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(𝛼(𝑓 + 𝑔))(𝑥) = 𝛼(𝑓 + 𝑔)(𝑥) = 𝛼(𝑓(𝑥) + 𝑔(𝑥)) 

= 𝛼𝑓(𝑥) +  𝛼𝑔(𝑥) = (𝛼𝑓 + 𝛼𝑔)(𝑥) 

(d) ∀𝑓 ∈ 𝐶𝑏[𝑎, 𝑏], 𝛼, 𝛽 ∈ ℝ, to prove      (𝛼 + 𝛽)𝑓 = 𝛼𝑓 + 𝛽𝑓 

((𝛼 + 𝛽)𝑓)(𝑥) = (𝛼 + 𝛽)𝑓(𝑥) = 𝛼𝑓(𝑥) + 𝛽 𝑓(𝑥) 

= (𝛼𝑓)(𝑥) + (𝛽𝑓)(𝑥) = (𝛼𝑓 + 𝛽𝑓)(𝑥) 

(e) Let 𝑓 ∈ 𝐶𝑏[𝑎, 𝑏] 𝑎𝑛𝑑  1 is the unity of ℝ , then (1𝑓)(𝑥) = 1 𝑓(𝑥) = 𝑓(𝑥) . 

 

     General Properties of Linear Space     (without prove) 

    

Theorem(1.12):-     Let (𝐿, +, . ) be a linear space over 𝐹 .Then  

(1) 0. 𝑥 =  0𝐿  ,     ∀𝑥 ∈ 𝐿 

(2) 𝜆. 0𝐿 =  0𝐿  ,    𝜆 ∈ 𝐹 

(3) (−𝛼. 𝑥) = (−𝛼). 𝑥 = 𝛼. (−𝑥)       , ∀𝑥 ∈ 𝐿, 𝛼 ∈ 𝐹     

(4) If 𝑥, 𝑦 ∈ 𝐿 ⟹ ∃! 𝑧 ∈ 𝐿  such that 𝑥 + 𝑧 = 𝑦 

(5)   𝛼. (𝑥 − 𝑦) =    𝛼. 𝑥 −    𝛼. 𝑦  , ∀𝑥, 𝑦 ∈ 𝐿 ,   𝛼 ∈ 𝐹 

(6) If   𝛼. 𝑥 = 0𝐿 ⟹   𝛼 = 0   or 𝑥 = 0𝐿 

(7) If 𝑥 ≠ 0𝐿 𝑎𝑛𝑑   𝛼1𝑥 =    𝛼2𝑥 ⟹    𝛼1 =   𝛼2 

(8) If 𝑥 ≠ 0𝐿 ,   𝛼 ≠ 0 , 𝑦 ≠ 0𝐿  𝑎𝑛𝑑   𝛼. 𝑥 =    𝛼. 𝑦 ⟹ 𝑥 = 𝑦 

 

    Linear subspace  

 

Definition(1.13):-    Let  𝐿 be a linear space over 𝐹 and ∅ ≠ 𝑆 ⊆ 𝐿 , then we say 

that 𝑆 is linear subspace of 𝐿 if 𝑆 itself is a linear spase over 𝐹 . 
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Theorem (1.14):-     If 𝐿 be a linear space over F and ∅ ≠ 𝑆 ⊆ 𝐿 , then 𝑆 is linear 

subspace if satisfy the following conditions  

(1) 𝑥 + 𝑦 ∈ 𝑆 , ∀𝑥, 𝑦 ∈ 𝑆 

(2) 𝛼. 𝑥 ∈ 𝑆 , ∀𝑥 ∈ 𝑆 𝑎𝑛𝑑 𝛼 ∈ 𝐹 

Or satisfy the equivalent condition of two conditions  above , 

 𝛼. 𝑥 + 𝛽. 𝑦 ∈ 𝑆, ∀𝑥, 𝑦 ∈ 𝑆 𝑎𝑛𝑑 𝛼, 𝛽 ∈ 𝐹 

Remark(1.15):- 

(1) A special subspace of 𝐿 is improper subspace 𝑆 =  𝐿  

(2) Every other subspace of 𝐿(≠ {0})is called proper  

(3) Another special subspace of any linear space 𝐿 is S={0}  

Example (1.16):-  show that 𝑆 = {(𝑥, 𝑥2) ∈ ℝ2 ;  𝑥2 = 3𝑥1} is subspace of ℝ2? 

Solution :- It is clear that 𝑆 ⊆ ℝ2, and 𝑆 ≠ ∅   because (0,0) = 0 ∈ 𝑆   

 To prove that   𝛼. 𝑥 + 𝛽. 𝑦 ∈ 𝑆 , ∀𝛼, 𝛽 ∈ 𝐹 = ℝ , 𝑥 , 𝑦 ∈ ℝ2  

𝑥 = (𝑥1, 𝑥2), 𝑦 = (𝑦1, 𝑦2)  

𝛼. 𝑥 + 𝛽. 𝑦 = (𝛼𝑥1, 𝛼𝑥2) + (𝛽𝑦1, 𝛽𝑦2)  

                 = (𝛼𝑥1 + 𝛽𝑦1 , 𝛼𝑥2 + 𝛽𝑦2)  

Now, 𝛼𝑥2 + 𝛽𝑦2 = 𝛼(3𝑥1) + 𝛽(3𝑦1) = 3(𝛼𝑥1 + 𝛽𝑦1)  

⟹ 𝛼. 𝑥 + 𝛽. 𝑦 ∈ 𝑆 . 
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Example (1.17):-  show that 𝑆 = {(
0         𝑎

𝑏        0
) ; 𝑎, 𝑏 ∈ ℝ}  is subspace of 𝑀2×2(ℝ)? 

Solution:- It is clear that 𝑆 ⊆ 𝑀2×2(ℝ), and 𝑆 ≠ ∅   because  0 = (
0          0

0           0
) ∈ 𝑆 

∀𝑥, 𝑦 ∈ 𝑆 𝑎𝑛𝑑  𝛼 , 𝛽 ∈ 𝐹. 

To prove that  𝛼. 𝑥 + 𝛽. 𝑦 = 𝛼. (
0         𝑎1
𝑏1         0

) + 𝛽. (
0         𝑎2
𝑏2         0

)  

= (
0     𝛼𝑎1

𝛼𝑏1     0
) + (

0         𝛽𝑎2

𝛽𝑏2      0
)  

= (
0                        𝛼𝑎1+𝛽𝑎2

𝛼𝑏1+𝛽𝑏2                        0
)  ∈ 𝑆  

Example (1.18):-  show that 𝑆 = {(𝑥1, 𝑥2) ∈ ℝ2; 𝑎𝑥1 + 𝑏𝑥2 = 0}  is subspace of 

  ℝ2 ? (H.W.) 

Example (1.19):-The set  𝑆 = {(𝑥1, 𝑥2, 𝑥3) ∈ ℝ3 ;  𝑥1 = 1 + 𝑥2} is not subspace 

of ℝ3? 

Solution: 

Consider  𝛼 = 2 𝑎𝑛𝑑  𝑥 = (2,1,0) ∈ 𝑆, because (2 = 1 + 1) 

𝛼. 𝑥 = 2. (2,1,0) = (4,2,0) ∉ 𝑆, because(4 ≠ 1 + 2)  

Hence, 𝑆 is not subspace of ℝ3. 

Theorem(1.20):-Let 𝑆1 and 𝑆2  be two subspaces of linear space 𝐿 . then  

(1) 𝑆1 ∩ 𝑆2 is subspace of linear space 𝐿 .  
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(2)  𝑆1 + 𝑆2 is subspace of linear space 𝐿 

(3) 𝑆1 ⊆ 𝑆1 + 𝑆2 , 𝑆2 ⊆ 𝑆1 + 𝑆2 .         (H.W.) 

Exercise :  

(1) Which of the following  subsets of ℝ3 be a subspace of ℝ3 

a) 𝑆1 = {𝑥 = (𝑥1, 𝑥2, 𝑥3); 𝑥1 = 𝑥2 and 𝑥3 = 0} 

b) 𝑆2 = {(𝑥1, 𝑥2, 𝑥3); 𝑥3 = 𝑥2 + 1} 

c) 𝑆3 = {(𝑥1, 𝑥2, 𝑥3);  𝑥1, 𝑥2, 𝑥3  ≥ 0} 

d) 𝑆4 = {(𝑥1, 𝑥2, 𝑥3); 𝑥1 − 𝑥2 + 𝑥3 = 𝑘} 

(2) If 𝑆1 and 𝑆2 are subspaces of linear space 𝐿 , then 𝑆1 ∪ 𝑆2 not necessary  

subspace of  𝐿 (Give example) 

(3) If 𝑆 ≠ ∅ is any subset of 𝐿 show that span 𝑆 is subspace of 𝐿 . 

(4)  Show that the Cartesian product 𝐿 = 𝐿1 × 𝐿2 of two linear spaces over the 

same field becomes a vector space , we define the two algebraic operations 

by  

(𝑥1, 𝑥2) + (𝑦1, 𝑦2) = (𝑥1 + 𝑦1, 𝑥2 + 𝑦2)

𝛼(𝑥1, 𝑥2) = (𝛼𝑥1, 𝛼𝑥2)
}  

∀  𝑥 = (𝑥1, 𝑥2)
𝑦 = (𝑦1, 𝑦2)

}  ∈ 𝐿

𝛼 ∈ 𝐹
  

(5) Let 𝑀 be a subspace of a linear space 𝐿 . The coset of an element 𝑥 ∈ 𝐿  with 

respect to 𝑀 is denoted by 𝑥 + 𝑀 where 

    𝑥 + 𝑀 = {𝑧, 𝑧 = 𝑥 + 𝑚, 𝑚 ∈ 𝑀}. Show that (
𝐿

𝑀
, +, . ) is linear space over          

under algebraic operations defined as 


