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Exercise 2.11.

(1) Let L = C? be a linear space over F' = C. Define || || : C* — R such
that ||z|| = a || + b|zs|, Vo = (21,29) € C? and a,b > 0. Show that || ||
is a norm on C?. (H.W.)

(2) Consider the linear space R?. Let |z|| = min{|x|,|zs|}, Vo =
(z1,72) € R%. Show that || || is not a norm on R2.

solution: Let z = (0, —3) € R?

i) = ming[0], |-3]} = min{0,3} = 0

Since X # Oge, but ||z|| = 0. Condition (2) of the definition of the norm
is not valid. Hence, || || is not a norm on R2.

(3) Consider the linear space R2. Let ||z||.= |z1|” + |za|”, Vz = (21, 22) €
R?. Show that || || does not satisfies condition (4).

solution: Let x = (1,3),a = 2

el = 2(|a]* + |22l”) = 2(1* + 3%) = 20

law]| = [12(1, 3)[| = [|(2,6)|| = 2* + 6° = 40

Thus, |o| ||z] = 20 # ||azx| = 40.

Some Important Inequalities

To give more examples about normed space, it is important to present
some inequalities.

If 7 = {z = (r1,22,...) : ; € Rlor C) and > 7 ||’ < oo} be a
set of sequence space (see Example 1.6). Let x = (x1,29,...) € [P, y =

(ylay27 ) € 7. Then
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(1) Holder’s Inequality

o0 o0
1

S el < [ |l iZm 7

i=1 =1

Wherep>1,q>1and%—|—$:1.

(2) Cauchy Schwarz’s Inequality

00 00 )1 00 )1
i=1 i=1 i=1
Note that Cauchy Schwarz’s inequality is a special case of Holder’s inequal-
ity where p = q = 2.

(3) Minkowski’s Inequality

Ifp>1

e} o0
1 1

(S e gl < [ Jwl’]? + ZW*

1=1 1=1

Remark 2.12.

‘d

The three inequalities above hold for the linear spaces L = R" and L = C".

Example 2.13.
Let L = R? be a linear space over R. If x = (—1,2),y = (0,5) € R

(1) Verify Cauchy Shwarz inequality (p = ¢ = 2).

(2) Verify Minkowski’s inequality (p = 3).

Now we can give the following examples
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Example 2.14.

(1) Show that the linear space R" over R (or C" over C) is a normed space

1
with [|z]ly, = [ Yy |x2\2] > Ve e R" or C",x = (a1, ..., xp).

(2) Show that the linear space R™ over R (or C" over C) is a normed

1

space with ||z, = [ @l |7 Vo e R" or C", & = (24, ...;x,) and

1 <p<+oc0. (HW.)

(3) Show that (i, ]| ||,)) is a normed space where ||z||, = [ Y.} ]xz\p}%’ Vo =

(21, 29,...) €’ and 1 < p < +00.

Solution (1): Let x = (21, ..., %0),y = (Y1;+,Yn) € R" (or C") and o € R
(or ).

(1) Since |z;] > 0, Vi = 1,..,n. Then, [> 7, \xiﬂ? > 0; that is

[z, > 0.

@) ll2ll, =0 = (Y leP] =0 = Yo |af =0
— |z*=0, Vi=1,...n
<— r;=0, Vi=1,...,.n
<~ == (21,...,2,) = Opn

(3) [z +ylly = (@1 + y1, ooy T+ y) |l

= [ |z + vil” }% <[¥h |$i|2]%+[2?:1 |yi\2]% (Minkowski’s

Inequality)

= [lzlly + 11yl

(4) llazlly = (e, oy aza)lly = [ 30 o]’

N[ =
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1
n 2 273
= [ X ol |=il]

971
= o] [ 2 il ]* = lal [l]l,.
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Solution (3): Let z = (21,22, ...),y = (y1,¥2,...) € I’ and o € R (or C).

S AL

(1) Since |z;] >0, Vi€ N. Then, [ Y272 |5 | > 0; that is [|z[|, > 0

=

2) lzll, =0 <= [ X ]zl"]" =0 <= X2 |z’ =0
— |z°=0, Vie N
— z1;=0, Vie N

— z = (0,0,:..)

B3) =z +yll, = (@1 + Y1, o 20+ yn) ],

=

= [ i+ ul” ] < [ 22wl 7+ [ 222 il ] (Minkowski’s
Inequality)
=z, + llyll,
(4) lloz]l, = [[(qy; ), = [ 202y low]” ] 7

= [, [af? o]
= Jo] [, "]

D =

= laf [,

As an application to Example 2.14(1):

(1) Let (R3]l ||,) be a normed space and z = (x1,x2,73) = (1,—2,4).
Then, find ||z|],.

2) Let (C?, be a normed space and z = (x1,22) = (1 + ¢, —21).
2

Then, find ||z|],.
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2.2 Product of Normed Spaces

Definition 2.15.
Let (L, [|;), (L, ]| ||,") be normed linear spaces over a field F. Let

Lx L'={(x,y): x € L,y € L'} be the Cartesian product of L and L’

Define + on L x L' by

) ) = ) 3 \ ) , cLxUTL.
(1, 91) + (22, 92) = (@1 + 22, y1 +42), V(z1,91) + (22, 2)

sumon L sum on I/

Define a scalar multiplication

a.(z,y) = (ax,ay), Y(z,y) € L x L' Va € F.

Proposition 2.16.
Show that (L x L', +,.) is a linear space over F. (H. W.)

Remark 2.17.
The product linear space defined above can be made a normed space by

different ways as we show in the following example.

Example 2.18.

Define || || : Lx L' — R such that

(W) o)l = Nzl + [yl
(2) 1z, 9)lly = max{{l]l,, lyllz ¥

(3) (2, y)lls = min{|[z[|,, [yl } (H. W)

Show that (L x L', ||;), (L x L', || ||,) are normed spaces.

Is (L x L', || ||3) is normed space?

Solution (1): To show (L x L’,|| ||;) is a normed space,
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(i) Since ||z||;, > 0 and ||ly||;,, > 0 Vo € L,Vy € L', then
/L +llyll = NIz, )]l = 0.
(i) [[(z,9)ll, =0 <= lzllp + Iyl =0
— |zl = llylly, =0
< x=y=0 ((L,] ||;), (L] ||;) are normed spaces)
= (z,y) =(0,0)
(iii) For each (w1, 1), (22, y2) € L x L'
(@1, 91) + (22, 92) |y = [[(@1 + 22,01 + 92) [
= llzs + 2ol + llvn + 92l
< leallp + 22l + Nyl + llv2ll
= (lzally + llyallg) + Clezllp + llyell)

= [[(z1, y)fly + [[(z2, )],

(iv) For each (z,y) € L x L' and for each a € F

lee(z, y)lly = e, ay)ll, = ezl + llayll
= lal [zl +Hal |yl = lel (el +Hylz) = lal 1tz 9l

Solution (2): Now, we show that ||(z,v)||, = max{||z||;, |yl } is a norm

on L x L'

(i) Since ||z||;, > 0 and ||y

>0 Ve L Vye L then

maxt||z]|,, [yl } = [[(z,9)ll, = 0.

(ii) [z, 9)lly =0 <= max{[lz],, |yl } =0



Functional Analysis-Normed Linear Space Dr. Saba Naser, Dr.Zena Hussein, and Dr. Sabah Hassan 43

= |zll, = llyllp, =0
<~ x=y=0 ((L,]] ||;), (L] ||;) are normed spaces)
= (z,y) =(0,0)
(iii) For each (x1,11), (22, y2) € L x L'
(@1, 1) + (@2, 92) [l = [ (21 4+ 22,91 + 12) ]
= max{|[z1 + 22|, ly1 + 12l }

< max{|lzy|l + 22l Nyl + llv2llz

< max{[lzi]lg, [yill g} +max{{|az| [y

v}
= [[(@1, y)lly + [1(z2, y2) [l
(iv) For each (z,y) € L x L' and for each a € F’
le(z, 9)ll; = l[(aw, ay)ll, = max{{jaz|| , [yl }
= max{|al [lz]|,, [l yll }

= || max{]|z]| ., |yl } = lal |(z,y)l,

As an application to Example 2.18: Let L = (R, | |) and L' = (R?|| ||,)

where ||z, = [Z?:l |xi|2]%. Ifr=3cL=Randy=(1,-2)€ L' =R
Find J|(z,y)l[, and ||(z,y)l,
Solution: [|(z,y)[l, = [|(3, (1, =2))ll; = [13[lx + (1, =2)|g:

=3+ [ 22 ]!

=3+ [P +|-27]? =3+ V5.

Find [|(z, y)[l, (H-W.)



