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Chapter 5

Numerical Differentiation & Numerical integration

There are two reasons for approximating derivatives and integrals of a function f(x). One
Is when the function is very difficult to differentiate or integrate, or only the tabular
values are available for the function. Another reason is to obtain solution of a differential
or integral equation.
In section 1, we obtain numerical methods to find derivatives of a function. Rest of the
chapter introduces various methods for numerical integration.

1- Numerical Differentiation
Numerical differentiation methods are obtained using one of the following techniques:
I. Methods based on Finite Difference Operators
I1. Methods based on Interpolation (Lagrange and divided difference operator).
Through the first method, the numerical differentiation can be obtained by differentiating
the Newton Gregory formula (forward or backward) then divide it by h for first
derivative, h® for second derivative, etc.

f(xo+h)—f(xp)

™ when h > 0.

Forward-difference: f'(xg) =

f(xo+h)—f(xp)

— when h < 0.

Backward-difference: f'(xg) =

We can simplify this considerably if we take k = 0, giving a derivative corresponding to x = x,
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(Same rule will be obtained for backward formula)

Examples
1. Using Newton's forward/backward differentiation method to find solution at x=0
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Mewton's forward differentiation table is as follows.

X Y (X) A¥ A%Y AYY Aty
0 1
-0.0025
0.1 0.9975 -0.005
-0.0075 0.0001
0.2 099 -0.0049 0.1
-0.0124 -0.0999
0.3 0.9776 -0.1048
0.1172
0.4 0.8604

The value of x at you want to find flx):x, =0

h=x-xg=01-0=0.1
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Solution for Pr'(0) = 0.23033

Solution for Pr'"(0) = - 0.676867



Example

Use the data in the table below to estimate y'(1.7).

Use h = 0.2 and find the result using 1. 2, 3 and 4 terms of the formula.

X y=eX Ay Ay Ay Aty
1.3 3.669
0.813
1.5 4.482 0.179
0.992 0.041
1.7 5474 0.220 0.007
1212 0.048
1.9 6.686 0.268 0.012
1.480 0.060
2.1 8.166 0.328 0.012
1.808 0.072
23 9.974 0.400
2.208
2.5 12.182
With one term - V'(1L7)=55(1.212) =6.060
With two terms ~ : y'(1.7) =¢5(1.212-10.268) = 5.390
With three terms © 3'(1.7) =55 (1.212-30.268 +$0.060) = 5.490
With four terms ~ : 3'(1.7) =55 (1.212-50.268 +30.060— 1 0.012) = 5.475

H.W.

Use y =1+ log x to determine y" at x = 0.15, 0.19 and 0.23 using

(a) one term, (b) two terms, (c) three terms.

Newton Backward differentiation formula
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Formula

1. Forx=x,
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Examples
1. Using Newton's Backward Difference formula to find solution at x=2.2

Newton's backward differentiation table is

X |y Vy | Wy | Uy | W
1.4|4.0552
0.8978
16| 4.953 0.1988
1.0966 0.0441
1.8|6.0496 0.2429 0.0094
1.3395 0.0535
2 |7.3891 0.2964
1.6359
2.2| 9.025

dy 1
3 =03 (1.6359 + 5 x0.2064 + 7 x 00535+ - x 6_0094)
x=22 = =
= 0.02142
dx_x=2.2 ST
d-y 1 1,
2 . - E : (T"Lr. Vv, + - v L”]
[ dy 1 . _n
22| =0 (D.ﬂﬂ—ﬂ.ﬁﬂ: T 0.[][]94)
y
— = 8.96292
& |ema2

w Pn'(2.2) = 902142 and Pn'' (2.2) = 8.96292
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First derivative by Lagrange interpolation formula

Formula
Langrange’s formula

1. Find equation using Langrange’s formula
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2. Now, differentiate f(x) with respect to x to get f(x) and '(x)

3. Now, substitute value of x in f'(x) and '(x)

1. Example: Using Langrange's formula to find solution at x=5

Solution:
The value of table forx and y

X(2|4|9 |10
y 4|36 711|980

Langrange's Interpolating Polynomial
Langrange's formula is
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) =x3-2x
70 = x3 - 2x

Now, differentiate with x
T )

' (x) = 6x
Now, substitute x =3
(5 =3%x52-2=73

F(5)=6%5=30
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Remark: to compute the derivative using divided difference formula, same

procedure will be followed as in Lagrange case



