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Introduction to Numerical Analysis

Numerical analysis is concerned with the development and analysis of metheds+for
the numerical solution of practical problems. Traditionally, these methods have been
mainly used to solve problems in the physical sciences and engineering. However,
they are finding increasing relevance in a much broader range ofisubjects including
economics and business studies.
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The first stage in the solution of a particular problem,is the formulation of a
mathematical model. Mathematical symbols are“introduced to represent the variables
involved and physical (or economic) principles are applied to derive equations which
describe the behavior of these variables/'Wnfortunately, it is often impossible to find
the exact solution of the resulting mathematical problem using standard techniques. In
fact, there are very few problems for,which an analytical solution can be determined.
For example, there are formulas fetsolving quadratic, cubic and quartic polynomial
equations, but no such formula’exists for polynomial equations of degree greater than
four or even for a simple équation such as  x=sin (X).
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Similarly, we can certainly evaluate the integral A = fa e*dx ase
b : : : :

cannot find the exact value of A = fa e*” dx, since no function exists which

differentiates to e**, when an analytical solution can be found it may be of more

theoretical than practical use.
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Numerical analysis :- involves the study, development, and analysis of

algorithms for obtaining numerical solutions to various mathematical problems,
Frequently, numerical analysis is called the mathematics of scientific computing.
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ERRORS AND STABILITY

The majority of numerical methods involve a large number of calculations which are
best performed on a computer or calculator. Unfortunately, such machines are
incapable of working to infinite precision and so, small errors occur in nearly every
arithmetic operation. Even an apparently simple number such as 2/3 cannot be
represented exactly on a computer. This ‘aimber has a non-terminating decimal
expansion 0.66666666666666 - - - and if, for example, the machine uses ten-digit
arithmetic, then it is stored as 0.666 666 666 7 (In fact, computers use binary arithmetic.
However, since the substance of thg’argument is the same in either case, we restrict our
attention to decimal arithmetic for simplicity).
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Errors

Computations generally yield approximations as their output. This output may be an
approximation to a true solution of an equation, or an approximation of a true value of
some quantity.
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The numerical solution for any problems is an approximate value to the exact solution.
numerical solution + error= exact solution
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Sources of Errors: sUiy) jilaa

1- Formulation Error iclLiall cUail

It happened during question form.
2- Rounding off Error and Chiopping Errors : - sl glill clasl

These errors are made when decimal fraction is rounded or chopped after the final
digit.
Example

1.36579 = 1.3657 and 1.36579 = 1.3658
1.86548 = 1.8654,4nd 1.86543 = 1.8655

3- Truncation Error kil ¢Usa]

These errorare'made from replacing an infinite process by finite one.

Exaniple

7

. X X . .

sinX)=x ——+———+ .. (Maclourin series )
31 51 7

3 5
Now, if we want to find for small x then we will consider the terms x — % + % Whicl

gives us a good approximation, hence the truncation error is the infinite series
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4- Inherent Error  iulall cUasli
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5- Accumulation Error i il cUasj
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Example
sinx = 0.1.35843

= 0.1.358.

6- Floating-Point Numbers afid Round off Errors
In the case Floating decimal Point we write the numbers as follows

x =Fxb* quch that F = F0.d,d4ds .d,, , 0.1< IFI<1,b=210," c
il cUaslg aoilell alolal o)l
Example Sl il e Al ) S dailall 4y el ddatill dlls b

a=63589%4 s written as 0-6359x10" by Rounding
b =0.00375 igwrittenas 0-375x107 by Rounding
¢ =-256.67. is written as - 0.2567 x10’ by Rounding

Errors_ are commonly measured in one of two ways: absolute error and relative error
as the Tellowing definition.
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The Absolute Error :- Let the real number x and the approximate number x*,
error = exact solution - numerical solution
the Error is X — x*. The absolute error(e,)is [x — x*|, e, =|x — x*|.




S

JoVI Jasl - asll @l> o - Ssac Jul= o> (6895 aul o]
lowll pod - pinpdl ol /88 ,0)l polell du,il @S — slags asols

cx —xt s Waddl) et w8 A8l x i) b8 N oSl - gllaod | Unsdl
cgaandl dall - gall Jall = Uasll
Cey = |x — x| ¢ x — x| s (ey) Gl Uadll
The Relative Error :- the relative error is defined as
x—x"* x—x*
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Errors In Calculations

Let X, y*are two approximate values of the tow numbers’a; b with absolute Errors
ey, €y and 8y, §,, relative Errors

1- Absolute errors inXx + 7y
e ., =(x +y)—(x*+y*)

exsy = (x —x) + (v - y") =~
Relative Errors in x +y
Cx+y  €x + ey

St = _
Y x4y x+y

1
6x+y =m (ex + ey)

Sxty =— (xe; ¥ ye;y)z Bty =$ (6, + 6,

2<%Absolute errors inx — Yy
€xy :(x _y)_(x*_y*):x —y—x"+y’

ery = (x —x7) = 7 — ¥ =

Relative Errors in X — )
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ex—y €x — €y 1
5_ = = = —_
x=y X —y x—7y x_y(ex e)’)

Symy = (xZ - %):5x_y =$(x6x ~y6,)

3- Absolute errors in x.y
exy = X.Y — (x*y")=x.y—(x —e,). (y — ey)
=x.y — (x.y —x.e, —y.ey + eyey)

Relative Errors in x.y

(ex'ii = x. eii +y.e) = (x.y)

4-Absolute errors in % and Relative Errors in § )

x_*_ (x_ex)_ (x_ex) _ (x_ex) 1
PO Ty T S

e e e
14+ 2+ D2+ (D)3 4+ ... #
2+ (22 + (3
O

x* xX—e e e e
—*:( x>.<1+ _y+(_y)2+(_y)3+...)
y y y y y
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Relative Errors in —
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4- Absolute errors inx +y

e, =(x +y)—(x*+y*)

exry = (x = x) + (v — )=
Relative Errors in x +y
€x+y _ €x + ey

St = =

Vo x+y  x+y
1

Oxty =T +y(ex + ey)

Oxty =i (xex—x + y%"):» Oxty =$ (x6x + y6y)

5- Absolute errors inx —y
e. =(x —y)—(x*—y*)zx —y —x +y

ery = (x —x7) = 0=y ") =

Relative Errors in-X"s V
Ex—y “Nex €y 1

6x—y = = = (ex - ey)
X<y x-—Yy X—=7y

By =—= (xe— - yey—y)=>5x_y = ﬁ (x6, — ¥5,)

x—y x

6- Absolute errors in x.y
exy =x.y —(x"y") =x.y— (x —ey). (y — ey)
=X.y — (x.y —X.ey—y.ex+ exey)
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Relative Errors in x.y

(ex'ii = x. eii +y.e.) = (x.y)

4-Absolute errors in % and Relative Errors in % .

X_*_ (x_ex)_ (x_ex) _ (x_ex) 1
YT h-e) v(1-2) v 1-2
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1+ 2+ 2+ )3+ 4
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X _(X;ex>-(1+ ey—y+(ey—y)2+(ey—y)3+“'>
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Relative Errors in—

y
(exzz e_x_e_y));(z) -
AV x Y y
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Absolute errors Relative Errors
x + €riv=6,+e¢€ 1
y x+y x y 5x+y :x gy (ex + ey)
X—=Yy €x—y = €x — €y S — 1_ _
=y Ty (ex ey)
x.y €xy = X.€), + Y. Oxy = 0x + 6,
x/y ex:f.(e_x_e_y 6x = 6, — 05
y Yy x Yy Y

Example

1- If x =52,y =3.12 two numbers are round for'\ . two and three numbers

decimal places find e, ,6x+y »€x—y ,6x_y ) €xy 1 Oxy G€x ,Ox .
y y

Solution:
e, = 0.05 and e, = 0.005.

ex+y = €x + e, = 0.05+ 0.005 = 0.055.

1 1
o) =—I|(e e,) =
xX+y x+y( x T 3’) 5.243)12

ex—y = ex — e, = 0.05+ 0:005 = 0.045.

1

(0.055) = 0.0066.

1

1
Sx—y :E(ex —ey) = 555 (0.045) = ——(0.045) = (0.4808)(0.045) = 0.0216.

ery = X. ey + Ve, = (5.2)(0.005) + (3.12)(0.05) = (0.026) + (0.156) = 0.1820.

5ry =(6: +8,) = (2+ %V) = (332 + 252) = ((0.0096) + (0.0016)) = 0.0112.

X 5.2 3.12

ex =50 (- 2) =22 (32— 220 = (1.6667) . ((0.0096) — (0.0016)) =

3PS y/] 312 "\s2 3.12

(1.6667) .(0.008) = 0.0133.

8x =(8, — 8,) = (e_x — e_Y) - (E - m) = ((0.0096) — (0.0016)) = 0.0080.
y

x y 5.2 3.12
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1-If x =3.5 ,y =2.19 two numbers are round for four numbers decimal places

y y

2-If x =19.65,y = 23.28 two numbers are round for four numbets decimal

3-If x =3.755,y = 4.20 two numbers are round for four numbers decimal places

Yy =Y,

4- If x =36.253 ,y = 25.137 two numberscare Tound for four numbers decimal

y y
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