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Examplel.26: Let p: you can take the flight (True)

q: you can buy a ticket  (True)
Then the bi-conditional statementp < q is
“‘you can take the flight if and only if you can buy a ticket’’

Discuss the truth values of the bi-conditional statement.

Solution: The statementp < g is true
““ you buy a ticket < can take the flight”
or
“‘you do not buy a ticket < cannot take the flight”’.
The statement p < ¢ is false when p and g have opposite truth values.
“‘you do not buy a ticket < you can take the flight”’
or

“‘you buy a ticket & cannot take the flight™’.

Properties of the biconditional operator sl kbl 3131 Lal sa

Let p,q and r are three propositions. Using the truth table show that: (H.
W)

lLpeo g=qep
2. pegper=pe(@ger)
3. Find thetruthvalueof:p & T,p o F,p o ~p,p © p.

Exercisel.27:

1. Find the truth value of the following statements:

20 Joe dlew Cow — =l Jide o




Foundation of Mathematics el e

[(if24+3 =4thenx +4 =4+ x) and 8 is an even number] iff (2 < —10
or2 = —10).

Solution: [(F>T) A T|o(FVT)=[TAT]|oT=Te T=T
2. Let p: horse can swim

q: Conjunction operator is useful

r:\/ﬁ =\/§+\/§ forx,ye N
Find the truth value of the following statements:

l.por
2.(p—-r) A q
3.[(p—->r)V(qg - ~p)]

3. Write the truth table of the following statements:

)~pAq

i) (pAg)-p@Va)

i) (p > q) v~ (q < p)

4. Write the following statements using the connections operators —, <,A,V

1) If p and g integer numbersand g # 0 thens Is a rational number

i) If x2is integer number then x is even or odd number

l)xy >0ifandonlyif (x >0andy > 0)or(x < 0andy < 0)

Definition1.28: A compound proposition that is always true is called a
tautology or lemma or theorem.

dmhd:uaﬂji :\e.uh-ﬁlg-ﬁb Laila d8alia (o oSS 6,3\ Sl 5 5lall iy

A compound proposition that is always false is called a contradiction.
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Examplel.29: Show that (p vV ~p) is tautology and (p A ~p) is
contradiction.

Solution:

p|~p| pV~p |[pPAN~DP

tautology | contradiction

Examplel.30: (H. W) which of the following compound statements is
theorem (tautology) and which one is contradiction

pAF, pVvT, p © ~D, [(p = q) Ap] A~ q

Definition1.31: Logical Equivalence (skiall silsil)

Two statements (propositions) that have same truth values are called

logically equivalent. The notation P =4 or P =4 denotes that p and q are
logically equivalent.

Saidl alsall jacall e puit SIS 1Y) Lilaie A58\S5e 1y e o oS3
. S Ja 9 Buall dad i S 1Y) Lilaie 438IS88 (558 jle

= 4 = a1l

3 B

Examplel.32: show that ~(p V q) = ~p A ~q (logically equivalent).

Hint: make truth table

Solution: The truth table for ~(p V q@) and ~p A ~q is

pVvaqg| ~Vae ~D ~q ~p A ~q

T | T | T F F F F
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T [ F [ T F F T F
F | T | T F T F F
F | F F T T T T

~ Definition1.33: Let p, q and r three propositions, then define the following
logical equivalence:

L.pAqg=~(~pV~q)
2.p—>q=~pV ¢q

3 peoqgq=@ >N (q—-p)
Ladsy O Cang g 1as g oDle | iy jacil) ddaadla

De Morgan’s Theorem: Let p and g are two propositions. Then

L~ A= ~pV~q (HW)

2.~pVvaq) = ~p A ~q
s
3
\

=~ (pVq) [double negation law: ~~p = p]

Proof (2): Take the right-hand side (R. H. S)

~p A ~q= ~(~~pV ~~q) [definition of A ]

= Left hand side (L. H. S).

Exercisel.34: Simplify the following statements:

1.~(pV~q)
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2. ~(~p—q)

3. ~(~p < q)

Solution (1): ~(p V~q) = ~p A ~~q [ De Morgan’s law]

=~pAq [~~q = q]

Solution (2): ~(~p » q) = ~(~~pVq)
= ~@Vva [~~p=p]

= ~p A ~q [De Morgan’s law]

Laws of Logical Equivalence (liall sl ¢yl 68

Let p, g and r are propositions. The following are some of the common
logical equivalence rules:

1. Commutative Law JaY osé: p A g =q A p
pvq=qVp
peq=qep
2. Associative Law @il 058 (p A @) AT= p A (@ AT)
Vvag)vr=pvVvi(@Q VvVr)
peqeor=peo(qgern)
3. Distributive Law (from left) _bwdl (e a5l & 5308
pA(@Vvr)=@A V(A T)

pAN(@AT)=(@A @) A(AT)
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pvVv@ATr)y=VgAN@pVr)
pv@Vv ry=pvgVv (pVr)
pvV@-or)=@Vvqg-o@Vr)

pV@er)=@Vvgeoep@EVvr)

4. Distributive Law (from right) cped) (e a5l ¢ 56
(@vr) Ap=(@A p)V(r A p)
(@Ar)Ap=(q A p)A[T A D)
(@A 7r)vp=@V p)A( V p)
(@qv nvp=(@V p)v({V p)
(- nrVvp=(@V p)—> TV p)
(@er)vp=(@V p)e (rV p)

5. ldempotent Law sl s o8 p A p=p; pV p=p

6. ldentityLaw:p A T=p;pV F=1p
7. DominationLaw: p A F=F,pVv T=T

Exercisel.35: Simplify the following statements using laws of logical
equivalence:

sibhaiall el il 8 alaciuly 200N ol jlall dass
1lL.(pvg)A~p

2. v V(~pAq)

Exercisel.36: Prove (without using the truth table) that
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Gxall Jglan aladiul ¢ sn 4 g

~(@PV (~p A q) =~p AN ~q

Solution: Takethe L. H. S
~M@PV (~p AN q@) = ~p AN ~(~p A q) [ De Morgan’s law]
= ~p A (~~pV ~q) [ De Morgan’s law]
= ~p A (pV ~q) [bydouble negation law]
= (~p AN p)V(~p A ~q) [by distributive law]
=FVv(>p A~q) [~p A p =F]
= (~p A ~q) VF [by commutative law]
= ~p A ~qRH.S

Theorem1.37: (Properties of =)

Let p, g and r are three propositions. Prove the following properties without
using truth tables:

l.p-> p=T
2.~pop =7p
3p>T =T
4.T->p =p
S5.p>F = ~p
6.F->p =T

l.p=>q=~q—>~p
8p->q={@PA~q)-o~p
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9p—=q=@PA~q)=> (rA ~r)
10.~p—=q9)=p A ~q

Proof 1: Toprovep - p =T
p—>p = ~pV p [def of -]
=T
Proof4: ToproveT - p =p
T - p = ~TVp [def. of -]
=FVvp [~T =F]
=D
Proof 7: Toprovep - q = ~q = ~p
p—q = ~pVq [def of =]
=qV ~p [vis commutative]
= ~q—>~p
Proof8: Toprovep - g = (p A ~q) = ~p
TaketheR.H.S:(p A ~q) = ~p
= ~(p A ~q) V ~p [def. of -]
= (~pV ~~q)V ~p [ De Morgan]

=(~pVq@V~p [~~q = q]

= ~pV(qV ~p) [V is associative]
= ~pV(~pVQq) [V is comm.]

= (~pV~p)Vgq [V is asso.]
=~pVq [pVp=rp]

27 D00 alem G — lld Je




