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= p-gq [def.of »]=L.H.S

Theorem1.38: (Properties of <)

Let p and g are two propositions. Prove the following properties without
using truth tables:

Lpop=T poT=p polF=~p
2.pe ~p=F
3.peqg=qep
4peq=~peo~q
5. ~peo q=pe~q
6.~peq=~pegq
l.~peq=pe~q
Proof 1: Toprovep &« T = p
peoT=(@->T) AN (T-p) [def. of &]
= (~pVT) AN (~T Vp) [def. of -]
= (~pVT) A (FVp) [~T=F]
=TAp [~pVT =T]
=P
Proof6: ~(p < q)= ~p <q
TakeL.H.S:~(peoq)= ~[(p—= q) N (q = p)] [def. of ]
= ~( - @)V ~(q~ p) [DeMorgan]
= ~(~pV @V~ (~qV p) [def of ]
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= (@ A~q)V (g A ~p) [ De Morgan]
=[(AN~qQV q] AN [(p AN~q)V ~p)] [distributive (Von A)]
=[eva) A (~qv@] A [(pV~p) A (~qV~p)] [dist. (vonA)]
= [eva) AT] A [T A (~qV~p)]
= @Vva A (~qV~p)
= (~r=>q AN (@ ~p) [def.of o] = ~p & q [def. of <]

Mathematical Proof (abll ¢

A mathematical proof is a valid argument that establishes the truth of a
mathematical statement.

i i aa I8 o Ll s 3 A L) 8 ol 1 (ol

Methods of Proving Mathematical Statements (or Theorems)

1. Direct Proof of a conditional statementp — g

Direct proofs lead from the hypothesis of a theorem to the conclusion.

Definition1.39: The integer number x is called even if there exist k € Z
such that x = 2k.

Definition1.40: The integer number x is called odd if there exist k € Z such
that x = 2k + 1.

Theorem1.41: If x is an odd natural number (x € O) then x2 is odd

Proof: Assume that x is an odd natural number. We must prove x? is odd
Since x is odd, then x = 2k + 1 for some k € N.
x?’=x.x=QRk+1)QRk+1)=4k? + 4k + 1

= 2(2k* + 2k) + 1

Lets = 2k?® + 2k € N, then x?=2s + 1
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Hence, x?2 is an odd number.

Theorem1.42: (H. W.) If x is an even natural number (x € E) then x? is
even.

Theorem1.43: The sum of two even natural numbers is even

The theorem can be written as follows: If x,y € E* thenx +y € E*
where E* = set of positive even numbers.

Proof: Let p: x and y are even positive numbers,

q: x + y is an even positive number
Letx = 2randy = 2s(r,s € N). Thenx + y =2r+2s=2(r + s)
suchthatr + s e N

x + y = 2k where k =r + s. Therefore x + y is a positive even number.

Theorem1.44: (H. W.)

1) IfxeEandy e Othenx+y€O0
i) IfxeFEandy € Othenxy € E
iii) Ifx,y eEthenx+y€E

2. Direct Proof of a biconditional statementp < g

To prove a proposition in the formp < g, we prove its equivalence. i.e.,
peq=@—>q A(Q~-p)

Theorem1.45: x is odd number < x + 1 is an even number

Proof: Let p: x is odd number
q: x + 1 is an even number

P2 qiq — P obors ol e edlel Cay il (1
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1.Provep - q: Letx€O0,x=2k+1;keZ
x+1=2k+2=2k+1); (k+1)ez
x+1=2r ;r=k+1€Z
x+1€E
2.Proveq — p: Letx+ 1€ E Toprovex € 0
x+1=2k ;keZ
x=2k—-1,keZ.... (1)

SincekeZ thenr=k—1€Z

Substitute (2) in (1), x =2(r+1)—-1=2r+1;, reZ
x=2r+1€0

Theorem1.46: x is even < x2 is even

Proof: Let p: x is even number
q: x? is even number
P > qsq > POkt Ol ey edel ciy il (e
1.Provep - q: Letx€E,x=2k;k€eZ
Prove x? € E (Theorem (1.42) ol ! 4li)
2.Proveq — p: Letx* €e E Toprovex € E

Take x2 + x = x(x + 1) € E [from Theorem 1.44(ii)]

= x = x(x+ 1) —x% € E [Theorem 1.44(iii)]
= x€EFE

Theorem1.47: (H. W.) x is odd number if and only if x? is odd number.
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2. Proof by Contradiction
oAl e 2Bl Jo Juaad ol AL cigthaall Guse (i il o sa (BLEL ¢l sl

Theorem1.48: Prove that: If x> € O thenx € 0

Proof: Assume that x> € 0. To prove x € 0
By contradiction, assume that x € E
x=2k;k€eZ
x? =4k? €E

x? € 0 sl 24y a il ae il

~x €0.

Theorem1.49: If x? is even then x is even

Proof: Assume that x* € E. To prove x € E
By contradiction, assume that x € O
x=2k+1;ke’Z
x? =4k? + 4k +1€ 0 s g (il
= x? € E. Hence, x € E.

Theorem1.50: Prove that: If n = ab where a and b are positive integers,
thena <vnvb < Vn.

Proof: Let p: n = ab where a and b are positive integer hypothesis
q: a <+vnVv b < +/nconclusion

The first step is to assume that the conclusion is false as follows:
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Assume that a < vn v b < +/n is false (F). Hence, ~(a <vVn Vv b <+n)is
true (T).

~(a <vVnVvb <+n)=~(a <+/n) and ~(b < vn) [De Morgan’s law]
=a>+nandb >+/n

Multiply the two inequalities together, ab > n (=_dll (=8l Aaa) yiall oda

This shows that ab # n contradiction with the hypothesis

Thus, a <+VnVv b < vnistrue.

Definition1.51: Variable _siall

An alphabetic letter x, y,z, ... which represents a number that is either
arbitrary or unknown.

Examplel.52: ““4x — 7 = 5: x is a variable

<%z =3":zisavariable

Definition1.53: Open Sentence 4a gidall dlaal)

A sentence is called open sentence (or propositional function), if it contains

one or more variables. Open sentence is denoted by P(¥), 4(%), 9(X) _ etc.

Examplel.54: The following are open sentences:

p(x): x is an odd number
q(x,y):x+y=>5suchthatx,y € N
r(z): ¥z = 3suchthatz € R

s(y): computer y is working properly

Examplel.55: Let the open sentence ™ p(x): x > 3".

What are the truth value of p(5) and p(—1)? Which values x € N that
make p(x) true?

Solution: p(5): 5 > 3 is atrue proposition
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p(—=1): —1 > 3isa false proposition
p(x) is a true statement for x € {4,5,6, ... }.

Examplel.56: Let the propositional function q(x,y): x = y + 3. What are
the truth values of ¢(1,2) and g(3,0)?

Solution: q(1,2): 1 = 2 + 3. This means 1 = 5 which is false. Thus,
q(1,2) is false statement

q(3,0):3 =0+ 3 = 3. Hence q(3,0) is true proposition

Examplel.57: (H. W) Let the open sentence “r(x,y,z):x +y = z".

What are the truth values of r(1,2,3) and r(0,0,1)?

Definition1.58: Solution Set (Truth set)

Let p(x) be an open sentence and let A be a set. The solution set denoted by
T, is the set of all elements x of A for which p(x) is true. In other words

T, ={x € A : p(x) is true}

5oke p(x) sl suil) Jand ) jealiell de gana (& :3uall Ao sane 5l Jall de gane
A8la

Examplel.59: Find the solution set for each of the following open
sentences:

1) Letp(x)be “x+2>7"and A = N.Then
T,={x€EN:x+2>7}={x €EN:x >5}=1{67,..}
0 o S dmhal) dlac Y Al
2) Letq(x)be ““x+5<3”and A= N.Then
T,={x€EN:x+5<3}={xEN:x<-2}= 0

~20e JBY) Adall DoY) Al
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3) Letp(x)be “x+5>1"and A = N.Then
T,={x€EN:x+5>1}={x EN:x>—-4} =N
-4 (e 5SY) Al dlac Y1 Al

Examplel.60: (H. W.) Find the following solution sets. Also determine
p(x) and A for each solution set

1) Tp ={x EN: —2<x<2}={1}
p(x): —2<x<2 A=N
2) Tp={x€Z: —2<x<2} (HW)

) Tpr={x€Z: —1<x<1} (HW)

Examplel.61: Assume we have the following statement:

“x > 2andx < 5”7

Which values of x € N that make the statement true? Which values of x that
make the statement false? Discuss all the possible cases.

Sl Ledead Al ail) ale s Sagnia ool 5 )bl Jrad Al X a8 AL

Solution: For A = {3,4}, we have “x > 2andx < 5 istrue
because the values in A are greater than 2 and less than 5.

ForA°=N-A={125,6,7,8,...},then “x>2and x <5 is false

Examplel.62: Assume we have the following statement:

“x < =3o0rx = 67
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