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Matrixes

In mathematics, a matrix is a rectangular set of numbers, symbols, or expressions
organized into columns and rows. Each element of this set is called an element or entry

of the matrix.
<l gliaal)
I Adatia &l yuatll gl 3905 e q}m‘y\w@m&w@&w\ (il ) 8 ‘
MMQ;M}\W&M\ Jaa (w palc dsuc.lé L_st.a.a}'é..‘mc\
b11 b12 b13
a1 Q121 Q13 . .
( )ng = (aij)2x3 or <b21 b22 b23> = (bij)3x3 or

Az1 Q2 Q3

b31 b32 b33 3x%3
by biz bi3
a1 Qi1 Qg3 _ B
[a21 a2 azs]zxs_[a”]2x3 or [Zi Zij 222] _[bU]3x3'
3x3 "
1 4 7 1 4 71
G w3y o By
36 9/ 23 |3 ¢ ol

+48 glaal) da ja
Ol Jst i n = m 13 5, m x n Aol Ge el Ll Js@isaest 0 5 Cisiva M Led ) 48 siadl
LN Al (e A il

Types of Matrixes <l siadl &1 i
1- Row matrix: It is a matrix that consists of only one row.
(a11 . an1)1Xn = ( U)lxn or [all s anl]leL = [ ]]

(1 2 3)xz or [1 2 3lixs
2- Columnar matrix: It is a matrix that consists of only one column.

s aal g 3 gae (e ()5S G A8 ghiaall o 1dgd gand) Adghiaall -2

a11 a11 1 1
. = [aij]mxl or : = (ai]-)mxl d:'-‘ 2 or| 2
Amily,x1 Am1/ mx1 3l3x1 3/ 3x1

3- Square matrix: It is a matrix whose number of rows is equal to the number of
columns.

1Xn
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bll e bln b11 e bln
. .. . = (bij)mxnor . .

bml e bmn mxn

1 4 7 1 4 7
(2 5 8) or lZ 5 8]
3 6 9/343 3 6 9l3x3

4- Zero matrix: It is a matrix in which all elements are zeros.
(Opxn = 0,) & Jens . lial b yualic men il ddsiadl a1 4y dall ddghaall -4

Do [b]
b1 -+ byl mn

Jie

0 0 O 0 0O
(8 8) or [8 8] Or (0 0 O) or [O 0 0]
2X2 2X2 0 0 0 3x3 0 0 0 33

5-Diagonal matrix: It is a square matrix in which all elements are equal to zero

except for the diagonal

Diagonal Matrix.
1 0 0 9 0 O
((2) g) or [(5) g] Or (020) or OOO]
2X2 2X2 0 0 3/34s 0 0 6lsxs
6- Unit matrix: It is a square matrix in which all elements are equal to zero except
for the main diagonal, which is equal to
5 sy (ot Ll aele jiia (5 sbati Lo jualic aas 4z e 48 shian A 1 Agaal gl) 48 ghuaa -6
Jie Identity Matrix — (Iyxn = I,;) W& ey .3al

1 0 0 1 0 0
((1) (1)) or [(1) (1)] Or (0 1 O) or [O 1 O]
2X2 2X2 0 0 1 3x3 0 0 1 3x3

7-Standard matrix: It is a square matrix in which all elements are equal to zero
except for the main diagonal, which is equal to a certain number.

13 0 0 7 0 0
((5) g) or [_09 _09] Or (0 13 0) or [0 7 O]
2x2 2x2 0 0 13/3.3 0 0 733

8- The lower triangular matrix: elements above the diagonal are zeros. Square
(lower triangular) matrix
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(i) AL day ol 48 shimal) | jliaal laill éﬁuﬁm;uﬁm\m\aﬁwa-s

(10 0 0) I17 0 0] ( ) [
Or 3 13 0 or |7 5 O
8 8 1 3x3 2 5 1 3x3 2 1 2X2 2 9 2><2

- 9-The upper triangular matrix: the elements under the diagonal are zeros. Square
(upper triangular) matrix
Jia (Lla) dilall) day yall 48 ghiaall | liial jladl) canile yualic s Lilal) 44ilal) 43 ghuaal)- 9-

1 3 6 1 2 10
(g 3) or [(1) g] Or (0 8 O) or |0 9 3] .
2x2 2x2 0 0 1/343 0 0 1453

Operations on the Matrix_ 4 siaall Jo cililel)
Equality of matrices
A set of conditions must be met for the matrices to be equal. Two or more matrices
are said to be equal if all the matrices have the same dimensions and all corresponding
elements of the matrices are equal.

s cld shaall g gl
«)muuwaw\ﬁuﬂ@gﬁ@mu@mjm\@mg
5 242 8-1

nd B = — A=B.
and [5+4 342 2+0),,,

-3 4 7
4= [ 9 5 20y
Matrix addition
IS an operation that takes two matrices as its input and produces a third matrix whose

elements are the sum of the elements from these two matrices and are of the same
degree.

(: Matrix addition) <8 siaall zaa
rJBell s Ao | da pall (el e (5 6S8 5 (008 siadl)

2=y 5 Flame=s 7l
A+B:r§ g_ij+L45§ zwsz:éi& HMB
BANAD [2 c 8] [_ _7] -1 9 1]
+ -15 7 42><3+ 9 5 215, 176 12 6l
A+B=B+A

Apaani gaal) Llee Alad gaadl Llee ;AN
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Matrix subtraction

It is an operation that takes two matrices as its input, and gives a third matrix whose
elements are the subtraction of the elements from these two matrices and which are of
the same degree.

(: Matrix addition) < siadl) 7 )k
8 e yealinll 7 5a a W jealic L5 48 hone Jant s clgd Dlade (455 (8 sieme 30 Llee o
(G Js (e A ol (adl (e (685 5 (108 sduaall

-3 4 -7 [ 2 =5 8
A_[g 35 42]2?3 ™ Bz_[_5 87 4'-2X§- 1 -15
A_B=[9 5 z]m_—15 7 4l le -2 —21,.4
AND
2 5 1 15
B-4= [15 7 42x3 [ ]2X3_-—6 2 213
A—BiB—A

Multiplying a matrix by a real number:
Let o € R be areal number., and we have the matrix (a;;)mx» The product of
multiplying this matrix by the number is let us symbolize. The real a. (a;;)mxn is the

matrix of its elements. These are the elements of the matrix The same after multiplying
each of them by the real number.

22 21l A8 g8 inall 038 Oy Juals o) (aij)mxn:\jﬁé"‘“‘n Wal 50 € R (—2dall aaall o3l
0 . il 2l Leia S e

i og=2 ;A=[_93 ‘5‘ ‘27]m

—14
a.A= [ ]
18 10 2%3

148 shuany 48 shuan Gy

b o)) (AN A siadll saach sae (5SH of  ( shan o ALY (g )5 uall bl ()
Oosaiall GO 05K o (gl (el Alee (3 iaall) Al el sre Uslase (el ke
O b s 1318 cpaelaall Cpldall Las G peall dlee il 4 e () 5S35 (o slniia Lagaiisl o (A
a8 adl) o L i ) jém e LS (B )y s (@) mxn i simanl

U ey 1), (Cij)mxp Ol sladia (o sbatall cpblall oY 4 Sax, Qﬁé}é_.ad\ Q.ﬁu g_a)_g:'d\_d,“: Ql_éa
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Matrix Multiplication

matrix multiplication is met: We must first ensure that the number of columns of
the first matrix participating in the multiplication process is equal to the number of
rows of the second matrix, to ensure that the two matrices can be multiplied.

Drawing the resulting matrix: Draw a new, empty third matrix, which is the
resulting matrix, so that the number of its rows is equal to the number of rows of the
first matrix, and the number of its columns is equal to the number of columns of the
second matrix.

Performing the first dot multiplication: Dot multiply the first row in the first
matrix by the first column of the second matrix, to give us the first element in the
resulting matrix (a,), then dot multiply the first row in the first matrix by the second
column of the second matrix, to give us the second element in the resulting matrix
(ay4). ), and so on until we finish all the columns of the second matrix.

Performing the second dot multiplication: Dot multiply the second row in the first
matrix by the first column of the second matrix, to give us element (a,,) in the
resulting matrix, then dot multiply the second row in the first matrix by the second
column of the second matrix, to give us element (a,,) in the resulting matrix, And so
on until we finish all the columns of the second matrix.

Repeat the multiplication process to find all the elements of the resulting matrix:

We continue multiplying the remaining rows of the first matrix by the columns of the
second matrix - if they exist - in the same way as before; Until we find all the elements
of the resulting new matrix.

Q@M\ o

2an] (5 e o puall Dplee 84S il 1Y) 48 ghiaall saac ] dae (f (e 2SUI Y Cany sl ghiaal)
) Lot ghaall a2l (e 2K (ALY 48 shndll (o ghan

Led sia 230 () oS Gy Aadlil) 4d shiaall 4 5 e Hl 3o 23U 48 hiae a ) 14l 4 ghuaal) an
AU 28 siaall saec | a2l g}mg_’iwi 22e 5 e o 5Y) A8 giimall Casion 22al ) slia

28 ghaall J 5V 3 paally Gl G jua 5V A8 shadl) (& J5Y) Caall i 1 gY) il il 6) s
Uan Y1 A gheaddl 3 J ) Cauall (o i & o(@q ;) Aadlill 48 adll 8 jeaic Jl Lidasd (Al
e 8 A 13Sa 5 (@) Aadlll Ad jhaall 8 paie U Lndaa (0l 48 sdaall SUD D geally Ulass
Al 46 siad) saec]

48 shmall J 5 2 andly Ui U i (51 4 gl (3 U Coall o jaim 1A (i) G pual) 615
Gt 1 jm I 5Y) 4 gimall b D Ciall o paimi 25 ednilll 8 siamal) 8 (@) maiad) Lilansl (il
Baac] pran (gl in 1388 5 Al A siadl i (@,,) seaindl Lidaeyl Al 48 ghiaall GG 5 geally
Al 46 ghadll

oY) 4 ghnall Cogha Bl 1 jun JaSi 1Al 48 ghuaal) palic pad gl Gl dules ) S
Al 3aaa) 4d ghiaal) jualic apan aad s sAalad) 43, Hhall Gy cCaaa§ o)) 40l 46 hiad) saecly
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JUal Jasau e
3 2 1
A=lo -1 5] and B=[§ _11 ; |
1 2 3 3x3 2X3
¢ BAx sl iy AB aa la
:Jad)
38 s e (8 ghaad) ) Y AB e Jseanl) (S Y
BACSa Sl (<)
3 2 1
2 -1 1
BA = [3 ) 2]2x3 [o 1 5]
1 2 3l3x3
BA - [2(3) +(-1D0+1(1) 2+ (DD +112) 21+ (-15+1(3)
~13(3) +1(0) + 2(1) 32) + 1(-1) + 2(2) 3(D)+1(5) +2(3) |,
17 7 0
BA = [11 9 14Lx3
. m&»—ﬂ °

LA s (e A8 gia U gheaa il e
. AB #BA: 0 ) dald a8 Y) Ml Gl Gl ghiaal) Gpa
Aarand b glaall G pa il

Determinants <lasaal)

For every square matrix there exist a function between the matrix and the value of
scalar number , this function is‘called the Determinant of matrix ,and denoted by ( det(A)
orA).

2l ey 8 stiaall dane Allal) sl et ¢ gadal) 20all dad 5 A8 ghiaall (A2 2 6 day e A8 giaa S
(A 5l det(A))

Glddaal) al g
1):- If all elements of one row ( or column ) of A are zero ,then [A| = 0. .
Example : A=[_3 07 =|A|=|_3 0 71_¢
9 0 243 9 0 2

(2):=, I there exist two rows ( or columns) are equal then |A| = 0.

Example: A= [_93 _93 Z]ng = |A] = |_93 _93 ;l = 0.

(3):- If two rows and ( or columns) of A are interchanges then the determinant of the
resulting matrix Bis(-A),i.eB=-A.
Example :

S
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SJU Jaadl - aoldl dd> 0 - Syace Jud=s Juo> (8x995 gu)l .1
Olowll powd - psapll ol /890l pglell &yl &S — >lag) asol>
3 1 0
A=|-1 -1 0 = Al=B)-DR)+0+0-0-0—-(1)(—1)(2) = —4.
4 3 21343
4 3 2
B=|-1 -1 0] = |B| = —|A| = 4.
3 1 0l3xs
(4) :- If two rows (columns ) of matrix A are proportional ,then |A| = 0.
Example :
2 1 4
A=[-1 -1 0 = |A4| = 0.
4 2 8l3xs

(5) :- If a matrix B results from a matrix A by multiplying all-€lements of A by k then
B = kA= |B| = k|A|,ie(|kA| = |k A|).

Example :
3 -1 0
A=(1 1 0 = Al =B)(1)R)+0HKO0=0—-0—-(1)(—1)(2) =8.
4 3 2l3x3
3 -1 0 3 -1 0
5 A=11 1 0] =|5 5 0] .
4 3 233 4 3 2l3x3

= |5.4] = (3)(5)(2) + 0+ 0 — 0 — 0 — (5)(—1)(2) = 30 + 10 = 40 = 5(8) = 5|A|.

(6) :- If a matrix C results from asmatrix A by multiplying all elements in one row (or
column) of Aby k,thenC=kA e (A=1/kC).
Example :
_[ 0 L (1)(— __
A= [; —03]2><2 = |4l & (1)(=3) + 0 = -3,
c=|7 _3]2><2 LV1Cl = (7)(=3) + 0 = —21.
C=7.A5A=-C

(7):= Ifa'multiple of any row (or column ) of a determinant is added to any other row
(or‘'eolumn ) ,then value of the determinant is not changed.

Example :
2 -1 0

A=(1 1 0 = Al =2)(1)2)+0+0—-0-0—-(1D(-1)(2) = 6.
3 6 233
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2 -1 0
B=|5 -1 0] = |B|=2)(-1)2)+0+0—-0—-0—-(5)(—-1)(2) = 6.
3 6 2l3x3
(8):- The determinant of the product of two matrices is the product of their
determinants ( |AB| = |A| |B]) Ingeneral |A; . A, ......... .. A, | =
1411142 oo ee e |Anl.

(9):- If A triangular matrix then the determinant of A is equal the product'ef the
elements of main diagonal i.e( |A] = a;1.a55.a33 ..o ... ...

o Qpy -
Example :
3 00
A=|1 1 0 = [Al=B)(1)2)+0+0—-0-0=0=6
4 3 21343
1 8 2
B=]0 3 9 = Al =3)(1)2)+0+0—50—-0—-0=6.
0 0 2l3x3
1 0 0
C=[0 2 O] = A=) 1)+ 0+0—-0—-0—-0=6.
0 0 31343
(10):- |A| = |AY.
Example :
4 1 2
A=11 3 0 = |Al'=3)4)2)+0+0—-(2)3)(1) —0—(1)(1)(2) = 16.
1 0 21343
4 171
At =1 3 0] = A" =3)H2)+0+0-2)BR)D) - 0-(D(D(2)
2. 0 2l3x3
= 16.

a1 = L
(- A1) = =
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Methods for finding the inverse of a Matrix 43 guaall (usS2a ) 3k

First method: Saros method (radiography)
The experiments will achieve that any square matrix with respect to the given matrix

becomes the matrix extracted from the matrix A = (a;;)mxn, Which we obtain after

deleting row i and column j from the matrix (a;;)mxn-
(A Ll g sl A8 b = A g¥) 43, phal)
U shiaall (e da yAinsall 48 siiaall il 48 sdiaall dane (o e Uil day ye 48 shiadll o1 A o 5SE (Sibaadll

T a12 (,?;1,3“ . aq1 &2
Ay . -Q3z W33 -“Az1 Q22

2 \1 = 2 v
B LT 20 L (@) + (O)-D + (-)E)A)
B=2% ‘}j S TT —CHMED - D6 - DE®)
2 1 -3
_ _ 5640—45 _
B__Sl g 2 = _21-0-20" Y

Socond method: Select a Row or Column for Matrix
This method is suitable for matrices of rows 2x2, 3x3, and 4x4, and its calculation

can be explained using the example below:

4 giuaall pa 394 g) o JLGA) ;ALY 48 Jhal)

JUall ook (e Ll 48 jha raia 53 (S 5 454 5 3%3 5 2%2 A8l (e il ghiaall 43, hall 028 2330
o)

: Jhia
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2 3y | Cagall as) LR o Minors 22l 4y yhal Jalitel 3x3 4 5l (e B 48 gdiaall 2ans

Fn el Laaay s ALl Laoay s s sall 3LEVL luaally ed) ol HLs) i 25 J5Y) Caall AL Lih Ll
Lo (e sa LS (ulaily)

+ - +
2 1 =3].
B=[5 7 ol°
=1 3 47 o javicus, Y caall

Any sl e 2T ) daaally 4 jum g s s 3L ol &5 (51 J Y1 Caall (e S5V eaiall sl
raial) 335 Al 5 LAY s Waday 5 (48 siaad) Jals JsY) jeaiall 4l aiyy (53 3 geall y Ciall Cida
Caall b S jeaial) 4l aiiy 531 3 genll g Coall Cada day iiiall anaally 4y g JsY) Caall )
o ) ol s LS 1388 5 J 5V

7 0 5 0 5 7
Bl=@|; ,|-®[2 |+ 2

= 2(28) — (1)(20) + (-3)(22)
IB| = 56 — 20 — 66 = —30

(0) aind) 352 o8 Alld g Judad) Gt EMEL 3 gand) o) AL Chual) U 30 gl ddaadla
a5 sl Waasse (8 lial JEI gl asee ol SEI 5l Cha o (5 5iat 4 siadll culS 13) ;- Aaadla
il a5 sbos 4 siiaall daaa b (o sae gl s il 131

Inverse Matrix 42 shuaal) (u gSaall

If A is a square matrix and B is a matrix that fulfills the relationships AB = I = BA
where [ is the neutral matrix, then matrix A is said to be invertible, and matrix B is
called the inverse of A4, and the inverse is symbolized by the symbol A~1,

chuladl b iad( 7Gx AB = [ = BA Gllal) §8a3 38 siins B il gAay e ddgiias il 1)

Jn 5 AupsSadB ddsiadl e slay s(Convertible ) oulS=aly 2L Ll 448 sdiaall J Maie
AT 3000 GasSaall
The Adjoint of Matrix 488 sall 43 siaal) o) ¢y gilil| 48, b
O 5aa ) Canagl Ay ya 4l Ad ghucaall-: Aliada

Example 1 :
Find inverse and determinate of inverse of the following system by

10
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_4X1+xZ+X3:2
2x1 —x, = —1

x;—x3=0.

Solution:

[A: 1] — [I: A71]

-4 1 1 :1 O O]T1=T3 ll 0O -1:0 0 1
2 -1 0:0 1 0O|]—/1|2 -1 0 :0 1 O
1 0O -1: 0 0 1 :1 0 O

1 0 -

Ty =T2—2T1

— (0 L=3:1 0 4

0O 06,1:-1 -1 -2

ry=ry 4375 1«0 O0: -1 -1 -1
o 1 0: -2 -3 -2
o o0 1:-1 -1 -2
-1 -1 -1
1 1
Al=12 -3 -2 JAl =M1 =-1, |A‘1I=m=_—1=—1-
-1 -1 -2
11
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Example 2 :

Find inverse and determinate of inverse of the following system by

Solution:
[A I]—'>[I A™1]
1 1 2|11 0 O N 1 2|1
2 1 00 1 0)|l————— 3 4|2
1 2 210 0 1 1 2 210
B 1 1 211 0 O
—>|0 -1 —-4]1-2 1 0
0 1 0Ol-1 0 1
S 1 1 2|1 0 O
2= 2
—(0 1 42 -1 0
0O 1 0l-1 0 1
ry=ri—T 1 0 -21-1 1 O
——|0 1 412 -1 O
01 O0Il-1 0 &
ry=rymty 1 0 -2]-1 40
—|0 1 4| 2-1 0
0O 0 —-41-3_ 1 1
7’3:—27”3 1 0722 -1 1 0
S0 k|2 g
0 0 1|7 T 7
_o-1 1 0
T'2=T2—4-T3 1 0 2_1 0 1
—>|0 1 O s 1 1
0O 0 1 T 1 7

12

1 1
2 1
1 2

2
0
2

|
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1 1 -1
1 0 0f3 2 2
=r1+2
500 1 o0f-1 0 1
oo 113 1 1t
4 4 4
1 1 -1
2 2 2 1 1
A'=1-1 0 1 JAl=(DOMED =4, A ==+
3 -1 -1 Al 4
iy
Find inverse and determinate of inverse of the following
A) 4x; —2x, +x3=7 B) 3x; —6x,+7x3=23
4x; — 8x, + x3 = =21 9x; —5x3 =3
_lel + X2 + SX3 = 15 le'8x2 + 6x3 =4

Solving linear System.of Equations

We can write the general system that contentym equations and n variables as
follow :

Sl il e sy m S¥alee e s sing 52 alall sl S (o

a11X1 + alzxz + """ + alnxn - b1

(,l21x1 + azzxz + """ + aann — bz . (1)

Am1X1 + QpaXy + ooe e + Gndn = b

By using matrices ~ <uléjaadll aladiily

aj; Qg et Ain b, X1
a Arr o o0 a b X

A — ) 21 22 2n ) b — 2 X = 2
Am1 Qmp =" Amn bm Xn

Now, we-camrewrite (1) as follows :- Ax = b ) il e (1) LS sale) WiSay oY)
Noteis
1451 the number of equations m is less than the number of variables n , then the system
has a solution but not a unique.
S g el Sy Jaad sl el jsiall dae e J8T m ca¥alaad) sae (IS 1)
2-  If the number of equations m is more than the number of variables n, then the
system has no solution at all.
LY e da Al Gl alaill lé &l jueiall 2ae (e S m @Y alad) aae (K 13)

13
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3- If the number of equations m equal to number of variables n, then there exist unique
solution if the matrix A has an inverse.
o sSaa Ld A 48 i) il 13) 58 Ja @llig n Gl el aae (g gban M S alaal) 2ae IS
4- |If the number of equations mequal to number of variables n, then the homogeneous
system Ax = 0 have unique solution is trivial solution (x; = 0 , Vi).
48Ul Jall ga gl dals 55 Ax = 0 padlatall sUaill la p <l il aae (5 sl E¥alaall 2 glS 1)
.(xl- =0 ) VI,)
There are two methods for solving linear system of equations:
(1)
(2) Gauss elimination with partial pivoting  (Zjall iS5 ¥ e adsll (i gls
If Ax = bis a system of n linear equations .now we perform row operations until we
convert A (After m steps) into an upper triangular matrix .
) A dsad s e Alilee o) abagfi GY) 0 Aaball @¥aladll (e allai Ge 3 ke Ax = b QS 1)
Mleailie 48 ghiaa ) (M @l shas

a’llxl _|_ a12x2 _I_ + alnxn = bl
+ a22x2 + ........................+ aznxn = bZ

An-1)(n-1)%Xm-1) T An-1)nXm= Dn-1)
+ A X= b,,.

n
.'.ann¢0=>xn=—

a’nn b
Mn=1) — An-1)n¥n
S An-yn=1) F 0 = X_p=

A(n-1)(n-1)
In general if we find the value of x,, X(_1y, ", X, % Aad baas 13 ple JS4
bp=3" Aai%i
Then x;, = i ’ak“ 97 k=nn-1,....21
kg

Example3:
Solve the following systems of equations by the Gauss method of elimination,
then find theydeterminant
4%, 9%y + 2x3 =5
2x1 =4x, + 6x3 =3
X1 —Xx, +3x3=4
Solution:
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cJUl Jasdl - aoldl éd> 0 - Sxac Jud=o o> (3.9g 2wl ™
Olowll powd - psupll ol /89,0)l polell du )il adS — Slasy asel>
4 -9 2
A=12 -4 6] , [ ] , b= [
1 -1 3l3x3 *313%1 3x1
4 -9 2|5\ r=ro--r, (4 -9 2|5
[A:b] = (2 —4 6 3)—2><0 05 5 0.5)
1 -1 314 1 -1 314
T3:T3_%r1 (4 -9 2| 5 ) r3=r3_%r2 (4 -9 215 >
—>| 0 05 5105 0 0.5 5 (0.5
0 1.25 2.512.75 0 0 —10#.5
X3 = 15 _ —0.15, x, = (b2—az3x3) __ (0.5-(5)(0.15)) _ 2.5,
-10 azs 0.5
(b1_2?=2 aijXj) _ (b1=Q13X;—ay3x3) _ (5—(=9)(2.5)-2(0.15)) [0'95 ]
X1 = = = = 695, X = 2.5
a1y a 4
—0.15
|A| = 4(0.5)(—10) = —
Example 4:
Use Gauss elimination to solve
3x1 + 2x, — 2x3 = 16
4x; +3x, +3x3 =2
2% +x; —x3 =1
Solution:
3 2 16
S I e R H
—2 1 —1l3x3 *313%1 3x1
3 27 =2116\ r,=ro—-n, 3 2 -2 16
[A:b] = ( 4 3N 3|2 )—3>< 0 0.3333 5.6667 —19.3333)
-2 1 -111 -2 1 -1 1
r3:r3+§r1 (3 2 —2 16 )
———=—>| 0 0.3333 5.6667 [—19.3333
0 2.3333 —2.33331 11.6667
(3 I )
0 0.3333 5.6667 |—19.3333
0 0 —41.99871147.0114
Xg = 147.0114 — _35,x, = (b2—az3x3) _ (-19.3333—(5.6667)(=3.5)) _ 15
—41.9987 Ay 0.3333
15
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X1
a1y ap 3

3 1
_ (b1—Xj=2aijXj) _ (b1—aq2x2—aq3x3) _ (16—2(—3.5)(2)(1.5)) — 6.6667 x = l_o 5]
0.5

|A| = 3(0.3333)(—41.9987) = —41.9945.

Solve the following systems of equations by the Gauss method of elimination, then find the determinant.

A)2x; +3x, + x3=1 B) x;—x,=0
31+ Xy — X3 =2 2x, +x3 =4
X1— X — x3=1 2%y +xy, —2x3=1

Partial Pivoting

() S Y
Gl Jalaa s 5SS Y1 Aalaa oo Aiiall C¥alaadl (e ) paialp IaFCadal aadt ol Aaladll

SV Al s IS V) e g gy = 4 Gl il GRS jiaie ey Adlaal) il
& Al Al 5 SN aie gy, = 0.5 4ol sgdadll Jas Y15 ghadll 8 SIS V) Aslaa 8
L 5 Y Aalae

oAl AV e IS HY) Aabee LA Addee ofld Sl
) _;ddadl

i=1,2,...,N aead siall (e i Sl sl e JBY) e a5 OIS 1)) el SIS Y aasi ) -]

AV OVl (e J e (o) eidal Haddd i Ladie a3y aa jura JSS )Y jaaie G5O Y ) -2
Q)Srjujsrg‘\%‘)_ubl}&}\d;‘)*\s‘&J\M‘OGMk(M\)M\‘;[ﬂ])\_ﬁd\_}@)@cﬂj:ﬁj

kk

() By JS A cieliah ¢ S (S psaill e jlade i (gAY ¥ alaall ) csliay & Lyl fas juS

ol @y, —alic G0 LSSV 5 aic A K Bshall b el (Gaaall S 48 Hh il ghas
(Bl S g, | o) S i=k+1,k+2,...n

Example5:

Solve the following systems of equations by the Gauss elimination with Partial
pivoting:

ri: 0.003x; + 59.14x, = 59.17

r;: 5.291x, — 6.130x, = 46.78 has the exact solution x; = 10 and x, = 1.

Solution:

(by Gauss elimination) , we get

16

S




S

Wl Jasll - asll dl> o - Ssac Julss o> 993 ayl o
lowlodl pod - pinpdl ool /88,00l polell il &S — slagy azols
_ 10.003  59.14 ™ 159.17
4=15291 —6130),,, ' ¥~ [xz]le » b= [46.78 -
5.291
[A_b]=(0.003 59.14 59.17) 7" 0003 (0.003 59.14 | 59.17 )
' 5291 —6.130146.78 0  —104300/—104400
104400 001
= = = . .
*2 = 704300  *2

0.003x; + 59.14x, = 59.17 = 0.003x; + 59.14(1.001) = 59.17
(59.17 — 59.19914)

= =
1 0.003

= x, = 9.7133

We note that the large error in the numerical solution for x,resulted from the small
error of 0.001 in solving for x,.
Xy dall 80.001 wal) Uadll (e i xy J goaadFidald) 8 5 Undld) o Jaadls
So we change the order of the equations in the linear system
(halhalail) 28 ¥ aleal) Cagi i sy 2 68 <l
r;: 0.003x; +59.14x, = 59.17
ry: 5.291x; — 6.130x, = 46.78
By using the pivoting procedure , where G SV el ) alasdiuly

max{|a?|, |a?|} = max{0.003, 5.291} ='5.291.

5.291x, — 6.130x, = 46.781
0.003x; + 59.14x, = 59.17

0.003

[A'b]=(5'291 —6.130 46.78) 272751 (5.291 —6.130 46.78)
' 0.003 59.14 1597 0 59.14 159.142

=x, = 1 and x; = 10.

Example 6:
Find the fellowing system solution by using Gauss elimination with Partial
pivoting:
3x1,.+38x;4+9=0
2XIN" Xy +x3 = —1
3x; +3x, +5x3 =4.
Solution:
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A=

2 -1 1 X1 —-1

3 3 9] ,x=lx2] ,b=[O]

3 3 513x3 *3l3%1 4 13x1
2 -1 1]-1 rz:rz—;rl 2 -1 1

[A:b]=<3 3 9 o>—><0 45 7.5

3 3 514 3 3 5
-1
15)
5.5

-1
15)
4

—| 0 45 75

r3=r3_;r1 (2 -1 1
0 45 35

rrer, (2 -1 1)1
—| 0 4.5 75|15
0 0 -—-414
x3 - T = x3 - _1 . 9

le_x2+x3=_1:2x1=_1+x2_X3=_1+2_(_1)=>x1=§=1.

1Al = (=D (D) (2)(3) = —6.

Solve the following systems of equations by the Gauss method of elimination, then find the determinant.

A) xz + X3 =1 B) 3X1 + 2x2 + SX3 =1
X1+ X3=1 xl_x2+x3=4‘
X1+ X2:1 6x1 + 4x2 + 10x3 =17.

(3) Galiss — Jordan Elimination Method _<iiall ¢l sa-ulS 48y b
IS S Ayl o i lee pladt oy phaal) oY abeall Lalail Ja A4S alais (ool 38 3
ey Aay s At a Clilee JDIA e 180 U3 ) ad) 580 23 cdd g aeS SUa e il Y 5l Aleal)
(B i) ) yaall 4 simally aUail) Jiad i) 48 siaall and 48 siomall o a5 Jall ey s dolaal)

cciall Aleny jmdda (31K S5 L) AU (g JEEOU deakiaeall dboall Aallaall ansis

The Gauss-Jordan elimination method to solve a system of linear equations is described in the
following steps.

18
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8 Ahall YAl (e alad Jad gl sa- e glS a3a) 48y jla Caia g o
Al ol gladll
; AUl A gall 38 ghaall ()T,
(RREF)UAS&AH —aall CJ_’A—\ (s 9D g colial C"‘AJA\ dS.-.’IJ\..\ :Lu.u}d\ 3.5‘55.-@4” d,u;ﬂ ol tlll...)L\c em\z
A shadaiall e il ¢ Jall 8 e Hlia) e JelSIL A5 sSall (i o)) Casieall aans &5 (1)
4 sl shgalal
,6}?\&‘}]&3}]\&;‘;)@36&;‘5%@3@\lujc@\igé}ﬁxﬁﬁwds(c)
ﬁmg\l\u}s‘aﬂ‘;gga\eﬂ\lesjd\)@és@gmgg\@gagﬂ\lré)ﬂ(d)
@l Al jeaiall oLl Jliial o jalic awes i o lias 13) 2 5 shall 8 lealbedla), 8 3,
Al 48 hiadll e alaill Jgla e 352 5 shaadl JaS cclld Cadlay Jla 4l Gl s Gulite pue el B Allall e

Example 7 :

Solve the following system by using the Gauss-Jordan elimination méthod.
2x1 +3x, —x3 =5
4x; +4x, —3x3 =3
-2x1 +3x, —x3 = 1.

Solution:

2 3 -1 X1 5
A=|4 4 —3] , X = [le ; = [3]
—2 3 —1l3x3 X313501 134
(2 3 -1 5) N ( 2 3 -1|5 )
[A:b]=( 4 4 -3]3]—<—|0 -2 -1|-7
-2 3 -1l1 -2 3 11
1r3="3+1; 2 3 -1 5)
—(0 -2 -—1|-7
0 6= <216

6 —-21 6
1r3=13+37, 2 O _25 _55
— |0 -2 -1|-7
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Wl Jasll - sl al> o - Ssac Jud=o o> (8995 2u)l .5
Olowldl pawd - piugdl ool /89 0a)l pelell du,idl &S — sl asols
rz:rz_grg 2 0 —25|-55
0 -2 0 |-4
0 0 —5I1-15
rz:rz_%rg 2 0 0] 2
0 -2 0|-—-4
0 0 -—5l-15
2 —4 —15
X4 =E=1,x2 =_—2=2andx3 =g =

1Al = 1(2)(3) = 6.

Example 8 :

Solve the following system by using the Gauss-Jordan elimination methed.
4x; — 9xy + 2x3 =5
2x1 —4xy + 6x3 =3
X1 — Xy +3x3 = 4.

Solution:
4 —9 2
A=2_46] | H bH
1 -1 3l3x3 X3 3><1 3x1
4 -9 2 rp=r2—2g} -9 2
[A:b]=<2 —4 63>—>(0 05 5 45>
. 1 -1 314 1 -1 311
r3=rs— 11 (4 -9 2 5 )
— |0 0.5 51-4.5
0 34=25.\ 2.510.25
ry=T1+187, (4 0 92 —76)
| 0 0.5 5 —4.5
0 1.25 2.5l0.25
rs:rg_lo-_zjrz (4 0 92 —76)
: 0 05 5 |—-4.5
0O 0 -10111.5
20
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cJWl Jasl - 4ol @l> o - Ssac Jul= o> u9g3 2ul .5
Olewlsdl powd - piupdl ol /88,0l pelell du il &S — slae asols
rZ:r2+%r3 4 0 921|-76
0 05 0 |1.25
0 0 -—10l115
r2=r2+i—§r3 4 0 0 [298
0 05 0 [1.25
0 0 -10l115
_298_ . 125 15 _
X, = o ,x2—0.5—.an x3—_10

|A| = 7.45(2.5)(—1.15) = —21.4188.

Solve the following systems of equations by the Gauss methad of,elimination, then find the determinant.

A- x;—x3=0 B-3x; +x, —x3 =%
2x1_ X3=_1 4—x1—2x2+3x3=5
-4X1+ X2 + X3=2 le - xZ — ZX3 = 4

Example 9 :

Solve the following system by using the Gauss-Jordan elimination method with Partial pivoting.
le + 3X2 + 5X3 - 8
xl + xz + X3 = 5

4‘x1+5x3=2
Solution:
11
4 0 %513x3 x3 3x1 3x1
¥ 1 1)5 ry="2-271;
[Ab])=[2 3 5|8|—— 0 1 3—2
4 0 5I2 4 0 512
ry=T3—4r, 1 1 1] 5
—| 0 1 3|-2
0 —4 11-18
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9
b )
—18

9
b )
—26

r1=T1—T2 1 O _2
—| 0 1 3
0 -4 1

—|0 1 3

r3=73+47, (1 0 -2
0 0 13

r3=1_13r3 (1 0 —2|9 )
—|(0 1 3 (-2
0 0 11-2

r1=T1+2r3 (1 0 0|5 )
—| 0 1 3|-2
0 0 11-2

r,="2-313 (1 0 0]5 )
—|0 1 0| 4
0 0 11-2

X1 =5x,=4and x3 =—-2. |A| =(—1)(5)(4)(—2) = 40.

Example 10 :
Solve the following system by using the Gauss*Jordan elimination method with Partial pivoting.
xz + X3 = 1

x1 +x3 - 1
xl + xz == 1
Solution:

A=

1 041 X1 1

1 1+0 , X = |X2 , b=1]1

04 I+ 11343 X3l3%1 1l3x1
0 1

10 11\ , ., /(1 1
[A:b]=<1 1 o1>—>(0 1 —10)
1

0 1 1l 0 1 1
porsr, (1011
—(0 1 -10

00 2h
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re=ar, (1 0 1|1
2
—><0 1 -1 0)
0 0 1105
1r,=T2+13 10 11
———|0 1 0]05
0 0 1lo5
ri=ri_r, (1 0 0]0.5
——|0 1 0]05
0 0 1los
X, = X, = x3=0.5. |A] = (=1)(=1)(0.5)(0.5)(0.5) = 0%.25.

Solve the following systems of equations by the Gauss<Jordan elimination method with Partial
pivoting, then find the determinant.

A- -2x+ x5 — 2x3=1 B- A4xi+x3;=0
2x1+ x3:4‘ le_x2=_2
xl—x2=0 xl+x2_X3:1.
Y-
Ol s — e S A8y Hhay (5 el IS5V aladi) LSy
A8 giiaall g sSae 2 Ladie A jad) SISV aladdiul WiSay
[1: A71] e Jmmnll A8LA0 Aleall 223 5 1oy ga — (o slS Ay ylay 3 simal) o San dlay) LiSay
Example 11°%

Find solution ,determinate, inverse and determinate of inverse of the following
system by using Gauss — Jordan method with Partial pivoting.
ae ) s — LS 4Gy yk aladinly Ul aUail) 8 ( gSaall Sasa g (g sSaall g 2asall g Jall an

NP SRN
X, +x3 =1
x1+x3=1
X, +x, =1
Solution:

?

[A:b: 1] —> [I: b: A71]
23
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1 i1 0 0
:05: 05 05 -05

0 1 1:1:1 0 0] ,_. 1 0 1:1:0 1 0
1 01:1:0 1 0|]——|0 1 1:1:1 0 0
1 1 0:1:0 0 1 1 1 0:1:0 0 1
er [0 1:1:0 1 0
3—137 11
—>011s1s100]
0 1 -1:0:0 -11
rmrr, |10 181350 1 0
——|0 1 1:1:1 0 O
0 0 -2 :-1:-1 -1 1
n=—2 1 0 1:1:0 1 0
——]0 1 1:1:1 0 O
0 0 1:05:05 05 -05
0 :0.
1
1

r1=ri—1r3 1 O

—|0 1

0 O

N [1 0 0 :05: -0.5 05 0.5]
_— 1
0

0
0 0 :05: 05 -0.5 0.5
1

0 : 0.5 ¢ 05 05N:-05
[-0.5 0.5 05
A=

0.5 -0.5 05 ] , X1 = x3 =x3 =05,

5: -05 05 0.5]

0.5 05 -05 " .

= (— —_ = il

Al = (D)D) (-2) =2, 47| Al 2
Example 12 :

Find solution ,determinate, inverse and determinate of inverse of the following
system by usingdGauss'— Jordan method with Partial pivoting.
—4x; + x5 £ x3 =12
2x, —x, =51

X1 —x3 =0

Solution:

?

[A:b:¥] —> [I: b: A7 1]

-4 1 1:2:1 0 0
2 -1 0:-1:0 1 0]
1 0 -1:0:0 0 1
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cJUl Jasdl - aoldl éd> 0 - Sxac Jud=o Juo> 81995 gu,l ..
Olowldl pod - paupdl ol /@8,.a)l pglel) au il adS — sl asel>
brar [L0 15050 0 1)
—|0 -1 2 :-1:0 1 -2
-4 1 1 :2:1 0 O
porsar, 10 15030 0 1)
—0 -1 2 :-1:0 1 -2
0 1 -3 :2:1 0 4.
e, [L O -1:0:0 0 1
0O 1 -3:2:1 0 4
O -1 2:-1:0 1 -2
prr, 10 213050 0 17
0 1 -3:2:1 0 4
O 0 -1 :1:1 1 21
S 1 0 -1:0:0 0 17
3=~T13
—|0 1 -3:2 :1 0 4
O 0 1 :-1:- 1 -2

—(0 1 -3:2:1 0 4

rerir, (100 0F-18-1 -1 -1]
0 0 1:-1:-1-1 €2

1

S [ I R | -1]
_

0 0
1 0:-1:-297%37-2
0 1

0 -1 A -1 -2

-1 -1 -1
A—l:[_z -3 _2] ’x1=x2=x3=—1 )
1 -1 2

Al = DEDMMED =-1, A7 = =—= -1

Find solution ,determinate, inverse and determinate of inverse of the following
system by using Gauss — Jordan method with Partial pivoting.

A' '4‘X1+ X3=O B' —2x1 + xz - 2x3 = 1
2x1_ x2=_2 2X1+x3=4
x1+x2_X3=1 xl_szo.
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