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Foundation of Mathematics

Foundations of mathematics is the study of the basic mathematical
concepts (logic statements 4shidl & Lall numbers, relations, sets,
functions...).
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Set of Numbers (Subsets of the set of real numbers R)

1. Set of Natural numbers N = {1,2,3, ...}

2. Set of Prime numbers P = {2,3,5,7,11, ...}

3. Set of Integer numbers Z =1 =4{...,—2,-1,0,1,2, ... }
4. Set of Even numbers E = {...,—4,—-2,0,2,4, ...}

5. Set of Odd numbers 0 ={...,-3,—-1,1,3, ...}

6. Set of Rational numbers Q = {7 :a,b € Z,b # 0}

Example: % — § 3,0.5,0.3333 are examples of rational numbers

7. Set of Irrational numbers H = {x: x € Q}
Example: m = 3.1415 ... is irrational number

e = 2.71828 ... isirrational number

V2, /5 are irrational numbers
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CHAPTER ONE

Mathematical Logic and Proof Using
Propositional Calculus
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PREPOSITIONAL

LOGIC

Chapter One Contents

-

. Propositions (Statements) <! tal)

N

Compound Propositions 4 sl < jlal)

3. Mathematical proof (ab 3l ol sl

D

. Quantifiers < gual)
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Definition1.1: Mathematical Logic <l (i)

Mathematical logic is a subfield of mathematics exploring the applications
of formal logic to mathematics. Mathematical logic is widely used in
theoretical computer science and other sciences.
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Propositions or Statements <) )

Definition1.2: A proposition is a declarative sentence which is either ‘true:

T’ or “false: F’, but not both. We use the letters P, 4,7, S,.-€t¢ to denote a

proposition.
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Examplel.3: Which of the following sentences are called propositions
(statements), and which ones are not propositions.

1) p: V4 = 2 is a true proposition
2) q: Y3_, (x + 2) =13 s a false proposition
Because Y3_; (x +2) = (1+2) + (2+2) + (3+2) =3+4+5=12 # 13.
3) r: Baghdad isn’t in Iraq is a false statement
4) s: What time is it? is not a proposition
A a8 Ales ol s Lalgdin dlea LY
5) w: Study hard is not a proposition
Because it is not a declaration sentence 4 s dlea Cul
6) v:x +y = 0isnota proposition
LIS Y 5 ddabia cunnd dlaadl Y
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Examplel.4: (H. W) Which of the following sentences is called a
proposition (statement), and which one is not a proposition.
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) p:x+1=3
i) qx+y =z
i) 7 % IS an even number (5 3x)

The area of logic that deals with propositions is called propositional logic
or propositional calculus. It was first developed by the Greek philosopher
Aristotle sk jimore than 2300 years ago.

Aristotle (384-322 B()

Definition1.5: Negation of a proposition 5_tsd) i

Let p be a proposition. The negation of p is called ‘“‘not p’” and is
denoted by (~p ).
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Examplel.6: Re-write the following expressions without using the
negation

~(3<5)
~(x>y)
~(x >5)
~(2 =10)
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Examplel.7: Find the truth value of each of the following statements. Find
(~p) negations for the statements g and r.

AU el e JS 5 (B 3a
1. P : Today is Saturday (F) , ~p : Today is not Saturday
2. 4:2+2=4 (T)

~q:2+2+#4
3. r: The square has four sides (H. W)

Remark1.8: If a proposition p is true, then ~p is false; and if p is false,
then ~p is true.
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The truth table of the
negation of a
proposition p

p ~p
-
F T

Double Negation Law: If p is a proposition, then ~~p = p.

p|~p| ~~P
T [F [T
F|T |F
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Compound propositions

Propositions are divided into two types:

1. Primitive proposition 4w sl 4% 3 e : A proposition is said to be
primitive, if it cannot be divided into simpler propositions.
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2. Composite proposition 4 ks A proposition is called composite,
If it is compound of more than one primitive proposition using logical
connective operators.
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Examplel.9: Propositions (1)-(3) in Example (1.3) are primitive.

Examplel.10: The following propositions are composite:

1. “2+3=5and6-4=1"
and b 314k A g2 e Aass (4 e o 458 A8 508 e
2. ““Aliis clever or he studies every day”’

or Ll 1ol dda g3 ye ddaresy (455 Jle e 4 S AS ya sl
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Led 4 €l gl ) jlaall (3m a8 )
aseal) &l bl Jay 5l Aaadiiadl Jay I <l ool Y
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Basic Logical connective Operators dswbul! dilaiall Jay )i <) gal

There are some basic logical operators that connect simple propositions to
produce composite proposition. These operators are:

1. Conjunction operator (s) J«g¥ 813--English word (and), symbol (A).

Let p and g are two primitive propositions. The conjunction of p and q is
denoted by ““p A q’” and read as “‘p and q”’.

If both p and q are true, then p A q is true, otherwise p A q is false.
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Below is the truth table for the conjunction of two propositions:

Conjunction

P q [(Par(q
T T T
Tl F| F
F i F

F|1 F|F

Examplel.11: Find the truth value of the following statements:

A ) ladl (o 4
1. 24+2=4and2+3=5
™A T =T

2. Z=1suchthat x # 0 A Baghdad is not in Irag

T A F=F
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3. -5is a prime number A m is a rational number
FA F=F
Examplel.12: Let p: x+y=y+x suchthatx,y €N

q: 2 > 10
r: There are three seasons in lIraq
Find the truth value of:
) (@qA~1)AT,
i) (@ A ~~q) A(~p AT)
Solution of (i): ~r: The seasons in Iraq are not three.

@A ~r)ANr=(FAT)ANF=FANF=F

Examplel.13: Let p and g are two propositions such that

p: Fouad is poor (T)
q: Fouad is clever (T)
Find the conjunction of p and q. Discuss the truth values of ““p and q”’.
Cpand @ sokall ya nd 8L g 5 p O deasll B ke 3

Solution: The conjunction ““p and q’’ is

““Fouad is poor and Fouad is clever”’
The compound proposition “‘p and g’ is true if

““Fouad is poor and Fouad is clever”’
The compound proposition (p A q) is false if:
““Fouad is rich A Fouad is clever”

““Fouad is poor A Fouad is not clever’’

““Fouad 1s not rich A Fouad is not clever’’
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