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5 FLOW IN SOILS

5.1 Introduction

Soils are permeable due to the existence of interconnected voids through which water can flow

from points of high energy to points of low energy. The study of the flow of water through
permeable soil media is important in soil mechanics.

The flow of water has caused instability and failure of many geotechnical structures (e.g., roads,

bridges, dams, and excavations). Therefore, you need to understand how water flows through
soil and the stresses it induces.

Learning outcomes

When you complete this chapter, you should be able to do the following:
m Determine the rate of flow of water through soils.
m Determine the hydraulic conductivity of soils.

m Calculate flow under earth structures.
5.2 Bernoulli’s Equation

From fluid mechanics, we know that, according to Bernoulli’s equation, the total head at a point

in water under motion can be given by the sum of the pressure, velocity, and elevation heads,
or

u v’
h=— 4+ — + Z
Yoo 2g

! ! !

Pressure Velocity Elevation
head head head

where i = total head
u = pressure
v = velocity
g = acceleration due to gravity
Y = unit weight of water
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If Bernoulli’s equation is applied to the flow of water through a porous soil medium, the term
containing the velocity head can be neglected because the seepage velocity is small, and the
total head at any point can be adequately represented by

u
h=—+7
Yw
Figure 5.1 shows the relationship among pressure, elevation, and total heads for the flow of
water through soil. Open standpipes called piezometers are installed at points A and B. The
levels to which water rises in the piezometer tubes situated at points A and B are known as the
piezometric levels of points A and B, respectively.
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Figure 5.1: Pressure, elevation, and total heads for flow of water through soil.

NG

The loss of head between two points, A and B, can be given by
u u
w w
The head loss, h, can be expressed in a nondimensional form as
~Ah
[ =—
L
where i =hydraulic gradient, L distance between points A and B (that is, the length of flow over

which the loss of head occurred)

In general, the variation of the velocity v with the hydraulic gradient i is as shown in Figure
5.2. This figure is divided into three zones:

1. Laminar flow zone (Zone |)
2. Transition zone (Zone 1)
3. Turbulent flow zone (Zone lll)
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Zone III
Turbulent flow zone

Zone II
Transition zone

Velocity, v

Zone 1
Laminar flow
zone

>
>

Hydraulic gradient, i
Figure 5.2: Nature of variation of v with hydraulic gradient, i.

5.3 Darcy’s Law
In 1856, Darcy published an empirical relationship for the laminar flow of water through

saturated porous media known as Darcy’s Law:
v=ki
q = kiA
where
v=discharge velocity, which is the quantity of water flowing in unit time through a unit gross

cross-sectional area of soil at right angles to the direction of flow
k = hydraulic conductivity (otherwise known as the coefficient of permeability)

g = flow rate

A = cross-sectional area

i = hydraulic gradient

v is the discharge velocity of water based on the gross cross-sectional area of the soil.
However, the actual velocity of water (that is, the seepage velocity) through the void spaces is

greater than v.
A relationship between the discharge velocity and the seepage velocity can be derived as

follows:
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Figure 5.3: Discharge velocity and seepage velocity.

q=vA=A,v
where vs = seepage velocity, A, = area of void in the cross section of the specimen.
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A=A, + A
where
As = area of soil solids in the cross section of the specimen.
g = v(A, + A,) = A,
or

v(A, +A) v(A,+A)L w(V,+V)
BTTTA, T AL,

where V,, = volume of voids in the specimen
V. = volume of soil solids in the specimen

Equation (7.9) can be rewritten as

=7

)

1+ (=2

V. ﬁ (l-l-e)
v, - v

Vy

£

where ¢ = void ratio
n = porosity

5.4 Coefficient of permeability (Hydraulic conductivity)

e Hydraulic conductivity is generally expressed in cm/sec or m/sec in Sl units.

e The hydraulic conductivity of soils depends on several factors: fluid viscosity, pore size
distribution, grain-size distribution, void ratio, roughness of mineral particles, and degree of
soil saturation. In clayey soils, structure plays an important role in hydraulic conductivity.

e The value of hydraulic conductivity (k) varies widely for different soils. Some typical values
for saturated soils are given in Table 5.1. The hydraulic conductivity of unsaturated soils is

lower and increases rapidly with the degree of saturation.
Table 7.1Typical Values of Hydraulic Conductivity of Saturated Soils

k
Soil type cm/sec
Clean gravel 100-1.0
Coarse sand 1.0-0.01
Fine sand 0.01-0.001
Silty clay 0.001-0.00001
Clay <0.000001

5.5 Laboratory determination of hydraulic conductivity
Two standard laboratory tests are used to determine the hydraulic conductivity.
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a) Constant head test

> The constant head test is used primarily for coarse-grained soils;

> The test is based on the assumption of laminar flow where k is independent of i;
> ASTM D 2434;

y - | Mariotte bottle

Coarse-grained
' soil

i ] C=———F=== To measuring
cylinder

il|«

Grad

2 Porous stone  [2] Soil specimen

Q = Avt = A(ki)t

ok
"1

h
Q=4 (k —) t = = —
L
Qis volume of water collected; A is cross sectional area of soil specimen; t is duration of water
collection and L is specimen length.

b) Falling head test (Variable head test)

> The falling head test is used both for coarse-grained soils as well as fine- textured soils;
> Same procedure in constant head test except:

1) Record initial head difference, hl att = 0.

2) Allow water to flow through the soil specimen.

3) Record the final head difference, h2 at time t = t2.

4) Collect water at the outlet, Q (in ml) at time t = 60 sec.
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4

A dh

T

«— Standpipe

Fine—grained
' '/soil

AT

L

4

Y Tos=oFkrxsp- To beaker

B3 Porous stone  [3] Soil specimen

The rate of flow of the water through the specimen at any time t can be given by:

—khA— dh
T=R7 4=
where

q = flow rate
a = cross-sectional area of the standpipe
A = cross-sectional area of the soil specimen.

al dh
at = (- )
alL hy
k=—ln (h_z)

Example 5.1
Refer to the constant-head permeability test arrangement shown in the figure. A test gives
these values:
e =30cm
e A = area of the specimen = 177 cm?
¢ Constant-head difference, h =50 cm
e Water collected in aperiod of 5 min = 350 cm?3
Calculate the hydraulic conductivity in cm/sec.
Solution:

Lo

Aht

Given Q = 350 cm®, L = 30cm, A = 177 cm?, h = 50 cm, and ¢ = 5 min, we have

(350)(30)

- (177)(50)(5)(60) = 3.95 X 1073 cm/sec
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Example 5.2

For a falling-head permeability test, the following values are given:
e Length of specimen 200 mm.

e Area of soil specimen 1000 mm?.

e Area of standpipe 40 mm?.

e Head difference at time t 0 500 mm.

e Head difference at time t 180 sec 300 mm.

Determine the hydraulic conductivity of the soil in cm/sec.
Solution:

h
k—-2303}110&0(h;>

We are given a = 40 mm?, L = 200 mm, A = 1000 mm?, t = 180 sec, h, = 500 mm,
and h, = 300 mm,

B (40)(200) 500
k = 2303 ) gm( )

(1000)(180 300
= 2.27 X 1072 cm/sec

Example 5.3
A permeable soil layer is underlain by an impervious layer, as shown in the following figure.

With k = 5.3 X107 m/sec for the permeable layer, calculate the rate of seepage through it in
m3/hr/m width if H=3 m and a= 8°.
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Solution:
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7 Ah = Stan o

3 cos a (m)

head loss S tan o

i= —

length _( S )=sma

COS &

g = kiA = (k)(sina)(3cosa) (1)
k=53 X 107" m/sec
g = (5.3 X 107%)(sin 8°)(3 cos 8°)(3600) = 0.0789 m*/hr/m

1

To change to

Example 5.4

Find the flow rate in m3/sec/m length (at right angles to the cross section shown) through the
permeable soil layer shown in the following figure givenH=8 m, H1=3 m, h=4m,S=50m,
a=8°,and k=0.08 cm/sec.

| Impervious layer [ Permeable layer

Solution: Hydraulic gradient (i)= Z

cosa

) h cos «
g =kiA =k s (Hycosa X 1)

4 cos 8°

= (0.08 X 1072 m/
( m/sec) ( 50

)(3 cos 8° X 1)

= 0.19 X 103 m%/sec/m
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5.6 Permeability Test in the Field by Pumping from Wells
In the field, the average hydraulic conductivity of a soil deposit in the direction of flow can be
determined by performing pumping tests from wells.

> During the test, water is pumped out at a constant rate from a test well that has a perforated
casing.

> Several observation wells at various radial distances are made around the test well.

> The steady state is established when the water level in the test and observation wells becomes
constant.

Pump out at flow

J

-

rate of Q : :
. i
't i 2 i
GL i i i
i i i
! i i
: i i
{ ! ' [observation
Original water level i i {[well v
"""""""""""""""""""""""" s | | i | [
! 1 T
Water table during ! { -~ ;
steady-state pumping i : !
: / : :
! i it |p
! L = |'12
= |h T
! i i
i i i
i i i
I i i
i i i
! 1 i
: —
1
1

Impervious stratum

a) Unconfined aquifer

The expression for the rate of flow of groundwater into the well, which is equal to the rate of
discharge from pumping, can be written as:

= k(dh) 2mrh
q = dr nr

tdr 2mk\ (M
[ ) [
r2 r q hz

q ry
k=———In(—
n(hi—h3) )
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Water table
before pumping

Draw-down curve
during pumping
¥

£l Impermeable layer [ Test well [ Observation wells

b) Confined aquifer

The average hydraulic conductivity for a confined aquifer can also be determined by conducting
a pumping test from a well with a perforated casing that penetrates the full depth of the aquifer.

Piezometric level FX

before pumping

e )

74 Piezomelric level

Impermeable layer [ Test wen

E3 confined aquifer B observation wells

Because water can enter the test well only from the aquifer of thickness H, the steady state of

discharge is:

k=
ZTEH(hl - hz)

f"l dr
S o

— k(%) 2
q- dr r
2wkH\ (M
()] e
q h;

q In (ﬂ)
r

h

2
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Example 5.5

A pumping test was carried out in a soil bed of thickness 15 m and the following measurements
were recorded. Rate of pumping was 10.6x 10 m%/s; drawdowns in observation wells located
at 15 m and 30 m from the center of the pumping well were 1.6 m and 1.4 m, respectively, from

the initial groundwater level. The initial groundwater level was located at 1.9 m below ground
level. Determine k.

Solution:

Observation wells l Pumping well

H 'v"lni'tial groundwater level, :‘ .

*.".. ~ Drawdown curve . ., *

15m

| Impervious

r»=30m, rn=15m, h=15—-(19+14)=117m
hy=15— (1.9 + 1.6) = 11.5m

In (ry/ 10.6 X 1072 In (30/15
=1 2(r2 rzl) = > = (2 4) =50 X 10" % cm/s
w(h; — hi) w(11.7° — 11.57)10

5.7 Equivalent Hydraulic Conductivity in Stratified Soil

> In a stratified soil deposit where the hydraulic conductivity for flow in a given direction
changes from layer to layer.

7 2z | A\~ Horizontal flow } Vertical flow

H, 2 I\f\ }

Zaf\f\b- }
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» Generally, the hydraulic conductivity is the largest in the horizontal direction (kn) and the
smallest in the vertical direction (k).
» Heterogeneity is the variation with respect to position. Anisotropy is the variation with

“7"//

respect to direction.

- . 5
-. - \'-.-- - :-.-. - \‘-.-- - :..-. ~ v Soil layer
O

‘e 0'.» "~. O'sv o~ Ve
. -“\‘ ‘.l'\‘ . o.‘\‘ ) X0 .
. .‘.~.l s vod n“.l'n~..j.

where ry is the anisotropy ratio.

The equivalent hydraulic conductivity for flow parallel and normal to soil layers is:

keq =+ kyky

The following derivations relate to the equivalent hydraulic conductivities for flow in vertical
and horizontal directions through multilayered soils with horizontal stratification.

a) Horizontal Flow

Assume n layers of soil with flow in the horizontal direction (horizontal flow & constant
hydraulic gradient).

The total flow through the cross section in unit time can be written as

_—

Direction
of flow

_—
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written as
g=v-1-H
=u-1-H +v,-1-Hy+v;1-H;,+ ... +v,-1-H, (7.39)
where v = average discharge velocity
vy, Vs, Vs, . . ., ¥, = discharge velocities of flow in layers denoted by the subscripts

If ky, ky, ky,, ... ky are the hydraulic conductivities of the individual layers in the
horizontal direction and kg is the equivalent hydraulic conductivity in the horizontal
direction, then, from Darcy’s law,

v = kH(eq)ieq; v = kHlil; v, = kHziZ; V3 = kH3i3; s Uy = kH,,In'J

Substituting the preceding relations for velocities into Eq. (7.39) and noting that i, = i, =
iy =1i3=...=1i,results in

1
kH(eq) = E(kHlHl + kH2H2 + kH3H3 + ... + kH,,Hn)

b) Vertical Flow
Assume n layers of soil with flow in the vertical direction (vertical flow & constant flow

velocity). In this case, the velocity of flow through all the layers is the same. However, the
total head loss, h, is equal to the sum of the head losses in all layers. Thus
17=U1=172=U3="'=vn

VIfe 4
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- T >
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bl
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of flow
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and
h=h +h,+hy+ - +h, (7.42)
Using Darcy’s law, we can rewrite Eq. (7.41) as
kv(eq)(%) =kyi, =kyi, =kyis= - =kyli, (7.43)

where kv, ky, ky, ... ky are the hydraulic conductivities of the individual layers in the
vertical direction and Ky is the equivalent hydraulic conductivity.
Again, from Eq. (7.42),
h = H\i, + Hyi, + Hsi; + --- + H,i, (7.44)

Solving Egs. (7.43) and (7.44) gives

H
e = (7.45)

NEFEREE)
— |+ (=) +(=)+ - + [
kvL kv2 kv3 kVn
Example 5.6

The following figure shows three layers of soil in a tube that is 100 mmx100 mm in cross
section. Water is supplied to maintain a constant-head difference of 300 mm across the sample.
The hydraulic conductivities of the soils in the direction of flow through them are as follows:

A 1072
B 3% 103
C 49 x 10™*

Find the rate of water supply in cm”/hr.

Water supply

[ . Constant-head

v difference = 300 mm
75 v
7y
hy hg
Ty S— L e —— Ty Wy Y—
= R
Y

.
v .®

-

l< 150 mm >« 150 mm >}« 150 mm —>|
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H 450
kv( = =

T E® GG )
Kk ks, ky 1072 3x 107 49 x 1074

= (0.001213 cm/sec

) 300 /100 _ 100
g = kyegid = (0001213) =0 (5 X 75

= 0.0809 cm¥/sec = 291.24 cm’/hr

Example 5.7

A canal is cut into a soil with a stratigraphy shown in the following figure. Assuming that flow
takes place laterally and vertically through the sides of the canal and vertically below the canal,
determine the equivalent hydraulic conductivity in the horizontal and vertical directions. The
vertical and horizontal hydraulic conductivities for each layer are assumed to be the same.
Calculate the ratio of the equivalent horizontal hydraulic conductivity to the equivalent vertical
hydraulic conductivity for flow through the sides of the canal.

10m k=2.3x 105 cm/sec

5m k=05.2x 107 cm/sec

—

i

k=2.0x107°cm/sec

N

.Om

%

1.2m k=0.3x 10~ cm/sec

4

3.0m k=0.8x% 1073 cm/sec

Solution:
Step 1:  Find k) and k.., for flow through the sides of the canal.
H, =3m

1
kx(eq) = g(zlkxl + ZZchZ + -+ znkxn)

= -;:(1 X023 X107+ 1.5X52x107°+ 05 x 2 x 107°)

=3 X 10 %cm/s
kz(eq) = Ho
ﬂ ﬁ + . 4 ==
kg kp k.,
3

= 5 G = 0.61 X 10" %cm/s
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Step 2:  Find the k,(.g/k, . ratio.

Keep 3 x107°

= - 49
kieyy 0.61 X 1076
Step 3: Find k,(,,) below the bottom of the canal.
H, =15+12+30=57m
Koy = H, _ 5.7
dedd T g, Zn 1.5 12 3

=t — + — + —
ki ko ky 2X10 30 X 10 800 X 10

=72 %10 %cm/s

Example 5.8

A soil sample 10 cm in diameter is placed in a tube 1 m long. A constant supply of water is
allowed to flow into one end of the soil at A, and the outflow at B is collected by a beaker. The
average amount of water collected is 1 cm3 for every 10 seconds. The tube is inclined as shown
in the following figure. Determine the (a) hydraulic gradient, (b) flow rate, (c) average velocity,
(d) seepage velocity if e = 0.6, and (e) hydraulic conductivity.

Table

Step 1: Define the datum position. Select the top of the table as the datum.

Step 2: Find the total heads at A (inflow) and B (outflow).
Hy=(h)a+ (h)a=1+1=2m
Hy = (h)p + (h)p = 0+ 0.8 = 0.8m
Step 3: Find the hydraulic gradient.
AH=H,—Hz;=2-08=12m

AH 12
L=1m i=——=——=12
T T
If you were to select the outflow, point B, as the datum, then H, = 1m + 0.2 m = 1.2 m and Hg = 0.The
head loss is AH = 1.2 m, which is the same value we obtained using the table’s top as the datum. It is
often simpler, for calculation purposes, to select the exit flow position as the datum.
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If you were to select the outflow, point B, as the datum, then H, = 1 m + 02 m = 1.2 m and Hg = 0. The
head loss is A = 1.2 m, which is the same value we obtained using the table’s top as the datum. It is
often simpler, for calculation purposes, to select the exit flow position as the datum.

Step 41 Determine the flow rate.

Volume of water collected, @ = 1 cm’, t = 10 seconds

Q

1
@="7=170" 0.1 cm’/s

Step 5: Determine the average velocity.

q, = Av
PR ALY . S L.
4 4
v = % _ % — 0.0013 cm/s

Step 6: Determine seepage velocity.

v
Ve = —
n
e 0.6
= = = (.38
"T1+ve 1+06
0.0013
A W = (0.0034 cm/s

Step 7: Determine the hydraulic conductivity. From Darcy’s law, v = k1.

e oY _ 00013

=108 x 10~*
e =3 12 10.8 X 10" cm/s
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Example 5.10

Given the two soil-filled tubes in Fig. E18.5, find the quantity of flow and total head vs. elevation.

12— = 120 e
sl 1Iz.00 8l |— | 12,0
et e | T - = 1
g | k=01 t/min / L —__- /
5 _ . I . /
& b _ - - | Soil A | Soil B A
T ] k=01 | k=001 /
Y T S— = 4 4t
T N 1091
Soil B L/
L | x=om ft/min R O . B /
v /
| ../é R /
| 2 i .7 I
° 0 4 8 12 0 0 4 8 12
Total head {ft) Total head (ft)
{a) (b}
Soil A: Soil 4:
0] , 1.09 ) 12
7= 0.1 ft/min x T x 4 ft = 0.109 (I3 {min)/f1t s ;{_.Q = 0.1 fi/min x T x 2 = 0.30 ({*fmin){It
Soil B: Soil B:

12
= 0.01 ft/min x N x 2 = 0.03 {f*3/min){ft

o

Q . 10.9
T = 0.01 ft/min x 5 X 4 ft = 0.109 (f®/min)/ft

Example 5.11
For the following figure determine the pressure, elevation, and total head at sufficient points to
be able to plot them versus horizontal distance.

20 - :
N v P
— E\
6cm : Ah=6¢cm
| |
1 E S I ] D’ \V4
: | =2 Y
) |
= |
& 5 : !
3T | :
T - | !
2 17 I
o |
|
|
5 1
7. :
By
Datum
1.5¢cm
oL | N
\Q
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Point Pressure Head (cm) Elevation Head (cm) Total Head (em) Head Loss (cm)
A 11 11 22 0
B 13 9 22 0
C 13.75 5.25 19 3
D 14.5 1.5 16 6
E 16 0 16 6

25—

Total head

15— -
- Pressure
- head

Head (cm)
S
I

Elevation
head

Datum )

Example 5.11
For the following figure determine the pressure, elevation, and total head at sufficient points to
be able to plot them versus horizontal distance.

\/

—_—

5m

 —
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Solution:
G = ki Ay = gy = ki A,y

Since the areas are the same, q,, = k,i; = k,i, with k; = 10k, and i = Ah/l.
Substituting,

Ah Ah
G, = 10k, =L = k, =2
1,2 2 Ll 2 L2

Also, the total head loss, Ah = Ak, + Ah,. So, Ahy = Ah — Ah,, and we obtain

(Ah = Ahy) _, Ahy
L, L,

¢z = 10k,
Rearranging and multiplying out,

L,10k,Ah — L,10k,Ah, = k,Ah,L,
Rearranging and canceling out the k,’s,

10L,Ah = Ah,(L, + 10L,)

Solving for Ah,,

An, - OLAk
27 L, +10L,

_ 10x6mx5m _ 300m?
T (4m+10x6m) 64 m

= 4.69 m
" Ahy = Ah— Ah, =5 — 469 = 031 m

Point Pressure Head (m) Elevation Head (m) Total Head (m) Head Loss (m)
A 10 _5 5 0
B 10 -5 5 0
C 9.7 -5 4.7 0.31
D 5 -5 0 5
E 5 -5 0 5

Because the permeability of soil 2 is so much less than that of soil 1, most of the head is lost in soil 2.

10 ———— .
~ Pressure
~
= 9.7 ""-«tf_ head
g sl Neo——o
°
Total
£ 4.7 head
kel
3 o
T
Elevation head
-5 | l | | | j\r
A B (o D E
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Example 5.12

A drainage pipe (shown in the following figure) became completely blocked during a storm by

a plug of sand 1.5 m long, followed by another plug of a mixture of clays, silts, and sands 0.5 m

long. When the storm was over, the water level above ground was 1 m. The hydraulic

conductivity of the sand is 2 times that of the mixture of clays, silts, and sands.

(a) Plot the variation of pressure, elevation, and total head over the length of the pipe.

(b) Calculate the porewater pressure at (1) the center of the sand plug and (2) the center of the
mixture of clays, silts, and sands.

(c) Find the average hydraulic gradients in the sand and in the mixture of clays, silts, and sands.

h 4

i Brick wall

1m
! Grate
Clay soil Downpipe
20m
a Drain pipe
0.3m+ / C__« °P
S A s e = == s B —Datum ¥
A —15m D

I'0.5 m;\'l\\_/

Mixture of silts, clays,
and sands

Solution:

Step 1: Select a datum.

Select the exit at B along the centerline of the drainage pipe as the datum.

Step 2: Determine heads at A and B.
(h)a=0m, (h,)a=03+2+1=33m, Hy=0+33=33m

(hz)E.:'UlTl, (hp)B=0m: Hy =0m
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Step 3: Determine the head loss in each plug.

Head loss between A and B = |Hg — H,| = 3.3 m (decrease in head taken as positive). Let AH;, L,
k,, and g, be the head loss, length, hydraulic conductivity, and flow in the sand; let AH,, L,, k,, and
g; be the head loss, length, hydraulic conductivity, and flow in the mixture of clays, silts, and sands.
Now,

1 AH,
G = Aly—— = 2ky——
1 L,
RPV-L N AH,
gz = 2 L, = 2 I,
From the continuity equation, g; = ¢5.
A X 20 2 gy, A
s 2 L, 2 L
Solving, we get
AH L 1.5
L 15

AH, 2L, 2x05

AH; = 1.5AH, M
However, we know that

AH, + AH, = AH=33m (2)
Solving for AH| and AH, from Equations (1) and (2), we obtain

AH, =198m and AH,=33-198=132m
Step 4: Calculate heads at the junction of the two plugs.
Totalheadat C = Ho= Hy — AH, =33 -198=132m

(hz)c =0

(hp)c = HC - (hz)c = 1.3211‘1
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Step 5:  Plot distribution of heads.

See Figure E6.3b.
3.5' X
3 | |
Pressure head and total head
2.5 <D
E 2
=
§ 1.5 - C
1
Elevation head E
0.5 l ] |
0 B
0 0.5 1 1.5 2
Distance (m)

Step 6: Calculate porewater pressures.

Let D be the center of the sand.

(B)a + (Mp)e 33 +1.32
2 2

(hp)p = =231m

up = 2.31 X v, = 2.31 X 9.8 = 22.6 kPa

Let E be the center of the mixture of clays, silts, and sands.

(Bp)e + (By)s 132+ 0

> > = 0.66 m

(hp)E. =

ug = 0.66 X 9.8 = 6.5 kPa

Step 7:  Find the average hydraulic gradients.

AH, 198

- - _ 13
T T 15
AH, 132

= - = 2.64
2T, T 05
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5.8 Two-Dimensional Flow of Water Through Soils

The two-dimensional flow of water through soils is described by Laplace’s equation given as
0%H 0%*H

ki—+k,—

Ox? * 822

where H is the total head and kx and kz are the hydraulic conductivities in the x and z directions.

Laplace equation
The flow in porous media occurs in 3-D. Laplace equation is the combination of the continuity

equation and the Darcy’s law.

=0

<— Sheet pile

=5 =Y

t = Y[

H, v k2

| = A H,

—— mreerrssry e ezl ¢ R AP | LA S et T
OGO = Ot | FiCespoR e ot | O U

’ Impermeable layer

v, dzdy| —» — (’U +8& dx) dz dy
* o oox
/J— ___________
dz 7
Y
s
s
e
/-_-- - ..\ -
Haddchdre Quichden B o)
/‘ - LY “.. ,‘ . - 7\
)
v, dx dy

(b)
(a) Single-row sheet piles driven into permeable layer; (b) flow at A
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Flow in are: q =vA
v, dydz, vydxdz, v,dxdy
Flow out are:

( L9, )dd 9% 4\ dxd ( +avzd)dd
vyt o —dx)dydz, (v, Byy xdz, \v,+——-dz)|dxdy

Flow in = Flow out

av

x v, ov
(vx + ox dx) dydz + | v, + ——dy |dxdz + (vz +——

z dz) dxdy

ay 0z

- [vxdydz + vydxdz + vzdxdy] =0

The equation of continuity is:

av, dv, av,
adxdydz + W dydxdz + Edzdxdy =0
dv, dv, Jv,
Jx + ay + a9z 0
Darcy's Law:
dh dh dh
Vy = —kxa, ‘Dy = —kya, v, = —kza

Apply Darcy's law to the equation of continuity:

a*h 3*h 9%h

o ”6y2+ 7‘62220

For isotropic soil:

Laplace Equation is:

9%h + 9%h + 0%h _o
dx2 Ay  9z2

Flow nets
In an isotropic porous medium:

Laplace Equation

2 2
ox*  Oy°
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Resents two orthogonal families of curves:
1-Flow line: the line along which a water particle will travel from upstream to the downstream

side in the permeable soil medium;
2-Equipotential line: the line along which the potential (pressure) head at all points is equal;

Flow net: is the combination of flow lines and equipotential lines, which is the graphical solution
of Laplace equation.

l«— Sheet pile
_T_ =Y
H v _VL_
! - #,
Flow line
k=k =k

Equipotential line ——— >

Impervious layer

(@)

[<— Sheet pile
Water level _T_ Y
H
! - A —¢— Water level
l b alld = e H
T BE Vol Vo o;'.;il _uf:'\“u‘ -"A“i 3 o;"‘w—$_
k, =k,=k <
Ny =4
Nd= 6

Impervious layer

®)
(@) Definition of flow lines and equipotential lines; (b) completed flow net

Drawing a flow net takes several trials. While constructing the flow net, keep the boundary
conditions in mind. For the flow net shown in Figure, the following four boundary conditions

apply:
Condition 1: The upstream and downstream surfaces of the permeable layer (lines ab and de) are

equipotential lines.
Condition 2: Because ab and de are equipotential lines, all the flow lines intersect them at right

angles.
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Condition 3: The boundary of the impervious layer (line fg and the surface of the impervious
sheet pile, line acd are flow lines).
Condition 4: The equipotential lines intersect acd and fg at right angles.

5.9 Seepage calculation from a flow net

In a flow net, the strip between any two adjacent flow lines is called a flow channel.

The drop in the piezometric level between any two adjacent equipotential lines is the same and
is called the potential drop.

The rate of seepage through the flow channel per unit length can be calculated as follows.
Because there is no flow across the flow lines,

Aqy = Aqy = Aq3 = - = Aq
hy{—h h, —h h; —h
e IR R [
H
Ah—hl—hz—hz—h3—h3—h4—_
Ny
A —kH
q= Ny
\‘_-“4’11
e
kb 1

Seepage through a flow channel with square elements.

where H = head difference between the upstream and downstream sides; and N4 = number of
potential drops.

i

Nt = number of flow channels in a flow net.
One can draw a rectangular mesh for flow channel, as shown in Figure, with constant ratios

of width-to-length for all the rectangular elements in the flow net. In this case, the rate of flow
is:

hi—h h, — h hy—h
Aq=k(1 2)b1= (2 3)bz=k(3 4)b3=---
Iy I3

by/li =by/l=b3/l3=+=n
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RS " 'I'.'~‘

Seepage through a flow channel with rectangular elements.

Example 5.13

A flow net for flow around a single row of sheet piles in a permeable soil layer is shown in
Figure. Given that ks = k, = k = 5x10° cm/sec, determine:

a) How high (above the ground surface) the water will rise if piezometers are placed at points
aand b.

b) The rate of seepage through the permeable layer per unit length.
c) The approximate average hydraulic gradient at c.

Water level

e —_
IR )
i H
3.6m v v Y Watertable
l S 22 m
Ground surface . —— !
' — * — How channel | —b=l
/ ,
How channel 2 % - |
<— FHow channel 3 : l
, S
b 038
Scale
S5m .
RO 4‘ Imperviouslayer
Solution:
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Part a
From Figure 8.7, we have N; = 6, H, = 5.6 m, and H, = 2.2 m. So the head loss of
each potential drop is

H-H 56-22

AH = - = = 0.567 m
Ny 6

At point a, we have gone through one potential drop. So the water in the
piezometer will rise to an elevation of

(5.6 — 0.567) = 5.033 m above the ground surface

At point b, we have five potential drops. So the water in the piezometer will rise
to an elevation of

[5.6 = (5)(0.367)] = 2.765 m above the ground surface

Part b
From Eq. (8.25),

k(H, — H,) (238)(5 X 107° m/sec)(5.6 — 2.2)

= 2.38 =
9 N, 6
= 6.74 X 10" °m?/sec/m
Part ¢
The average hydraulic gradient at ¢ can be given as
head loss AH 0567
i = ead loss _ _ m _ 0138

average length of flow betweend ande AL 4.1m
(Note: The average length of flow has been scaled.)

Example 5.14

A concrete dam with a sheet pile cut-off wall at the upstream end is shown in the following
figure. The total head loss from upstream to downstream is 1.0 m. Hydraulic conductivity of the
underlying soil is 3.2 x 1073 cm/s. Determine the flow rate per unit width of the dam per day.

1 9.5m |

Concrete dam

Impervious stratum
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Solution:

)
|

N,=3,N,=10

N
Q=kh N—f =(3.2x 10'5)(1.0)[%] = 0.96 x 10~° m3/s per m width

d

= (0.96 x 10-%)(24 x 3600) = 0.83 m® per day per m width
P yPp

5.10 Uplift pressure under hydraulic structures
Flow nets can be used to determine the uplift pressure at the base of a hydraulic structure. The
necessary flow net also has been drawn (assuming that kx = kz = k).

; Impermeable layer

e
47,, KN/
/ / 5vw kN/ m? ’

6y, KN/m?2
"7y, KN/m?

8v,, KN/m2

()
(@) A weir; (b) uplift force under a hydraulic structure
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There are seven equipotential drops (Nd) in the flow net, and the difference in the water levels
between the upstream and downstream sides is H 7 m. The head loss for each potential drop is
H/7 = 7/7 =1 m. The uplift pressure at

(left corner of the base) = (Pressure head at a) X (1y,,)
- [(7 + 2) B l]y'w = 8&vw

Similarly, the uplift pressure at

b=19~ (2)(1) e = T7a

and at

F=19=(6)(1) 7w = 37w
» The uplift force per unit length measured along the axis of the weir can be calculated by
finding the area of the pressure diagram.
Example 5.14
In the concrete dam shown in Example 5.13, determine the pore water pressures at A and B and
hence the uplift on the dam.
Solution Let us take the downstream water level as the datum.

The total head loss from upstream to downstream, #; = 1.0 m

The total head loss between any two adjacent equipotential lines = 1.0/10 =
0.1 m

The total head at upstream and downstream ground levels are 1 and 0 m,
respectively. There are about 3.5 equipotential drops from the upstream to
point 4, and hence the total head at 4 is 0.65 m. The elevation head at A4 is
—1.5 m. Therefore, the pressure head at 4 is 2.15 m.

The pore water pressure at 4 =2.15 x 9.81 = 21.1 KN/m?

There is 0.9 equipotential drop from the downstream to point B (or 9.1
drops from upstream) where the total head is 0.9 x 0.1 = 0.09 m. The
elevation head at B is —1.5 m. Therefore, the pressure head at B is 1.59 m.

The pore water pressure at B=1.59 x 9.81 = 15.6 kN/m?

Assuming linear variation of pore water pressure between the points 4 and
B, the uplift force on the bottom of the concrete dam can be computed as

g o 2L+ ;5.6)(9.5)

= 174.3kN permwidth
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Problem 5.1

The cross section of a levee that is 500 m long and is underlain by a 2-m-thick permeable sand
layer is shown in figure below. It was observed that the quantity of water flowing through the
sand layer into the collection ditch is 250 m%/day. What is the hydraulic conductivity of the

sand layer?

e __é_____,,__Elf'_IEC)_T

= Impervious [] sand (
Problem 5.2

A ditch is required for a utility line near an ephemeral canal, which at the time of excavation
was filled with water, as shown in Figure below. The average vertical and horizontal hydraulic
conductivities are 1 x 10 cm/s and 2 x 10™ cm/s, respectively. Assuming a 1-m length of
ditch, determine the flow rate of water into it.

———100 m——|

w EL:1000 m

Ditch

Problem 5.3

Determine the pressure head, elevation head, and total head at A, B, and C for the
arrangement shown in Figure below. Take the water level at exit as datum.

10 kPa

g

|+0.5 m--|<—0.5 m—-|<—0.5 m—>|<—0.5 m—>|

Soil A

C Exit Datum
0.75m

0.5m
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Problem 5.4

Consider the setup shown in Figure below (similar to Example 7.13) in which three different
soil layers, each 200 mm in length, are located inside a cylindrical tube of diameter 150 mm.
A constant-head difference of 470 mm is maintained across the soil sample. The porosities and
hydraulic conductivities of the three soils in the direction of the flow are given in the following
Table:

Soil n k (cm/sec)
I 0.5 5%107°
I 0.6 4.2x107?

111 0.33 3.9x10*

Perform the following tasks:

a) Determine the quantity of water flowing through the sample per hour.

b) Denoting the downstream water level (Y-Y) to be the datum, determine the elevation head
(Z), pressure head (u/yw), and the total head (h) at the entrance and exit of each soil layer.

c) Plot the variation of the elevation head, pressure head and the total head with the horizontal
distance along the sample axis (X-X).

d) Plot the variations of discharge velocity and the seepage velocity along the sample axis.

e) What will be the height of the vertical columns of water inside piezometers A and B installed
on the sample axis?

Water supply
Y 3
ey - — | ittt Y
!
Al] B[] Constant-head
difference = 470 mm
-T'T™" v
e
Soil I Soil II Soil III I 220 mm =
i A 3 : : i g
€
Lt \ - ’ %o, “.‘]__. g
R ,::.%* X J g
l<= 200 mm —>}< 200 mm —>}< 200 mm >/ 2
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Problem 5.5

A canal is dug parallel to a river, as shown in Figure below. A sandy-silt seam of average
thickness 0.5 m cuts across the otherwise impermeable clay. The average vertical and
horizontal hydraulic conductivities are 1.5 x 10 cm/s and 15 x 10 cm/s, respectively.
Assuming a 1-m length of canal, determine the flow rate of water from the canal to the river.

& 30 m Canal
~\ C.la AAAAAAAA \_'.{! ;L’f-‘:T/ _EL: 99-5 m
EL:08.Om y e aaElo0. 0 m
= f}_?if?ﬁ ——1"" \_Sandy-silt seam

—— River——_ 0.5 m (average)

Problem 5.6
Draw a flow net for the weir shown in Figure below. Calculate the rate of seepage under the

weir.

— )
Ll __3m
A
Om
A

k = 10"3cm/sec

Impermeable layer
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