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(a(f +9))(x) = a(f + 9)(x) = a(f(x) + g(x))
=af(x)+ agx) = (af +ag)(x)

(d) Vf € CP[a,b],a, B € R, toprove (a+B)f = af + Bf

((@+Pf)) = (a+Bf(x) =af()+B f(x)

= (af)(x) + (BHHx) = (af +BH(x)
(e) Let f € CP[a, b] and 1isthe unity of R, then (1f)(x) = 1 f(x) = f(x) .

General Properties of Linear Space (without prove)

Theorem(1.12):- Let (L, +,.) be a linear space over F .Then

(1) 0.x=0,, VxeL
(2) A OL = OL ) A EF
(3) (—a.x)=(—a).x=a.(—x) ,VXx€E€L a€F

(4) Ifx,yeL=3'z€L suchthatx+z =y

(5 a.(x—-y)= ax— ay,Vx,y€EL, a€F

(6) If a.x=0,= a=0 orx=0,

(7) Ifx+#0,and a;x= a,x = a1 = a,

(8) Ifx#0,, a#0,y#0, and a.x= ay =>x=y

Linear subspace

Definition(1.13):- Let L be a linear space over F and @ # S € L, then we say

that S is linear subspace of L if S itself is a linear spase over F .
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Theorem (1.14):- If L be a linear space over Fand @ + S € L, then S is linear

subspace if satisfy the following conditions

QDx+yesS,vx,y€eS

(Da.xeS,VxeSanda€EF

Or satisfy the equivalent condition of two conditions above ,
ax+pL.yeESVx,yeESand a,fEF

Remark(1.15):-

(1) A special subspace of L is improper subspace S = L
(2) Every other subspace of L(# {0})is called proper
(3) Another special subspace of any linear space L is S={0}

Example (1.16):- show that S = {(x,x,) € R?; x, = 3x;} is subspace of R??
Solution :- It is clear that S € R?,and S # @ because (0,0) =0€ S
Toprovethat a.x+B.y€S,Va, EF =R,x,y € R?
x = (x1,%2),y = V1, ¥2)
a.x+ B.y = (axy,axz) + (By, BY,)

= (axy + By, ax; + By,)
Now, ax, + By, = a(3x,) + B(3y1) = 3(ax; + By1)

= a.x+p.YyES.
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(; Z) ;a,b € R} is subspace of My, (R)?

Example (1.17):- show that S = {(

Solution:- Itis clear that S € M,,,(R),and S +# @ because 0 = (s ?)) €S
Vx,y€Sand a,f €F.

0 aq
by 0

Toprovethat a.x+ .y = a.(
=)+ ()

_ (0 a'a1+,3a2) €s
(Zb1+,3b2 0

)+ B-(5—%)

Example (1.18):- show that S = {(x;,x,) € R%;ax; + bx, = 0} is subspace of

R? ? (H.W.)

Example (1.19):-The set S = {(x;,x,,%3) € R®; x; = 1 + x,} is not subspace
of R3?

Solution:

Consider a = 2and x = (2,1,0) € S,because 2 =1+ 1)

a.x =2.(2,1,0) = (4,2,0) € S,because(4 # 1 + 2)

Hence, S is not subspace of R3.

Theorem(1.20):-Let S; and S, be two subspaces of linear space L . then

(1) S, n S, is subspace of linear space L .
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(2) S; + S, is subspace of linear space L
3)S; €85 +5,,5, €5, +5,. (HW.)

Exercise :

(1) Which of the following subsets of R be a subspace of R3
a) S; ={x = (xq,x,,%3); X1 = x, and x5 = 0}
b) S, = {(x1,x5,x3); x3 = x, + 1}
) Sz = {(x1,%2,%3); X1,%3,%3 =0}

d) Sy = {(x1,%2,x3); x; — x5 + x3 = k}

(2)If S; and S, are subspaces of linear space L , then S; U S, not necessary
subspace of L (Give example)

(3)If S # @ is any subset of L show that span S is subspace of L .

(4) Show that the Cartesian product L = L; X L, of two linear spaces over the

same field becomes a vector space , we define the two algebraic operations

by

V x= (xlr xZ)
(x1,%2) + (1, ¥2) = (1 + y1, x5 + yz)} y =0 y2)
a(xq,x5) = (axq, axy) a€F

} EL

(5) Let M be a subspace of a linear space L . The coset of an element x € L with

respect to M is denoted by x + M where

x+M={z,z=x+m,me M}. Show that (ﬁ, +,.) is linear space over

under algebraic operations defined as



