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Which values of x € N that make the statement true? Which values of x that
make the statement false?

ForA={x € N:x =6,7,.....}, the statement above is true
The statement is false for A =N — A = {1,2,...,5}

Quantifiers < gall

Quantifiers are open sentences written in a special way.
Aigno 4y ylay &y 51 A sike Jan (A ) suadll
There are two types of quantifiers:
1. Universal quantifiers LS 5 gaall 5 Lall
2. Existential quantifiers Lij 5 gaal) 3 jlall

Universal quantifiers:

Let p(x) be an open sentence on a set A. The notation
“Vx€eAplx)”

Denote the universal quantification (1S x s of p(x) and it reads as: ““for
all x, p(x)”’ or ““for every x, p(x)’’ or “‘for each x, p(x)”’.

The symbol V is called universal quantifier LS 1 s,
The set A is called domain Jal)
Examplel.63: Vx € N,x >0

All seasons in Irag have rain

Remark1.64: 1. The universal quantifier p(x) on a domain A is true if and
only if T, = A.
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2. universal quantifier p(x) on a domain A is false if and only if there
exist x € A such that p(x) is false.

Examplel.65: Find the truth value of the following open sentences:
lL.vxeR x+1>x
LetA=Randp(x):x+1>x
Because p(x) is true for all x € R, the solution set T, = R
= the quantification V x € R, x + 1 > x is true.
2.VXEN,x<?2
LetA=Nandp(x):x <2
p(x) is not true for all x € N. Take x = 3,p(3) is false.
=T, #N
3. VxeN,(x>0andx =0)
The statement is false, there exists x = 4 € N such that4 > 0 and 4 # 0.
4. Vx € Z, x| >0(H. W)

5. Forallx € {1,—1}, x> —1=0 (H.W.)

Existential quantifiers:

Let p(x) be an open sentence on a set A. The notation
“Gx e A, p(x)”

Denote the existential quantification > xs=s of p(x) and it read as:
“‘there exists x, p(x)’’ or ‘‘there is x, p(x)’’ or “‘some x,p(x)’’.

The symbol 3 is called existential quantifier & 1w,
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The set A is called domain Jal)
Examplel.66:3x € N,x <0
There exist seasons in Irag do not have rain

Remarkl.67:

The existential quantifier p(x) on a domain A is true if and only if T,, # @.
() 3l Bing anly yeaic JBYI o aa g 13) Bsbia 585 L 5 5 ) gaaall 3_jlal
The existential quantifier p(x) on a domain A is false if and only if T, = @.

sl Giny A desand) (B paie dlis o Al 1Y BAS 568 Uia B gl 3 sl
p(x)

Examplel.68: Find the truth value of the following open sentences:
1.AxER,x%?=x

A=R and p(x): x2 = x

T, = {0,1}

= the existential quantifier 3x € R, x? = x is true

2.9dx €N, 3x+5=1

= 3Ix €N, 3x+5 = 1isfalse
3.3x€Z [(x+1)>=0andx*>—1=0]
(x+1)32=0 =>x=-1

And x?-1=0 = x=-1,1
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T,={-1}cZ

Ix€Z, [(x+1)?>=0andx*>—-1=0] istrue

De Morgan’s law for the existential quantifier

~[Ax €A ~px)]=Vx €A px)
&ﬁtjgﬁ\ﬁyﬂ\wﬁwds)ygaoﬁﬁ

Examplel.69:

l.~[A3x€Ex+2¢E]=Vx€EE,x+2€E

2. Vx € N, V3x =/3Vx = ~[3x € N,3x # V3,/x]

Theorem1.70: Let p(x) be an open sentence and A is the domain. Then

1. ~[Vx €A p(x)]=3x €A ~p(x)

2. ~[Vx €A, ~p(x)]=3x €A, p(x) (H.W.))

3.~[Ix €A, p(x)][=Vx €A ~p(x) (H W)

Proofl: ~[vx € A, p(x)]=~[~ [T x € A4, ~p(x)]] {from De Morgan}
=~~[3x €A ~p(x)]
=3x€A~p) [~~p=p]

Definition1.71: Nested Quantifiers Halxiall &) gl

Two quantifiers are nested if one is within the area of the other.
e e S ga g o s Gl Gl da sitall Aleall B aal s psie (e ST 35 Alls
(YIS g ARaiall il susal) o ppanill (5 Akl Sllia

Let p(x, y) be an open sentence defined on the domain sets A and B. Then,
the quantifiers can be expressed as follows:
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|

. VX €A, Vy € B, p(x,y)
2.Vy €EB,Vx € A,p(x,y)

3.3x € A, Ay € B, p(x,y)
4.3y € B, Ix € 4, p(x,y)
5. Vx € A, 3y € B, p(x,y)
6.3y €B,Vx €A p(x,y)
7.3x€AVy€EB, p(x,y)
8.VyeB,Ax€eA p(x,y)

Remarkl.72: In the above definition, the quantifiers (1) and (2) are
logically equivalent. i.e.,

Vx € A, Vy € B, p(x,y) = Vy €B, Vx € A, p(x,y)
Similarly, the quantifiers (3) and (4) are logically equivalent. i.e.,

Jx € 4, dy € B, p(x,y) = 3y € B, Jx € 4, p(x,y)

Examplel.73:

1Vvx€R, VyeN,x2+y*> >0 (True) = Vy €N, VxR, x> +y? >
0 (True)

2. 3x€N,3yeN, x + 2y<0 (F)=3yeN,3xeN, x+ 2y <0

(F)

Remark1.74: In the above definition, the quantifiers (5) and (6) are not
logically equivalent. i.e.,

Vx € A, 3y € B, p(x,y) # 3y € B, Vx €A, pxy)

40 e dlas Cas — b e




Foundation of Mathematics el e

Similarly, the quantifiers (7) and (8) are not logically equivalent. i.e.,
dx € A, Vy € B, p(x,y) # Vy € B, dx € A, p(x,y)

Examplel.75:

dx €R, Vy €N, x+y =0 (False)

ae JS jiia gl y 5 x aen duala O Cuma x Ais 230 aa g adly St eDlel 5 ) sudll

Y b
VyEN, IxeER, x+y=0 (True)
X+y =0 Cusyx s e gy b ae JKail K55 5lall
= 3dx€eER VyeEN,x+y=0 #VyeN, IxeR, x+y=0.

Examplel.76: Let x = computer, y = student,

p(x,y) = student uses the computer
Show that 3x, Vy,p(x,y) # Vy, 3Xx,p(x,y)
Solution:

Ix, Yy, p(x,y)

aexiind COUall JS i sane oS aa gy iy a3 jlaall

vy, 3x,  pxy)
Andiivg i sae oS aa gy allda JSDadly a3 lal)
Ci )y pmaall (0 jlall Caliaa imadl (o Jaadl

De Morgan’s laws for nested guantifiers
Let x and y are two variables defined on the sets A and B, respectively and
p(x,y) an open sentence. Then:

2.~[3x€A3y€B, plx,y)]=Vx,Vy, ~p(xy)
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3. ~[Vx€eAIyeB, plx,y)|=3x,Vy, ~p(x,y) (H.-W.)

4. ~[Ix €A Vy€ERB, px,y)] =Vx,3y, ~p(x,y) (H.W.)

Proof 2:

Takethe L. H. S

~[3x€eATyeB, p(x,y)|=vxeA~[3y€B, p(x,y)]
= Vx€eAVyEeB, ~p(x,y)
=R.H.S

Examplel.77: Find the truth values of the following statements and of their
negations:

lVvxeR(x#0),3yeR xy=1
The statement is true becauseV x E R (x # 0), 3y = €ER, x =1
Negation:
~[VxeR(x+#0),3y€ER, xy = 1]
= AxeR(x+#0), VyeER, xy#1
The statement is false
Letx=2andy = J thenxy =1
2.3x e R, Ay € R,x% + y% = 0 is true
Gl e 2o Lagamy e pen drals (s (pade s g
Negation:
~[3x € R, 3y € R, x? + y? > 0]
=Vx €R,Vy€R,x?+y? <0isfalse
33YVxeNVyeN,x+yeN (H W)

A VxeN3AyeZ,x+yeN (H W)
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Exercisel.78:

1. Express the following using connective operators and/or quantifiers
)y gusal) sl day Hl1 ol o) aladindy b lee e
1) there exists p, and there exist g such that pg = 32
i) for each x, there exists y such that x < y
1ii) each even number is not odd number
Iv) for each x, if x is natural number then x is an integer number
v) for each natural number x, x is even number or x is odd number
2. Find the negation of the following sentences:
)Vx,Vy3z,x+y+z=18
i) there exists y such for each x, xy < 2

iii) 3x, [p(x) = q(x)]
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