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Chapter Two *:i :

Solutions of Nonlinear Equations
In the next series of lectures, we shall discuss the problem of identifying the,réets of
equations in one Variable.

The basic formulation of the problem in the simplest case is this givert\a function

f (x) of one variable, find all x such that f(x) = 0.
Aaly e AVl s a8 ARG Bl BV jualal) Al
O5Ss Gy xS 2l canly el £(or) Ao elhae) & OV el 8 Alall Lulu) 4l
J(x) = 0.
We will review two methods for determining first approximations of possible
positions for the equation f(x) = 0, where f is a tontinuous real function.

Aiis A f Cua of (x) = 0 Usbaall 483l ) s3a W mabal sal 4 ol il 555 Cpni] sl (o jaiasing
P
1- (Method Graphic) Sl ad Jb giad) £3] g0 i

If we draw the graph of the functiensf (x) = y, the points of intersection of the

function curve with the x axissreptesent the roots of the equation. If the equation is
cut, then the function graph can be considered the axis at the points x4, x,x3, ... Xj.
Each of these values represents a root. These values are first approximations to the
roots.
b 1306 Alabadig 38 Jici x ) s g Al e ol ol (b £(x) = y Al Jaadia Lians 5 13)
aill o3 GEUS BT Xy, 0y, Xg, e Xy, B G el Al Jakade i) oSy UL 5 Astall
sl A iy 8 Ll o3 T ks Jiai
Sometimes it is convenient to write the equation in the form f; (x) = f,(x), where
f1, f. are functions that are easy to draw. If the two curves intersect at the point
(x*,y"), then x* is considered the root of the equation.
Legans ) domss GlSf, f Cum f (20) = £ (1) Bnalls Aabaall A0S 23 (40 (0 5S5 ) lany S
CAlaall i s (x%, y*) Ol (%, y*) Adaiil) 3 liisiall adalss 13
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Example 1:
Determine the locations of the roots of the equation e”* sin(x) — 1 = 0.
e*sin(x) — 1 = 0 dbaal)l i adl ga (e ;Jla

Solution:
sin(x) = e™* WS Lally ) Asbad) LS Sa,
D5l &8 se a7 QL) oy cpillall o ) (S
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2- Locating the position of roots (pregramming method):
Aol di by gdad) 28] g0 G

To locate the position of roots of the function (equation) f (x) = 0 by using
programming method, wewse fi(x) be continuous function on the interval [a,b]. We
divide the interval [a, b] into n subintervals

ke B paine A £ () o eyl Ak w12l £(o0) = 0 (Aabaall) Al 3al) 18] ga 13al
el s n Gl [a,b] 5 ) s, [a, b] 550
b-a

a=x0<x1<---<xn_1<xn=bwherexl-=a+ih,i=0,1,...,n;h=T.

If f(x)xf€xp51) <Oforany 0 <i < n, then there exists ¢, a < ¢ < b for which

F(0).=0"

Example 2:

Find the approximate location of the function

f(x) =x*—7x3+3x%+26x — 10 = 0 on the interval [—8,8] with n = 4 and
n = 8.

S




ol Lasll - asldl al> o - Ssae Jul= Juo> 81995 gl .o
ool psd - piepdl ol /88,00l polall au il &S — slag azols
Solution:
Ifn=4hph=22=-8C8_16_4
n 4 4
X 81 -41] 0 4 8
f)| + | ] - | < | *

There is a root between (-4,0) and (4,8).
b-a _8-(-8) _ 16

If n=8, h= = — = 2.
n 8 8
X 8164|2024 6|8
fol+ |+ [+ -[+[ -]

There is a root between (-2,0), (0,2), (2,4) and (4,6).
Example 3:
Find the approximate location of the function
f(x) =x3+4x? — 10 = 0 on the interyal.[1,2] withn = 5.

Solution:
n=5,h=b_a=2_(1)=l=i=0.2.
n 5 5 10
X 1 [1.2]14]1.6]L&(H2
OISR

There 1s a root between\(1.2,1.4).
Example 4:

Find the approximate location of the function

f(x)=x2—"1=0 on the interval [—1,1] with n = 10.
Solution®
o =22 2 o
n 10 10

X -1 |-0.8/-06|-04(-02] 0 02|04 )0.6]0.8

f@ -1 -1-1-1-17-1-1-1-

There 1s a root between (-1, -0.8) and (0.8,1).
3
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Find the approximate location of the function
- f(x)=x3-8x>+7=0 on the interval [—3,3] withn = 6.
2-  f(x) =x*-5x3—-3x%2+x+1=0 on the interval [-5,5] withn = 5.
3-  f(x) =3x*+ 2x3>—x?+x+1 =0 on the interval [—8,8] withn = §:

Numerical methods: Lusaed) 5 b

Numerical Methods: are methods for solving problems numerieally/on a computer or
calculator or by hand. e base JLdihda @k o a3 )kl
ally o sl AV i G gualal),

* The steps from a given solution to the final answer aréusually as follows:
EVS o dnae Alle ol Ja @il ghaa

1- Modeling: set up a mathematical model of the problem such as an integral, a
system of linear equation or differential equation.

Aolialadl) Aataal) ol ddasl) Astaall AUl Lol (Jlo A8l il ) 3 sad dlae ) A dadl)
2- Choice of mathematical method( Loaall Jall 48y Hla s

3- Programming: from an algofithm we write program, say as FORTRAN; C; C++ or
we may decide to us a computing environment such as MATLAB and
MATHEMATICA .

Jio s p=Beill 85 8 5l C++ ¢ FORTRANSG dlaali s i da 3l 53 (g 1iaa il
el A o sala mali n gl Jwia)  MATHEMATICA SMATLAB

4- Doing thé,computations. dpbeal)l Glileall HLal
5 - Intefpolation the results Gla gy o) Jsan JS& e Lgle Juans Al il (s 3

Al Al AV o gulad) e Lose Jiladl Ja 5,k o rdgaaall 5,k
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(i) Bisection Method: <) il huali 4 b

Suppose a continuous function f defined on the interval [a,b] is given with f(a) and
f (b) of different signal (i.e. f (a)xf (b) < 0). Then by Intermediate value theorem ((If
f € Cla, b] and k is any number between f(a) and f (b), then there exists ¢ €(ayb)
for which f(c) = k)) there exists a point ¢ € (a, b) such that f(c) = 0. Ifwe.echoose

the midpoint ¢ = bzi, then three possibilities arise:

@l Adine GG £(b)s f(a) b [a,b] Al 5l o A8 e o5 gmian Al o) il

sk f € Cla b] IS Je duani, s siall Aadll 4 Hlas 3ol 504l (@) X f(b) < 0).

LY f(c) = 0. 0SS (f(0) = k) S c € [a,b] e« fb)s f (a) Om gl 2=
Y lada) 4.3)».1‘)@_)93“6 “C = (b + a)/zw\‘das.a

<0 there is a root between-a, ¢ = d=aT+C
- b
If f(a)xf(c) >0 there is a root between by ¢c = d=%

=0 c 1s exact root ((Stop)).
The two conditions stop are O yda <8 3V N, 7 — x;| <€ V. |f(x41)| <€ for any i
Example 5:

Find an approximate root of f(x)(=)x* — 3 in the interval [1,2] by using Bisection
method if error €= 0.005.

Solution:
f(0) = 12 -3 =-2 ,f(1)=22—3=1.

x 1 2 1.5 1.75 1.625 1.6875 1.7188 1.7344 1.7266
y=f@) |2 | 1"| =075 | 0.0625 | -0.3594 | -0.1523 | -0.0457 | 0.0081 -0.0189
X, = “Zi’ =22 =15 f(15) = (15)* -3 =—-075.
|x; 3b| =|1.5—-2| =0.5>€ V|f(x;)| =]-0.75| = 0.75 >€
_x;+b 15+2

X == -— =175, f(175) = (1.75)* = 3 = 0.0625

X, — x;| = |1.5 = 1.75| = 0.25 >€ V |f(1.75)| = 0.0625 >€
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X +x;  L175+15

X3 == 5 = 1.625 ,f(1.625) = (1.625)?> — 3 = —0.3594
s — x,| = [1.625 — 1.75] = 0.125 >€ v |f(1.625)| = |[=0.3594] = 0.3594 >€

x3+x, 175+ 1.625 5
Xy == 2= . — 1.6875 , f(1.6875) = (1.6875)% — 3 = —0.1523
%, — %3] = |1.6875 — 1.75| = 0.0625 >€ v |f(1.6875)| = |—0.1523| = 0.1523 >€

x, +x, 1.75+1.6875 5
x5 = 2t = - — 17188 , £(1.7188) = (1.7188)%% 3 = —0.0457
Ixs — x,| = [1.7188 — 1.6875| = 0.0313 >€ v |f(1.7188)] = |—0.0457]\='0.0457 >e

1.75 + 1.71

o= et Xs LTS L7I88 ) oois  F(17344) = (17344 23 = 0.0081

2 2
X¢ — xs| = [1.7344 — 1.7188| = 0.0156 >€ V |f(1.7344)|=10.0081| = 0.0081 <€

_ Xg+xs 17344+ 1.7188

Xy =——H = > = 1.7266 , f(1.7266) = (1.7266)* — 3 = —0.0189

|xg — x5| = [1.7344 — 1.7266| = 0.0078 <€ |f(1.7266)| = |-0.0189| = 0.0189 >€
Then x, = 1.7266 is the approximate root.

Example 6:

Find an approximate rootwof [x) = x2 — % in the interval (0,1) by using Bisection
method if error €= 0.01.

Solution:
f(0)= 02 == 205 . f(1)=12—-=05.

x 0 1 0.5 0.75 0.625 | 0.6875 | 0-7188 | 0.7032
yefoy| O3 0.5 —025 | 0.0625 | -0.1094 | -0.0273 | 0.0167 | -0.0055
X, = “Zi’ =22=05. f(05) = (0.5)2 -~ = —0.25.
X, — b| = |0.5— 1] = 0.5 >€ V |f(x,)| = |—0.25] = 0.25 >€
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x;+b 05+1 1
X, = 12 =———=075, f(0.75) = (0.75)2 — 5 = 0.0625

x, — x| = (0.5 = 0.75| = 0.25 >€ V |£(0.75)| = 0.0625 >€

X, + X 0.75+ 0.5 1
Xy = 2 . L= —— = 0625 ,f(0.625) = (0.625)* — 5 = ~0.1094

|x3 —x4| =10.625 — 0.75| = 0.7188 > Vv |f(0.625)| = |—0.1094| = 0.1094 >€

x3+x, 0.75+40.625 , AT
Xg=——F— = > = 0.6875 , f(0.6875) = (0.6875) Y= —0.0273

|, — x3| = 10.6875 — 0.75| = 0.7188 >€ v |£(0.6875)| = |—0.0273] = 0:0273 >€

X, +x4, 0.754 0.6875 , 1
Xs = ——— = > =0.7188 ,f(0.7188)=,(0.7188) —5= —0.0167

|x5 — x4] =10.7188 — 0.6875| = 0.0313 >€ V |f(0.7188))='|—0.0167| = 0.0167 >€

x, +xs 0.6875+ 0.7188 , 1
X === . = 0.7023 , £(0,7023) = (0.7023)° — 5 = ~0.0055

| — x5| = 0.7032 — 0.7188| = 0.0156 >€ W]£(0.7023)| = |—0.0055| = 0.0055 <€
Then xg = 0.7032 is the approximate root.

Example 7:
Find an approximate root, 0fyf(x) = xe* — 2 = 0 in the interval [0.5,0.9] by using
Bisection method if error €= 0.007.

Solution:
£(0.5) =05e®8L2=-11756 , f(0.9) = 0.9 -2 =0.2136

x 05 0.9 0.7 0.8 0.85 | 0.875 | 0.8625 | 0.8562
y =f(%) | -1.1756 | 0.2136 | —0.5904 | —0.2196 | —0.0113 | 0.0990 | 0.0433 | 0.0157
X, = a:b = 0-5: 22=0.7, £(0.7) = 0.7e©7 — 2 = —0.5904
Ix, —b| = 0.7 —0.9] = 0.2 >€ V |f(x,)| = |f(—0.5904)| = |—0.5904]
= 0.5904 >€
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_xy+b 07409

X, = — = 0.8, f(0.8) =0.8e©8 —2 =-0.2196

X, — x| =10.8—=0.7] = 0.1 >€ V |f(x,)| = |-0.2196] = 0.2196 >€

X3 = x22+ b _08 er 09 _ 0.85 ,£(0.85) = 0.85e(©8% — 2 = —0.0113

X3 — X,| =10.85 —0.8] = 0.05 >€V |f(x3)| = |—0.0113] = 0.0113 >€
X, = x32+ b_ 0'85; 09 _ 0.875 , £(0.85) = 0.875 (875 — 2 = 0.0990

%, — x3| = |0.875 — 0.85| = 0.025 >€ V |f(x,)| = 0.0990| = 0.4990 >€

X3+ x 0.85 + 0.875
Xs = = 5 t = z = 0.8625 , £(0.8625) = 0.8625 e(08625)% 2= 0.0433

|x5 — x4| =10.8625 — 0.875| = 0.0125 >V |f(x,)| = |0.0433| = 0.0433 >€
x5 +x3 _ 0.8625+ 0.85

2 2
£(0.8562) = (0.8562)75 e(©8562) — 2 = 0,0157
|xg —x5] = 10.8562 — 0.8625| = 0.0063 <€
Then x, = 0.8562 is the approximate roqt;

Xg = = 08562 5

Example 8:
Find an approximate root of f(x)= xilogx — 1 = 0 in the interval [2,3] by using
Bisection method if error €=,9%1073.

Solution:
, f(2) =2.10g(2) =1 =-0.3979 & f(3) =3.l0g(3) —1=0.4314

X 3 3
y=fo) (03979 [0.4314

2.5
-0.0051

2.75
0.2081

2.625
0.1002

2.5625
0.0472

2.5313
0.0210

2.5157
0.0079

1 A a—;’f = ? =2.5, f(2.5) = (2.5).log(2.5) —1 = —-0.0051

|x; b| =13 —-25|=05>€ V|f(x)| =1f(2.5)] =|-0.0051| = 0.0051 >€
xy+b 3425

Xp === 2.75 , f(2.75) = (2.75).log (2.75) — 1 = 0.2081

X, — x| = |2.75 — 2.5| = 0.25 >€ V |f(x,)| = |0.2081| = 0.2081 >€
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Xy = == == —— = 2625 ,f(2.625) = (2.625).log (2.625) — 1 = 0.1002

%3 — x,| = [2.625 — 2.5 = 0.125 >€ V |f(x3)| = |0.1002| = 0.1002 >€

X3+x; 2.625+ 2.5
Xy === 5 = 2.5625 , f(2.5625) = (2.5625).log (2.5625) — 1 = 0.0472

|xy — x3] = 12.5625 — 2.625| = 0.0625 >€ V |f(x,)| = [0.0472| = 0.0472 <€

X, +x4, 2.5+ 2.5625
> = > = 2.5313 ,

£(2.5313) = (2.5313).log (2.5313) — 1 = 0.0210

Ixs — x4 = |2.5313 — 2.5625| = 0.0312 >€V |f(x,)| = |0.0220]= 0.0210 >€

xs+x; 25313425
> = > = 2.5157 ,

f(2.5157) = (2.5157).log(2.5157) — 1 = 0.0079
|xg — x5| =12.5157 — 2.5313| = 0.0156 >€,
|f(2.5157)| =0.0079| = 0.0079 <€

Then x, = 2.5157 is the approximate root.

Xg =

X6=

1- Find an approximate root of f{x)==<=> — 5 in the interval [1,2] by using Bisection
method if error €= 0.003.

2- Find an approximate root of f(x) = x — 27* = 0 in the interval (0,1) by using
Bisection method-with error €= 0.04.

3- Find an(approximate root of f(x) = x3 + 4x? — 10 = 0 in the interval [1,2] by
using Biseetion method with error €= 0.04.
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(ii) The False-Position method : __ <ilS) pal) 4i b

Suppose a continuous function f defined on the interval [X;, X5 ] is given withf (x;) and f (x,) of

opposite sign (i.e.f (x1). f (x;) < 0). To derive a formula for false-position method, approximate
the graph of f by a straight line on [X;, X, ] connecting (x4, f (x1)) and (x5, f (x;)) which
intersect x-axis at (X3, 0) where X3 is more approximate to the exact root than x; and X,.T6
obtain a formula for X3 we use the slop equality:

s, ol 8 £(xy) 5 F (1) wbs [xg, x,] 58 e 48 peas 3 i wwe A1 g (o il
ptinee bady f 1 bl a5l G i A8 (AN aa sl 45y Hlal daa GELEY (F (9. Y () < 0)
0550 S (3, 0) e el ) mall e ol N (g, f(21)) 5002, fE)Idmm 555 [x, X

ol Afiaiall addid )y dapa o Janll x50 Oa03EN 0N Gy 3 KT g

Y—=Y2 Y2—NM1
X=X, Xp—Xq
weput y =0

(x —x) (V2 —¥1) = —Y2(x2 — x1)

= ((x —x) (V2 —y1) = —y2(x; — x1)) A2 — ¥1)

> @ —x)2—y1) =@ —y2)(x2 — x1)

S (x—x,) = y(xz—x1) o oy = Y2 (X — x1)
—X2) = "YVo o~ 8 = X m —/—

(y2 —y1) ‘ (y2 —¥1)
To find another approximation: oA s Y

<0 theteus’a root between X , X3

If f(x1) X f(xy) >0 )there is not a root between X2, X3
=0 cis exact root ((Stop)).
y3 s/ — x3)

= Xy = X3~
* ; (y3 — ¥2)

Vir1(Xip1—X;)

&2 T Xiv1 T T TS

And Stop conditionis |X,,, —X,,, |[<€ forany i.

10
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and Stop condition is |X;;, — X;41| <€ for any i.

—

Straight line —

(e.,0) 0 0) 7

(x1,f(x1)) )
\/J\

Example 9:

y=1(x)

Find an approximate root of f(x) = x? — 3 in the inferval’[1,2] by using False-

Position method if error €= 0.005.

Solution:
x, =1, f)=12-3=-2, &
X, =2,f(2) =22 =-3=1> (f(x1)-f(x) < 0).

X 1| 2 NL6667 | 1.7273 | 1.7321
y=f(x)| 24/ | -0.2221 | -0.0164 | 0.0002

Vis1 (Xiy1 —X;)

Xi+2 = Xi+1 —

vish = i)
X5 — X 12-1 1

o=y, 202X o, DE-D 1 e

(y2 —'y1) (1-(-2)) 3
£(1.6667).2,(1.6667)% — 3 = —0.2221
|3 — a5 = |1.6667 — 2| = 0.3333 >€= 0.005.

y3(x3 — x3) (—0.2221)(1.6667 — 2)
Xy =X3———m-— = x, = (1.6667) —
T (s =) * (—0.2221 - 1)

£(1.7273) = (1.7273)% — 3 = —0.0164
|, — x3| = [1.7273 — 1.6667| = |—0.0164| = 0.0164 >€= 0.005.

11

= 1.7273
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B Va(x4 — x3) & e = (17273) — (—0.0164)(1.7273 — 1.6667)
(Vs — V3) (—0.0164 — (—0.2221))
= 1.7321

f(1.7321) = (1.7321)? — 3 = 0.0002

|xs — x4] = 11.7321 — 1.7273| = 0.0048 <€= 0.005.

Then xg = 1.7321 is the approximate root.

XS=X4

Example 10:

Find an approximate root of f(x) = x + e — 1 = 0 in interval0’5,1] by using
False-Position method with error €= 0.007.

Solution:

x; = 0.5, £(0.5) =05+ 7205 -1 =-0.1321 (&

x,=1, f()=14+e2M -1=0.1353 S\ (Flx).f(x,) <0)

X 0.5 1 0.7471 0.7910 0.7961
y=f(x)| —0.1321 | 0.1353 | —0.0285 | —0.0034 | —0.0004

Vir1(Xiz1 — X;)

Xit2 = Xiy1 —

Yis1 — Vi)
— 0.1353)(1 - 0.5
x3=x2—M 5%, =1— ( ) ) = 0.7471
(2 —y1) (0.1353 — (—0.1321))

£(0.7471) = 0.7474 + 2207470 — 1 = —0.0285
|x3 — x,| = |0:7471 — 1| = 0.2529 >€= 0.007
—_LeE T o x, =0.7471 — = 0.7910
s — v2) X4 (—0.0285 — 0.1353)
. = V. + e ' — = —(.
0.7910)= 0.7910 2(0.7910) _ 1 0.0034

|%,% x3| =10.7910 — 0.7471| = 0.0439 >€

X = x, — LX) = 07910 — S2OBVOTND _ 7961

X4_=X3

(Ya—y3) (—0.0034-0.1353)
£(0.7961) = 0.7961 + e~2(07%1 _ 1 = —0.0004
|xs — x4] =10.7961 — 0.7910| = 0.005 <€ V |f(x5)| = |—0.0004| = 0.0004 <€
12
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Then xg = 0.7961 is the approximate root.

Example 11:

Find an approximate root of f(x) = xe* — 2 = 0 in the interval [0.5,0.9] by using
False-Position method if error €= 0.005.

Solution:

x; = 0.5,f(0.5) =050 -2 =-11756 &

x, = 0.9, £(0.9) = 0.9e0 —2=10.2136, = (f(xy).f(x,) <0)

X 0.5 0.9 0.8693 0.8536
y=f(x)|-1.1756 [0.2136 |0.0734 0.0043

Vir1(Xip1 — X;)

Xit2 = Xi+1 —

Vis1 — Y1)
y, (xy — x1) (0.2136)(0:9 — 0.5)
BERTT Ty T BT (0.2136'— (—1.1756))
0.0427
=09 — === 0.9 - 0.0307 = 0.8693
£(0.8693) = (0.8693).¢(0-8693) — 2% 0.0734
x5 — x,| = [0.8694 — 0.9] = |=0:0307| = 0.0307 > €= 0.005
‘= s y3(x3 — x3) Y. — (0:8693) — (0.0734)(0.8693 — 0.9)
(V3 —¥2) (0.0734 — (0.2136))
(0:0734)(—0.0307) —0.0022
= (0.8693) — (01402 = (0.8693) — — == = 0.8693 — 0.0157
= 0.8536

£(0.8536)%="(0.8536).e(85360) — 2 = 0.0043

| x4 %3] = 10.8536 — 0.8693| = 0.0157 > €= 0.005
|f(0:8536)| =10.0043| = 0.0043 < €= 0.005

Then x, = 0.8536 is the approximate root.

13
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Example 12:

Find an approximate root of f(x) = x.logx — 1 = 0 in the interval [2,3] by using
False-Position method if error €= 9 x 1073,

Solution:

x; =2, f(2) =2.10og(2) —1=-0.3979 &

x, =3, f(3) =3.10g(3) =1 =0.4314 = (f(x1).f(x3) <0)

x 2 3 24798  [2.5049  [2.625
y=f(x) |-03979 [0.4314 [-0.0219 [-0.0011_  }0.1002

Vir1(Xip1 — X;)

Xit2 = Xiy1 —

Vi1 — 20

X, — X 0.4314)(3 = 2

x3=x2_)’2(2 1) =3 ( B ZRN _ ) 40g
V2 = y1) (0.4314 —(+0,3979))

£(2.4798) = (2.4798).10g(2.4798) — 1 = —0.0219
%5 — x,| = |2.4798 — 3| = 0.5202 > €= 0.0700

X3 — X —0.0219)(2.4798 — 3
X, = X3 V(s = xa) x, = (2.4798)< ( ) ) _ 2.5049

(s —vy) (—0.0219 — 0.4314)
f(2.5049) = (2.5049).10g(2.5049)~ 1 = —0.0011

|x4 — x3] = 12.5049 — 2.4798| =0:0251 < €= 0.0700

Then x, = 2.5049 is the approXimate root.

1- Find an approximatesroot of f(x) = x> — 5 in the interval [1,2] by using False-
Position method. if error €= 0.003.

2- Find an“approximate root of f(x) = x — 27 = 0 in the interval (0,1) by using
False-Position method with error €= 0.04.

3- Find an approximate root of f(x) = x3 + 4x? — 10 = 0 in the interval [1,2] by
False-Position method method with error €= 0.04.

14
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4- Find an approximate root of f(x) = e* — 3x = 0 in interval [1,2] by using False-
Position method with error €= 5 X 1072,

(iii) Secant Method: __pbll) 44 b
Suppose a continuous function f defined on the interval [a, b] is given, the graph of
the function f is approximated by a secant line, we get

Al o RISl a5l a5 g c8lana[q, b] Allicall 35l e 38 jaa £ 5 jaina WIS o in sl

o Jdani (adald hd
f()-f(@) _ fb)~y N f)-f(@) _ f(b)-0
b—a b—x b—a b—xq )
_ af(b)-bf(a) Secant line A
T T -r@ ”
- _ bf(x1)—x11(b) ys
Similarly, X, = ~F ) —f ) /,,
. xS (i) =Xiga f (D). S . 420
n general, X;, =

fi)=fx) S D Ax0)
=0, 1, ... Xiw2,

and Stop condition is |X;;, — X;41| <€ dorany 1.

Example 13:
Find an approximate root of £ (%) = x3 — 2x? — 5 in interval [2,3] by using Secant
method with error €= 0.005¢

Solution:
x; =2, f(2)=12)>~2(2)?-5=-5 &
% =3f3)=08)P-23)-5=4, = (f(x) . f(x) <0)

x 2 3 2.5556 | 2.6691 | 2.6924 | 2.6903
y="Fx) -5 4 —1.3714 | —0.2333 | 0.0192 | -0.0038
X A Xif (Xip1)—Xip1f(x5)
2 fiv)—-f(x)
X, f(x5) —x,f(x 2(4) — (3)(=5 8+ 15 23
X1 f(xz) = x2f (x1) _2(4)-(3)(=5) _ _238 e

BT T e —fe BT (@ -(5) 9 9
£(2.5556) = (2.5556)3 — 2(2.5556)2 — 5 = 16.6908 — 13.0622 — 5 = —1.3714
15
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X3 — x| = |2.5556 — 3| = 0.4444 >€= 0.007 .

X f (x3) — x3f (x2) o ((3)(—1.3714) — (2.5556)(4))
T T ) — f) T (—13714— 4)
(—4.1142) — (10.2224) —14.3366
B (—5.3714) - —5.3714 = 2.6691.

£(2.6691) = (2.6691)3 — 2(2.6691)2 — 5 = 19.0149 — 14.2482 — 5 =<-0.2333
%, — %3] = |2.6691 — 2.5556| = 0.1135 >€.

- x3f (x4) — x4 f (x3) oo ((2.5556)(—0.2333) — (2.6691) (£ 1.3%1%))
T fl) = fxs) 5 (—0.2333 — (—1.3714))
_ —0.5962 + 3.6604 _ 3.0642 5 6924
B 1.1381 ~ 11381 7 '

£(2.6923) = (2.6924)3 — 2(2.6924)2 — 5 = 195172 — 14.4980 — 5 = 0.0192
Ixs — x,| = |2.6924 — 2.6691| = 0.0233 >€.

Xaf Oxs) — xsf (22) ((2.6691)(0.0182) — (2.6924)(—0.2333))
T T ) — f) T (00192 — (—0.2333))
0.0512 + 0.6281 0.6793
=T 02525 0&sasy 0903
f(2.6903) = (2.6903)3 — 2(2.6903)? — 5 = 19.4716 — 14.4754 — 5 = —0.0038
Ixs — x5| = |2.6903 — 2.6924} = |—0.0021| = 0.0021 <€= 0.005 Vv
£ (x¢)| = |—0.0038| = 00038 <€= 0.005

Then x4 = 2.6903 is” the approximate root.

Example14:
Find an appreximate root of f(x) = x? — 3 in the interval [1,2] by using Secant
method iferror €= 0.005.

Solution:
x=LfD=1)*-3=-2,x=2f3)=2)?*-3=1
= (f(x1). f(xz) <0)
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x 1 2 11.6667 1.7273 1.9976 | 1.7321
y=fx) [-2 |1 [-02221 [-00164 |0.9904 |0.0002
X = Xif (Kiv1) =Xiva S (Xi)
t+2 Fois)—f(x) 7
x1f (x2) — x2f (x1) 1(1)-@2)(-2) 1+4 5
X3 = = x5 = = == = 1.6667
f(x2) = f(x1) (1-(-2) 3 3
f(1.6667) = (1.6667)%> — 3 = 2.7779 — 3 = —0.2221
|x3 — x,] = 11.6667 — 2| = —0.3333 >€= 0.005 Vv
|f (x3)| = |—0.2221| = 0.2221 >€= 0.005
X f (x3) — x3f (x3) 2(—0.2221) — (1.6667)(1) +2.1109
T ) — f) AT (02221 — 1) Toi2221 - 17473
£(1.7273) = (1.7273)? — 3 = 2.9836 — 3 = —0.0164
|, — x3| = [1.7273 — 1.6667| = |-0.0606| =.0.0606 >€= 0.005 V
If (x,)| = |—0.0164| = 0.0164 >€= 0.005

L KO —xafCe)

ST () = f(x3) ;
= 1.9976

f(1.9976) = (1.9976)2 — 3= 39904 — 3 =0.9904

Ixs — x,| = [1.9976 — 1.7278| = |0.2703| = 0.2703 >€= 0.005 .
If(xs)| = 10.9904| = 0.9904 >€= 0.005.

_ (1.6667)(—0.0164) — (0.2221)(1.7273) _ —0.4109
B (%0.0164 — (—0.2221)) ~0.2057

_ Xaf (xs5) — X5 (%4)

(1.7273)(0.9904) — (—0.0164)(1.9976)  1.7435

A e N (0.9904 — (—0.0164)) = Tooes 73V
F(1.7317)%,(1.7317)? — 3 = 2.9988 — 3 = —0.0012

% — 2= |1.7317 — 1.9976| = |—0.2659| = 0.2659 >€= 0.005 .

1) E |-0.0012] = 0.0012 <€= 0.005

Then xg = 1.7317 is the approximate root.

17
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Example 15:

2

Find an approximate root of f(x) = x + e™** —1 = 0 in interval [0.5,1] by using

Secant method with error €= 0.007.

Solution:

x; = 0.5,£(0.5) = 05+ e720% -1 =-0.1321 &

x, =1, f(1)=1+e2M —-1=0.1353 = (f(x)).f(xy) <0)

x 0.5 1 0.7468 | 0.7907
y=f(x) | —0.1321 | 0.1353 | —0.0286 | —0.0036

_ Xif (Xip1)— X1 F(X1)

xi+2 - Y]
fxiv1)—f(xi)
_xf) —xmf() | (05)(01353) = (1)(701321) _ 0.1997
T fla) — f(x) 3 ((=0.1321) 0.1353) 0.2674
— 0.7468

£(0.7468) = (0.7468) + e~2(07468) _q =1.0.0286
|x3 — x,| = ]0.7468 — 1| = —0.2532 >€= 0.007 Vv

£ (x3)] = [—0.0286| = 0.0286 >€£="0.005
_%f () = xf () %\ 1(-00286) - (0.7468)(0-1353) _ ~0.1296
T T ) — fla) T (—0.0286 — 0.1353) ~20.1639
= 0.7907

£(0.7907) = (0:7907) + e~2(07907) _ 1 = —0.0036

|x, — x3] =.]0.7907 — 0.7468| = |0.0439| = 0.0439 >€= 0.005 V
If (x4)] = }£0.0036] = 0.0036 <€= 0.005

Then x,(=)0.7907 1is the approximate root.

Example 16:

Find an approximate root of f(x) = xe* — 2 = 0 in the interval [0.5,0.9] by using

Secant method if error €= 0.005.

18
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Solution:
x; = 0.5,f(0.5) = 0503 -2 =-1.1756 &

x, =0.9,f(09) =09e®) —2=0.2136 = (f(x).f(x,) <0)

x |05 0.9
y = f(x) |-1.1756 |0.2136

0.8536
0.0043

0.8385
-0.0606

0.8848
0.1434

Xjyy = Xif (Xi+1)—Xi+1f (X1)
fxiv)=f (x0)
x1f (x3) — x5 f (1) (0.5)(0.2136) — (0.9)(—1.1756)  1:1648
BT o) — fa = ((0.2136) — (—1.1756)) ~23892
£(0.8385) = 0.5 (08385 — 2 = —0.9746
|x3 — x,| = [0.8385 — 0.9] = |—0.0615| = 0.0615 >€=)0.005 Vv

|f (x3)| =10.8385| = 0.8385 >€= 0.005

= 0.8385

X, = Xof (x3) — x3f(x2) .
' f(x3) = f(x2) !

_ —0.2435 0.8880
T —0.2742

£(0.8880) = (0.8880) (0888977 = 0.1581
|x, — x3| =10.8880 — 0.8848| = |0.0032| = 0.0032 <€= 0.005 V
Then x, = 0.8880 is the’approximate root.

_ (0.9)(—0.0606) — (0.8848)(0.2136)
B (~0.0606 — 0.2136)

Example 16:

Find an approximate root of f(x) = x.logx —1 = 0 in the interval [2,3] by using

Secant method if error €= 9 x 1073,

Solution:
, f£2) = 2.10og(2) —1=-0.3979 & f(3) =3.l0g(3) —1=0.4314

X 2 3
y=f(x) -0.3979 0.4314

2.4798
-0.0219

2.5050
-0.0009

19
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Xiy = Xif (Xi41) = Xipa f (%)
o f(xira) = f(x:)

_x1f (%) — x2f (1) _2(0.4314) — (3)(—0.3979)
S Tey e R (0.4314 — (—0.3979))

_ 0.8628 + 1.1937 _ 2.0565

08293 08293 >4798
£(2.4798) = (2.4798) log (2.4798) — 1 = —0.0219
x5 — x| = |2.4798 — 3| = |[—0.5202| = 0.5202 >€= 0.009
_xaf (x3) — x3f (x2) _ (3)(—0.0219) — (2.4798)(04314)
T T )~ f) T ((—0.0219) — 0.4314)
~0.0657 — 1.0698 —1.1355
=T 04533 04533 200

£(2.5050) = (2.5050) log (2.5050) — 1 = —0.0009
%, — %3] = |2.5050 — 2.4798| = |0.0252| = 0:0252 >€= 0.009

|f(2.5050)| = |—0.0009| = 0.0009 <e= 0009
Then x, = 2.5050 is the approximate rQot.

By using Secant Method, Find{anapproximate root of

1- f(x) = x3 — 5 in the interval [1,2] with error €= 0.003.

2- f(x) = x — 2794=)0 in the interval (0,1) with error €= 0.04.

3- f(x) = £ + 4x? — 10 = 0 in the interval [1,2] with error €= 0.04.
4- f(x).- 5 e* — 3x = 0 in interval [1,2] with error €= 5 X 1072,

5- fi(x) = x* — 2x — 1 = 0 between [—1,0] with error €= 1073,

6- f(x) = x* — x — 10 in interval [1,2] with error €= 0.0001.

20
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(IV) Newton-Raphson method: 3«9 - 5 s 4ds b

Suppose function f is continuous and differentiable on the interval [a, b], Let x, be an
approximation to the exact root x; such that f'(x;) # 0 and / is error between x4, x,
such that x; = xy + h . Using the Taylor series to function f about point x, wesget:
x1 bsuaall 3l 8 3 saxg (Sl <@, b] sl e B ALE 3 jaie £ A b il
Db ALdie Al oy =g + h O Suns x5 xp o bl O5S hos f ()00 S

ol Juani g Aaiidl Jsa £ AN

Q) = fx0) + (x = x)f (o) + E0X £ (g + 2L prooe e, (1)

put x =x, in formula (1) we get:-

3
Fr) = £xo) + Gty = )f () + L2 o (3_x0)f’”(xo)

f(x) = f(xo +h) = f(x) + (WS’ (Xo) + 2 f"(xo)+ f”’(xo)+
.Q2)

h is Small then h? , h3, ... are very small ean‘bé-deleted.

= f(x1) = f(xo + h) = f(x0) + DS (x0)

' X, is exact root then f(x;) =0 = 0 = f(x,) + hf'(x)
f (%0)

M Tes RAL

We offset the value of /2 in formula x; = x, + h, we get:-
e danid ¢ x; = xp + hdapall A h Al (ay et a6
f (%) f(x1)
= — , ! O ) ES - ) ! 0
X1 Xo f,(x()) f (xO) * X2 X1 f,(xl) f (xl) *

Thus, the general formula of the Newton-Raphson method is

f(x)
f'(x;)

The two conditions stop are |x;;; — x;| <EV |f(x;41)| <€ for any i.

Xiy1 = Xj — ,f'(xi);tO ,i= 1,2,3,...

21
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Note:

Sometime Newton-Raphson method does not converge to the required root:

1. If there is no real root of the function f(x).
2. If the initial value so far from the exact root A.
3. Iff'(xl) = 0
«al3aMa
i stlaall aa aa () guad) i st A8 yla o )EE Y ha ) (ady
R UN TN ENR AR TN
Asthall Haall e 3ams 440 5Y) Aadl) S 1812
fl(x)= 08NS 3

Example 17:
Using Newton-Raphson method, find the solution to thelequation
f(x) = x3 4+ 5x — 3 = 0 in interval [0,1] with error .€=.0.0002.

Solution:

£(0)=(02+50)—3==3, f()=(D2+5(1)-3=3

f(xX)=x3+5x—-3=0, f'(x)=3x*+5=0, |x,=05

X 0.5 0.5652 0.5641
y=f(x) | —0.375 020066 0.00002
f'(x) 5.75 5.9584 5.9546

f(xi) ' .
Xiz1 = X; — 0 o) =0 ,i=1,23,...

£(0.5) = (0.5)%+5(0.5) — 3 = 0.125 + 2.5 — 3 = —0.375,
£'(0.5) =3(0.5)2 + 5 = 0.75 + 5 = 5.75 .

fixo) f(0.5)
X1 = Xp'— ,f'(x0) #0 = x, =0.5—
=05 (Z0375) _ 05+ 37> _ 054 0.0652 = 0.5652
= xy=0. c T = 0.0+ c7c = 0.0+ 0. = x1=0.

£(0.5652) = (0.5652)3 + 5(0.5652) — 3 = 0.1806 + 2.826 — 3 = 0.0066 ,
£7(0.5652) = 3(0.5652)2 + 5 = 0.9584 + 5 = 5.9584

I, — x| =10.5652 — 0.5 = 0.0652> €V |f(xy)| = |0.0066 | >€ 0.0002.
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Xy = Xq —% S (x) #0 = x, = 0.5652—8:8%
£(0.5641) = (0.5641)3 + 5(0.5641) — 3 = 0.1795 + 2.8205 — 3 = 0.000002 ,
£(0.5641) = 3(0.5641)% + 5 = 0.9546 + 5 = 5.9546.
|x, — x4 =0.5641 — 0.5652| = |-0.0011|=0.0011 > €= 0.0002 V

If (x,)| = 0.000002 | <€= 0.0002.

Then x, = 0.5641 is the approximate root.

= x, = 0.5641

Example 18:
Using Newton-Raphson method, find an approximate value ofithe solution to the
equationf (x) = x> — 5 when x = 2, €= 0.00007.

X3 = X f () #0 = x5 =2.2361

Solution:
f(x)=x%2-5 = f'(x) = 2x.
X 2 2.25 2.2361 2.23607
y = f(x) -1 0.0625 0.00143 0.000009
f'(x) 4 4.5 44722 4.47214
f i ! .
Xiy1 = X; — f’((J;l)) ,f (xl) #0 , L = 1,2,3,...
f(xo) -1
X, = Xg— '(xg) #0 B x] =2———==2.25
1 0 f (x()) f 0 1 4

£(2.25) = (2.25)2 — 5 =0:0625 , f'(2.25) = 2(2.25) = 4.5.
|, —xol =12.25-2|=025>€V |f(x;)] =10.0625| >€.

f(ef) F'(x,) # 0 225 — (0.0625) 2.2361
Xy = Xq — A (x >x,=225————— > x, =2.
2T frlx) ! 2 (4.5) ?
£(2.2361)'%,(2.2361)2 — 5 = 0.000143 , f'(2.2361) = 2(2.2361) = 4.4722.
Ix, — 2 N= [2.2361 — 2.25| = |—0.0139| = 0.0139> € v

()] = 10.000143 | = 0.000143 > €= 0.00007

£xy) 0.000143

"~ (4.4722)

— = x, = 2.23607
? f'(x3) ;
£(2.23607) = (2.23607)% — 5 = 0.000009 ,
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f'(2.23607) = 2(2.23607) = 4.47214.

|x3 — x| =12.23607 —2.2361| = |—0.00003| = 0.00003< € = 0.00007 V
|f (x2)| =10.000009 | = 0.000009 <€ = 0.00007.

Then x; = 2.23607 is the approximate root.

1- By using Newton-Raphson Method, Find an approximate root of
a) Iff(x)=x3—x+1=0andx, =1, find x; and x,.

b) f(x) = x? — 8 with error e=3x10"".

¢) f(x) = x3— 5 in the interval [1,2] with error €= 0.003,

d) f(x) =e* —3x = 0ininterval [1,2] with error €£'5 X 1072,
e) f(x)=x*—x—10ininterval [1,2] with errorl €= 0.0001.

2- Find an approximate root of f(x) = x34=\x — 1 = 0 in [1,2] with 107 first by
method and then be the secant method!

(V) Fixed-point method; 3:sLall-dkidl) 43, )k

In this method, the equation f (x) = 0 is written in the form x = g(x) and it is said
to solve such equation the Fixed-point of the function g(x),That is, the Fixed-point
of the function g=is ‘the root of the equation f(x) = 0.To find this root let x,
approximate value then x; = g(x,) and x, = g(x,).

Similarly, xz = g(x3),..cccevvvnn....
in generalyaag ., = g(x,) , n=1,2,3,--- and the enough condition for convergence
of the formiula above |g'(x()| < 1 and Stop condition is |x,,; — x| <€ for any n.

Alalacdl) SIS 55 il 03 8 (%) = 05—l e x = g(x) il dlalaall s3a Jal Jiss
A saeliall g (x)alall Al il (i ¢ g Alladdl J3a 8 f(x) = 0 oS3 il 1 Jle gl ¢
XoC A 8 Aaidll ey = g () 5%, = g )eeninnnnnnn.
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Example 19:

Find an approximate solution of f(x) = x3 + 4x% — 10 = 0 in interval [1,2] by using

Fixed-point method where €= 9 x 107°.

Solution:

fO=1)3+41)?-10=-5,f2)=(2)3+4(2)?-10=14

1
Xnpr = () , N =123, xo =151 = g(x)=+(3)(A0—-F)Y">,

x=g,(x) =x—x3—4x? + 10,
x = g, (x) = (5 — 4x)V2,
x = gs;(x) = %(10 — x)H1/2,

x = gs(x) = (=2,

x =gs(x) =x—

4+x

x3+4x%2-10

3x24+8x °

g1(x)

g2(x)

g3(x)

g4(x)

gs(x)

1.5

1.5

1.5

1.5

1.5

-0.875

0.8165

1.286953768

1.348399725

1.373333333

6.732

2.9969

1.402540804

1.367376372

1.365262015

-469.7

(-8.65)1/2

1.345458374

1.364957015

1.365230014

103x 198

1.375170253

1.365264748

1.365230013

1.360094193

1.365225594

1.67846968

1.365230576

1.363887004

1.365229942

1.365916734

1.365230022

\DOO\IO\UI-ROJND—‘QR

1.364878217

1.365230012

[
<

1.365410062

1.365230014

[
)]

1.365223680

1.365230013

N
<>

1.365230236

N
9]

1.365230006

7]
<

1.365230013
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4x> =10—x3 > «x :i(%)(w —xHV2 = g'(x) = 2x = |g' (xo)| = |2x0] =
|12(1.5)| =3>1

So the formula x = ?(i)(lo — x3)Y/2 does not give a solution

Then x = 1.365230013 be root required.

Example 20:

Find an approximate solution of f(x) = x> —x — 1 = 0 in interval [1,2] by using
Fixed-point method where €= 0.0009.
Solution:

fH=1*-M-1=-1,fQ)=2)*-@-1=1
Xne1 =9(x,) , n=123,--- x9=15
x=g)=x%1 =g'(x) =2x = |g'(xo)| = [2x0b=[2(1.5)| =3 > 1
So the formula x = x2-1 does not give a solutien
1

2V x+1
= 0.3162 =0.3,< 1.

x2=x+l 2x=vVx+t1 , g'(x) =

1

2./xg+1

= |g'(x0)| =
The formula x = Vx+1 givessa solution

0

1

2

3

1.5

1.5811

1.6066

1.6145

1.6169

1.6169

x; = Jxptl5= V1.5+1 = 15811, |x; —x,| = |1.5811 — 1.5| = 0.0811 >€

x4 xpl = V1.5811+1 = 1.6066, |x, —x;| = |1.6066 -1.5811| = 0.0255 >€

X3 = Jx;71 =V1.6066 1 = 1.6145 , |x3 —x,| = |1.6145 — 1.6066 | = 0.0079 >€

Xy = Jx3t1 =V1.6145 +1 =1.6169 , |x,— x3| = [1.6169 — 1.6145 | = 0.0024 >€
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x5 = Jxs+1 = V16169 +1 = 1.6177 , |xs— x4 = |1.6177 — 1.6169| = 0.0008 <€
Then x5 = 1.6177 be root required.

By using Fixed-point method
1- Find an approximate solution of f(x) = x? — x — 3 = 0 in interval [2,3]
where €= 0.005.
2- Find an approximate solution of f(x) = x? — 2x — 7 = Oin interval [2,5]
where €= 0.001.

(VI) Newton-Raphson method 2 :

Let f(x) = agx™ + a;x™ 1 + a,x™ 24, +a, X+ apy ...(1) when dividing
f(x)on (x — xq) we get:-

m—1

agx "+ (apx, +a ) x "+ g +b

+ax" & ). +a, x +a

m—1

(x —x0)> ax"” +ax

m—1

T m
+ax © fayx,x

(agxo + a))x™ 1 $a,xm2
T (agxe + a))x™ 1 + (agxy + a;)xgx™ 2

((apxg + ay)xy + ay)x™ 2 + a;x™3

b,

xf Exio = (box™ 1 4+ byx™ 2 + byx™ 34, . +b,_q) + G- _mxo)
f(x) = (x—x0)(box™ 1+ byx™ 2+ byx™3+... +bp_1) + by ..(2)
f(x) = (bgx™ + byx™ 1 + byx™ 24...4b,y_1X) + (—boxox™ 1 — byxgx™ 2
— byxox™3—........
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S




S

ol Lasll - asldl al> o - Ssae Jul= Juo> 81995 gl .o
ool psd - piepdl ol /88,00l polall au il &S — slag azols

— bip—2X0X — byy_1%0) + by f(X) = box™ + (by — box¢)x™ * + (b, —

ble)xm_2+. . +(bm_1 - bm_zxo)x + bm (3) From (2) .
we get f(xy) = b,, and from (1) and (3) we get:-
ay = by

a1 = bl _boxo = b1 == a1 +b0X0
a2 = b2 _ble = bz == az +b1x0

bk = ag + bk_le ,k = 1,2,3,...,m
To find f'(x,) Suppose g(x) = bex™ 1 + b;x™ 2 + byx™ 3+.. Rby_,
Thus, equation (2) become f(x) = (x — x4)g(x) + by,

f'(x) = (x —x9)g (x) + g(x) then f'(x) = g(x,),to findg(x) use the derivation

above to find value c,,_;

Co=by, cp = by +Cr_1x9,k=123,.... m—1
b

Then we find the approximate value of the rootfrom x; = xy — . :
m-—1

The above operations can be completed by configuring the following table

a, a, 7 P Ayt .
+ o+ + +
Xo byx, bixg.... N by _2x
b, b, b, \X....... by,_1 by
=f (%o0)
X + + +
CoXo C1XQ +--- b,,_2x
Co (1 Co vunn. Cm-1=f (x0)
The twoyconditions stop are |x;.; — x;| <€ V |f(xi41)| = |b,| <€ for any i.

This'method is called to find f(x*), f'(x*) a synthetic division
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Example 21:

Using Newton-Raphson method, find the solution to the equation

f(x) = x3+ 2x% — 20x + 12 = 0 in interval [0,2] with error €= 0.003.

Solution:

£(0) = (0)3 4+ 2(0)2 — 20(0) + 12 = 12,
F(2)=(23%42(2)2-202)+12=—-12, xo=1

1 2 —-20 12
xo =1 1 3 —17
1 3 —-17 -5=fQ)
xo =1 1 4
1 4 —-13 =f'(1)
o =x, — LD =(1)—_—5 —1 %, 0.3846 = 0.6154
1 0 f,(l) _13 . . .
2 ~ 20 12
X, = 0.6154 0.6154  1.6095 —11.3175
26154 — 183905  0.6825 = f(0.6154)
X, =.06154 0.6154  1.9882
1 32308 - 164023 = f'(0.6154)
1%, — Xo| = [0.6154 — 1| = |—0.3846| = 0.3846 > €= 0.003 V

|f(x1)| =10.6825] = 0.6825 >€= 0.003.
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= f(06154) _ (0.6154) 06825 _ 0.6154 + 0.0375 = 0.6529
2 TN T E06154) —16.4023 w0 =0
1 2 - 20 12
x, = 0.6529 0.6529 1.7321 —11.9271

1 2.6529 —18.2679 0.0729 = £(0.6529)

x, = 0.6529 0.6529 2.1584
1 33058 —16.1095 = f'(0.6529)

Ix, — x| = |0.6529 — 0.6154| = |0.0375| = 0.0375 >€=0.003 V
If (x,)] = 0.0729] = 0.0729 >€= 0.003.

_ oy, - L106529) g engy - O = 0.6529 + 0.0045 = 0.6574
Y8 = X2 T 0.6529) V- —16.1095 At
1 2 20 12
X3 = 0.6574 0.6574> 17470  —11.9995
1 26574 - 18253 0.0005 = £(0.6574)
X3 = 0.6574 0.6574 2.1791
U 33148 —16.0739 = £'(0.6574)

|x3 — x5 = |0.6574 — 0.6529| = |0.0045| = 0.0045 > €= 0.003 V
|flas)| = 10.0005] = 0.0005 < €= 0.003.
Then x3 = 0.6574 is the approximate root.
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Example 22:
Using Newton-Raphson method, find the solution to the equation
f(x) =4x*—3x%+3x—4=0,if x, = —2 with error €= 0.07.

4 0 -3 3 —4
Xp = —2 —8 16 —26 46

4 -8 13 -23 42 = f(=2)
Xp = —2 —8 32 —90

4 —16 45  -113 = f'(=2)

oy 1D (-2) ——— = -2+ 0.3717 = =1,6283
L7720 f1(=2) —113 ' ' '
4 0 -3 3 — 4
x; = —1.6283 —6.5132  10.6054 %12.3839  15.2798
4 —65132 7.6054 -9.3839  11.2798 = f(—1.6283)
x; = —1.6283 —6.5132,(721.2109 —46.9216
4 —13,0264, 28.8163 —56.3055 = f'(—1.6283)

%, — xo| = |(—=1.6283) = (=2)| = [0.3717| = 0.3717 > €= 0.07 V
If (x)| = |11.2798] %= 11.2798 > €= 0.07.

f(~1.6283) 11.2798

= xy — e P (1.6283) —————— = —1.6283 + 0.2003 = —1.428
2 =N S 6283) )~ 563055
31
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4 0 -3 3 —4
x, = —1.428 —5.712 8.1567 —7.3638  6.2315

4 —5712 51567 —4.3638 2.2315 = f(—1.428)

x, = —1.428 —=5.712  16.3135 —30.6594

4 —11.424 214702 —35.0232 = f'(—1.428)

Ix, — x| = |(~1.428) — (=1.6283)| = |0.2003| = 0.2003 > €= 007%V
If ()| = |2.2315] = 2.2315 > €= 0.07.

= f(71428) _ (—1.428) 22315 428 +0.0637 = —1.3643
TR T e Cag) TV 350232 Yo Ul
4 0 ~3 3 —4
x; = —1.3643 54572  7.4452 ~73638  5.9535
4 —54572 444527 % 4.3638  1.9535 = f(—1.3643)
X3 = —1.3643 54572 1458905 — 27.1366
4 — 109144 (19,3357 —31.5004 = f'(—1.3643)

%5 — x5 = |(—1.3643) S(=1.428)| = |0.0637| = 0.0637 < €= 0.0700 V

|f (x3)| =11.9535| = 1.9535 > €= 0.07.
Then x3; = —1.3643is the approximate root.

By using Newton-Raphson method , find an approximate root

[-% (x) = x> — x — 3 = 0 in interval [2,3] where €= 0.005.

2- f(x) = x* —4x? —3x + 5 = 0 in interval [2,5] where €= 1 X 107>,

3- f(x) =x3+ 2x? — 20x + 12 = 0 in interval [0,2] with error €= 0.003.
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