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Chapter 3...... Inverse Operator

Linear Equations with Constant Coefficients
We will use the inverse operator method to solve homogeneous and
nonhomogeneous partial differential equations with constant coefficients.
This method, although basically developed and frequently used for solving
ordinary differential equations, becomes useful for finding general
solutions of partial differential equations with constant coefficients. The
problem of finding the general solutions of second order partial differential
equations with constant coefficients and determining their particular
solutions under auxiliary (initial ) conditions is also discussed in a later
section. Before we discuss the partial differential equations with constant
coefficients we will first review in §3.1 the technique of inverse operators
from the theory of ordinary differential equations. This review should prove
useful in discussing the homogeneous and nonhomogeneous partial

differential equations with constant coefficients.

3.1. Inverse Operators

d 1, . . .
If D represents o then o s defined as the inverse operator of D, i.e,

1
() = j o(x) dx.

If £(D) represents a polynomial in D with constant coefficients, then f(D)

is a linear differential operator, and we define its inverse as O Thus,

1
FO) [rgre®| =0 6D

Note that
1

) [f(D)@(x)] is not necessarily equal to ¢ (x). However, if
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_t
f(D)
¢ (x), for some value of these arbitrary constants. In the sequel we will

@(x) = YP(x), then Y(x) contains arbitrary constants, and Y (x) =

ignore

arbitrary constants. We will list some formulas for the operator pair f (D)

Properties of inverse operator of ordinary differential equations
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L f(D)[%<p(x)]=<p(x) (D)[f(D)qo(x)] 00 +c

2. f1(D)f2(D)¢( x) = f1(D) (fz(D)¢( )) f2(D) (fl(D)¢( ))
¢ ().

f(D) [c101 (%) + c202(X)] = ¢4 mﬁbﬂx) + ¢ f(D)

1 ax __ ax
4 25 e e provided that f(a) # 0.

5. f(D)p(x)e™ = e f(D + a)p(x)
6. —>B(X)e™ = e~ p().

1 ax _ xMe*
(D—a)™ T om

1 x™m
8, ———— —e¥* = e a+0.
(D—-a)™f(D) m!f(a)

Cos

bx
9. — {Cf’sbx={sm la| # |b].

D2+a2 |SIn 2_p2’

3. —=

7.

COS {CSJS axax
10 { . ax = S‘“—az), provided that f(—a?) # 0.

1
" f(0?) |sin f(=
1 {COS ax _ x {sin ax

11. — .
(D2+a?) — cos ax

sinax ~ 2a

1 COoS (c- awz){. wx bw{ wx
12, ————1 . wx = <03
aD2+bD+c | SINn (c—aw?)2+b2w?

1 1
13. —x" = ————=x"
S T T aatre0n”

1
=—[1=g(D)+g°(D) = g*(D) + -+ g"(D) + - ]x"

n

where the terms of degree n + 1 or higher are ignored and a,, depend

on f (D), g(D).
Proof of Formula 3. If ¢ = 0 then

5 V@] = 10 [ 7255 0] = 00
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1
[c101 (%) + c2p2(X)]

(D)
= 5 | O [z 550 + f O [ 55 <p2<x>]]
= D) [ 1 91 () + 3 s 02 (0)
=7y (a7 CZf(D)"’Z "
Proof of Formula 4. If ¢(x) = e**, we know that
De®™ = e D2edX = 20X | DhedX = gledX

Let f(D) =D" = f(a) = a"
= f(D)e™ = f(a)e™,  (*)

If we take % as the inverse operator of (D), to () then obviously

—f(D) “ =—f(a)e“" f@ 77

fD) f(D) f(D)
s (a)f(D)
= L o ! o ided 0
f(D)e _f(a)e provided f(a)

Proof of Formula 5.
De®¢(x) = e*™Dp(x) + ae™¢p(x)
De™¢(x) = e™ (D + a)p(x)
D?e“¢(x) = D(e™(D + a)$(x))
=e™D(D + a)p(x) + ae™ (D + a)p(x)
=e™(D(D +a)+a(D + a))p(x)
D?e“¢(x) = e*(D + a)*¢p(x)
D'e*p(x) =e*™(D + a)"¢p(x) (3.2)
Letf(D)=D"= f(D+a)=(D+a)"
fD)ep(x) =e™f(D+a)p(x) (3.3)
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Proof of Formula 6. From formula 5 D"e®¢(x) = e**(D + a)"¢(x)

_ 1 a1 n__ 1
Letf(D)—Dn=>D —f(D)z(D+a) o1

substitute in (3.2)

1
f(D)e dp(x) =e mﬁb(x) (3.4)

Proof of Formula 7 & 8.

? xMedx 1 7 x™

1 ax ax

(D—a)m T oml (D—a)™f(D) T omif(a)

e

Proof 7: first we have to show Dim (1) Z ’%

Dx™ = mx™"1,D?2x™ = D(Dx™) = m(m — 1)x™2, .-,
D™Mx™ = m! (¥%)

Gl dumnil — ()b 0 hall 236

1 1
D—mDmxm = xm = D—m(m') = m'D—m(l)
1 B x™
D—m(l) = (3.5)

Using formula 6 with f(D) = (D —a)™, ¢(x) =1 = f(D + a) =
D™ and (3.5) we get
f(a) = 0 oY <l formula 4 e‘diju.u\ @L.u.u‘ﬁ 4aa e

1 ax & _ax 1 ax 1 (3:5) ax x™
(D—a)me =e f(D_l_a)(l):e D—m(l) = e¥—.
Proof 8: using formula 4, 3 and 7
1 1 « 11 s 11 7 e% x™

D-o"fDd° - f@° f@O-om¢ f@m

Proof of Formula 9 & 10.

To show that D? = —a? in polar form
{cos ax _ {— asinax _ a {— sin ax
sin ax acos ax cos ax
2 {cos ax _ {_ a? sin ax - g2 {sin ax
sin ax —a? cos ax cos ax
3 {cos ax a3{ sin ax 4 {COS ax a4 {sin ax
sin ax —cosax '’ sin ax cos ax
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5 {C(?S ax _ a5 {— sin ax Db {C(?S ax — _ 6 {sin ax D7 {C(?S ax
sin ax Ccos ax sin ax cosax ’ sin ax
7{ sin ax
=a
— cos ax
cos ax cos ax _, (cos ax _1( sinax
1.D2n{ ) — (_1)na2n{ ) ,2. DZn 1{ ) — (_1)na2n 1{
sin ax sin ax sin ax —cos ax
From 1 we get D?" = (—1)"a?" or (D*)" = (—a*)" = D? = —a?,
1 cos ax 1 cos ax
So formula —{ . = { . al # |b
9 p2+p2 (sinax  b?-a? (sinax '’ lal 1]
1 (cosax 1 cos ax
And formula 10 { . = { .
f2)sinax  f(-a?) (sinax

Proof of Formula 11 ——— {CPS ax z x {sin ax
(D%2+a?) \SIN ax 2a \—cosax
(D? 4+ a®)(xsinax) = D?x sinax + a®x sin ax
= D(sinax + ax cos ax) + a®x sin ax
= acos ax + ax cos ax — a’x sinax + a®x sinax = 2a cos ax

(D? + a®)(x sinax) = 2a cos ax

(D?+a?)
1 .
{m 2a cosax = x sin ax} + 2a
1 X .
YD) cos ax = ——sin ax
Similarly (D? + a?)(—x cosax) = —D?x cos ax — a?x cos ax

= —D(cos ax — ax sinax) — a®x cos ax
= asinax + asin ax + a®x cosax — a’x cos ax = 2asin ax

(D? + a?)(—x cosax) = 2asinax

1
mZa sinax = —x cos ax
1 _ X
————sinax = ——-cosax
(D% + a?) 2a

Proof of Formula 13
If p(x) = x", and let f(D) = ay,D™ + ;D" ' + -+ a,_,D +a,
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An—1 An—2 Qo
D) = 1+ D+—D2+---+—D"]
F0) = a | "D+ -

f(D) = an(1+g(D))
Where g(D) = ai(an_lD + ap_,D? + -+ ay,D")

Which gives
1 1
f(D)  ax(1+g(D))

=1—x+x%— - (=1)"x" +--- .

Taylor expansion

1+x
So
1 1 .
Y N
f(D) a,(1+ g(D))
1 2 n n n
=—(1-gD) +g*(D) = (-D"g"(D))x
n
0= g™ (D) = g"*?(D) = -+, for example (x3)"" =0
Examples:

Therefore, the particular integral y, of the equation f(D)y = Ae®*

using formula 4 is given by
A
Y, =——e, f(a) # 0
P f@
Example 3.1. Consider y"" +y' +y = e** or (D> + D + 1)y = e?*,
Then
y, = 1 e3% — 1 03% — 1 esx=i63x
P D24+D+1 f(3) 324+3+1 13
Example 3.2. Consider (D* + 8)y = e*. Find y,, .
1 X 1 1

»=pryg® T1t+8° T 9

X

e
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Now, in order to find the particular integral y,, of f(D)y = Ax™, we apply

the inverse % of f(D) to the ordinary differential equation and get

1
}’—m(z‘lx )

=4 (4 g0

A
Yo = —[1=gD)+(gD)* = D))+ 1x" (3.6)

where terms of degree n + 1 and higher in D are ignored in the above
expansion on the right side.
Example 3.3. Consider y"' +y' + 2y = x* - (D? + D + 2)y = x*. Find
Yp ? By formula 13

1 1

4 _

=mx-2( T 1 )x“'

Yo

= = p2
1+2D+2D

-1

—1[1+1D+1D2] 4 D)—1D+1D2
—217 T2V T3 x% gD)=35D+3

21— (kp+207)+ (3o +20) ~(bo+20?) + (S04 20?)
2 2 2 2 2 2 2 2 2

_...]x4

v 1.1 1. 1. 1. 1. 3 1
——|1==D—2D?+>D?+=D?+>D*—=D?—-D*+—D*
2[ 2 2 +4 +2 +4 8 8 +16

+0(D5)]x4,

where 0(D>) means terms containing D° and higher powers in D, so
0(D>) = 0 Thus,

—14236232126393
yp—zx—x—x+x+ xX+6—35x— +§

1 3
=E[x4—2x3—3x2+9x—5].





