The trapezoidal rule of integration ff f(x)dx is

13
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o Coadall 4k Jalsill sacld Gl n=1 o 5Ss Ladie
Whenn=1, [} f(x)dx =2 (f(a)+f(b)), h=""
b-a

When n=2 , [7 f()dx = 2(f(0) + 2f(@+ 1) + (b)), h=""

2
When n=3 , f;’f(x)dx = g(f(a) +2f(a+h)+2f(a+2h)+f(b)), h=
Then the general formula of the trapezoidal rule

b—a
3

Coyniall 4nd sac il Al Bau ) 3

a

f:f(x)dx zg[f(a) +2f(a+h)+2f(a+2h) +2f(a+3h) + -+ 2f(a+ (n—Dh) LB, h=—.
[7 fOodx = 2[f(@) + 2505 f(a + ih) + f(B)] + Er (k).
E7(h) is The error formula for the trapezoidal rule E;(h) = _1—}:]‘"(/1) ,a<A<b

o paialPa s saclal Undll dapa o
Example 3 :
Find the approximate value of integration | 12 i dx by using”the trapezoidal rule when
n=4
Solation :
[[odx=Inx|?=In2-In1=In2=06931 h= ”n;“ =22 =025

X 1 1:25 1.5 1.75 2
y=f(x)|1 0.8 0.6667 05714 |05

[0 F)dx = 2[f(a)d 288, f(a+ ih) + F(B)] + Er(h).

b
] f(x)dx = g[f(a) +2f(a+h)+2f(a+2h)+2f(a+3h) + f(b)]
flz 1 0.25

) ;dx = D5 [1+ 2(0.8+ 0.6667 + 0.5714) + 0.5] = 0.6970

e, =40.6931 — 0.6970| = 0.0039.

Example 4 :
Find the approximate value of integration me 3x%dx by using the trapezoidal rule
when n=10

14
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Solation :
10 b-a 10-0
fO SXZdX=X3|(1)O=1OOO 'hszTzl'

X 0 |1 2 [3 J4 J5 J6 [7 [8 J9 [10
fx) |0 |1 12 |27 [48 |75 |108 |147 | 192 |243 | 300

[} f0)dx = 2[f(a) + 23, fa+ih) + f(b)] + Er(h).
b
j f(x)dx = g[f(a) +2(fa+h)+f(a+2h)+ f(a+3h)+ - fl@a+HIN)) + f(b)]

10
1
j 3xdx = 5[0 +2(3 + 12 + 27 + 48 + 75 + 108 + 147 + 192 +243) + 300] = 1005
0
e, = [1000 — 1005| = 5.

Find the approximate value of integration ff\/% dx Dby using the trapezoidal rule
when n=10

b-Mid-point Rule  Jaw s diil) 325,
Let n Number of partial interval (sub=interval) and » = b;—a.
[ F(0)dox 5 (oo ) < sl & el il sse o<l
When n=1 then The Mid- point rule of integrationfff(x)dx is
o dalall o gl ddadill 3ac 8 (8 n=] () o< Ledie

Ifn=1 = [ f(ydx = h(fa+D), h="2
b—a

Ifn=2 5% (0dx = h(f(a+3m) +fla+3m), h=""
Ifp=8'S T, fdx = h(f(a+3h) +fla+2h) +fla+3h), h=

b—a
3

Then the general formula of the Mid- point rule:- o 5l 4kl sacldl dalal) dapall

fbf(x)dx ~ h(f (a +%h> +f<a +;h) +f<a +§h> + ---+f<a + (an_ D) h)) + Es(h),

15
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(2i

[7f@ydx = hE%, f(a+ 520 + By (h).

Ey (h) is The error formula for the Mid- point rule E (h) = %f"(ﬂ) ,a<pB<b
s sl Akl 3ac\al Undl) dspa 0

Example 5 :
Find the approximate value of integration ff%dx by using the Mid- point rule whén
n=4
Solation :
21 2 b-a _ 2-1
Ji-dx=Inx|f=In2-In1=1In2=0.6931 h=—=-—=40.25
X n 4

X 1.125 1.375 1.625 1.875
y = f(x) | 0.8889 0.7273 0.6154 0.5333

4
(2i — 1)
fedx=hY f <a + h) + Ey (h).

b

S

b 1 3 5 7
F)dx = h [f(a +SB)+ flat Sy fla+2h) + f(a+5h)

2

o

1
;dx = (0.25)[0.8889 + 0.7273 +,0.6154 + 0.5333] = 0.6912
e, =10.6931-0.6912| = 0.0019.
Example 6 :
Find the approximate value oOf integration folo 3x2dx by using the Mid- point rule
when n=6
Solation :

b;a 10-0

10, 2 ~ 3110 _ _ _ _
fo 3x2dx = x3|3° = 1000 b= — = =1

X 172 |3/2 |52 |7/2 |9/2 |11/2 |13/2 15/2 | 17/2 | 19/2
f(x) 10.75]6.75 | 18.75|36.75|60.75|90.75 | 126.75 | 168.75 | 216.75 | 270.75

b 10 -
ja F0)dx = hzlf(a + (212 Do+ B, )

16
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b 1 3 5 19
f f)dx = h [f(a +SR)+ flatSh) +flat o)+t flat 7h)]
a
10
3x2dx = (1)[0.75 + 6.75 + 18.75 + 36.75 + 60.75 + 90.75 + 126.75 + 168.75

o

+216.75 + 270.75] = 997.5
e, = |1000 — 997.5| = 2.5.

Find the approximate value of integration ff\/% dx by using the Midy-point rule
when n=10

c- Simpson’s Rule .gguew 3o\
This rule deals with even interval (i.e n =2,4,6,8,...) Whenn=2 then The
Simpsons’rule of integrationfff(x)dx :
Lalal) JalSill 522l 3 1 = 2 05 Ledien = 2,4,6,8,.0) '61) A s <l yidll e sac il o2 Jalas
O sosans Alilay

_ b—a b h
if n=2then A =T=>j f(x)dx E—S-(f(a) +4f(a+h)+ f(b))

ifn=4,thenh=$ﬁjbf(x)dxEg(f(a)+4f(a+h)+2f(a+2h)+f(b))
b—a ’

b h 6
jaf(x)dxEg(f(a)+4f(a+h)+2f(a+2h)+4f(a+3h)+2f(a+4h)+4f(a+5h)

+F@)):
Then the general fermula of the Simpson’s rule

if n=6,then h =

O rans 320 dalal) dapall o
b
f f(x)dx Eg[f(a) +4f(a+h)+2f(a+2h)+ -+ 2f(a+(2n—2)h) +4f(a
’ +@n— 1) + F(b)]

b
f Fo)dx = g[f(a) +4(f(a+h) + fla+3h) + -+ f(a+ 2n—Dh))
’ +2(f(a+2h) + f(a+ 4D+ + f(a+ 2n = 2)h) + f(b)] + Es(h)

17
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f:f(x)dx = %[f(a) +4YL, f(a+ (2 — DA T f(a+ 2ih) + f(b)] + Es(h)
E;(h) is The error formula for the Simpsons’rule be Eg(h) = gf(‘”(e) ,a<@<b

PRIV sacldl adl) :\a:ua L)
Example 7 :

Find the approximate value of integration ff % dx by using the Simpsons’rule.when
n=4

Solution:-
[[-dx=Inx|?=In2—In1=In2=06931 h= ”n;“ =" = 0.2s.
X 1 [125 |15 175 |2
y=f() |1 |08 |0.6667 |05714 105
b h B n n—-1
L fOOdx = 2| f(a) + 4Zf(a +(2i—1)h) +2 z Fla 4 2in) + F(b)| + Es(h)
. h - 131 =1
j fOOdx =2 |f(a) + 4Zf(a + (20 — DAE2f (a + 2h) + F(b)| + Es(h)
h

b
j f(x)dx Eg[f(a) +4(f(a+ h).+ 2f(a+ 3h)) +2f(a + 2h) + f(b)]

21 25

j —dx = ——[1+4(0.8 + 05714) + 2(0.6667) + 0.5] = 0.6933
1

e,|0.6933 — 0.6933| = 0.0003"

Example 8 :

Find the approximate value of integration folo 3x2 dx by using the Simpsons’rule
when n=10

Solution:-
[y 3x%da)= 23| = 1000 h=""=2"2=1
X 0 |1 2 [3 |4 5 [6 |7 [8 [9 10

fx) |0 |1 12 |27 |0548|75 |108 | 147 | 192 | 243 |300

jbf(x)dx zﬁ(f(a) +4zn:f(a+ (2i — 1)h) +2nz_:1f(a+2ih) +f(b)) + Eg(h)
3 i=1 i=1 )

a

18
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f:f(x)dx = %[f(a) +4(f(a+h)+f(a+3h)+f(a+5h)+ f(a+7h)+ f(a+9h)+2(f(a+
2h) + f(a + 4h) + f(a+6h) + f(a+8h) + f(b)] .
10 1
j 3xdx = 5[0 +4(3 +27 + 75 + 147 + 243) + 2(12 + 48 + 108 + 192)
0
+ 300] = 1000

6
Find the approximate value of integration J.de by using the Simpsons’rule
1

X +2

when n=10
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