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hsi on: Running the Chain B ACKWATS

If u is a differentiable function of x and n is any number different from -1, the Chain Rule tells us that

d (Y
de Vi + 1 oy

Therefore ["'jﬂﬂb e
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Aswell as ["'"’" :*-II1 kG them du = f,—’_::.'.r
EXAMPLE:

Find the integral | (" + (3" + 1) ds.

Sol:let s = x* + x.then gy = % g — (3,2 + 1) dy,

dr

a0 that by substitution we have :

/le+ A3t + 1pee = /rr‘a'ir

EXAMPLE:
Find the integral | j’ Var ¥ 1.
SOL: let u=2x+1 and n=1/2,  d = ¥ 4y = 2.4v

dx
because of the constant factor 2 15 missing wom me integral. So we write
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1[4
= u'du
QI

o

+ gty with nesg

e

(=]

L
2

i



EXAMPLE: / cos (70 + 3) b,
SOL: Let w = 76+ 3 so that du = 7 df. The constant factor 7 is missing from the 48 term in the

integral. We can compensate for it by multiplying and dividing by 7. Then,

f..—.-.\rm +3)do = _:.f..-.-nrm +3) 70
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1 ;\lnﬁﬂ + 3 4 O
EXAMPLE: f.r"e-'inl.v']dx = fﬁmh"}'r"dx

= fﬁil‘l u'%n’u .I._*.I. i o . .
Iy
=3 sinu i

= ;—f—um w}+ € nicgmie

=— %cus v+ Replace u by '

EXAMPLE: Evaluate | *V2 + 1
1 '
SOL:u=2x+11toobtain x= (u- 1)/2, and find that ~ +V/2r + Ldv = 5 (w= 1) Vidu.

The integration now becomes

f.\.r":; ¥ ldr= ljm— 1V die = _'1[[«— a2
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Method 2: Substitute « = Wz + | instead.
274z _ ﬁir"{ﬂg Letu= W22 + I,
vZ+1 u W=+ L de = 2dz

=3-fun‘u

= 3‘§ + O Imegrate.

- %{ZE + |}:"I3 + C Replace u by (22 + 1)'A.



Example: The Integrals of sin?x and cos *x

(a) /sm xdx = / g--"’”—‘ in 2

%/I—cmlx)dx
| lsin2¢ , ~_x_sin2x ,
B LR R e T
o N0 | +cos2x . _ x . sin2x | + cos 2
(b)/costd\—/——z d,\—z?——-d + C o% El

DEFINITION: If u is a differentiable function that is never zero, / Lau =1 +c.

In general /ﬂ( ))d; = I |[f()] + C

EXAMPLE

2 _\

R - du w=x'=35 du=2d,
/ 2 dx ln I“I 1wl - -u"l o |
Jo XS -5 ol ui2

= In]-l|—ln|-5| =Inl=In5=-In$5

The Inte of tan x, cot x, sec x, and esc x

- sin X -du y = cosx > 0
/“‘“"““ /cosﬂi" / ] dy = =sinzdx

= =In|u] + € = —In|cosx| + C
-+ C= In |sccx| + C. Reciproca! Rule
|cos x|
/oo!td.\ /toszdxz-/g':_l Acond
sinx dy =~ cosxdx
=In|u] + C =In|sinx| + C = —In|ecscx| + C.

(seccx + tanx) scc2x+sccxmnx
3 /sccxdx /scc.\ Geox T ) & secx F tanx



du ¥ =sccx | tnx
g In l"l +C= lnlsc"x + mnx, +C du = (secxtunx + soct x) dx

11

(escx + cotx) cse’ X + ese x cot x
4 /cscxdx -/mx (esc x *oou)dx = csox + cotx &
L o x ool x
@y (=X 0Ot = O a) ilx

- /-—:EE -Aln'ul +C= “-lnlcscx + colxl + C

Integrals of the tangent, cotangent, secant, and cosecant functions
/tanxdx = Injsecx| + C /sccxdx = In|secx + tanx| + C
/co(xdx = Injsinx| + C /cscxd.t = —Injcscx + cotx] + C
EXAMPLE:
w/6 w3 & 1 =/3 Substitute v = 2x,
tan 2x de = anu-—75 =% tan u du dr = duf2,
0 0 2 2/ d

w0) =0,
=3 wlmw/6) = =/3

(ln2—ln|)=%|nz ¥

= -;-ln |secu|} %

i
/e"da =e"+C
EXAMPLE :
In2 s In& 1 n = 3x, -;‘du = dx, wl0) =0,
X — | bE 3
(‘)l e dx _/0- et ydu W(ln2) = 3102 = In2" = In8

= %/hse"du
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(b) f e cosxde = ™ rjI Antiderivative from Example 2c
i 0
=gl =gl =¢ =1
The integral of @*
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fu du o + C.
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EXAMPLE :
(a) '&%3‘ =%In3

i—'-".'= —% i_ R ]
() -3 37(In 3) - (=x) T3

(© 4

¥ if & d = aif &
EJ""‘ e e ”I{s’“] = 350%(1n 3) cos x



(@ /2‘(!.1"?—2%+C

In

sin e = “ <= 2_u
(e) /2 " cos x dx ‘/2 du n3 +C
_ zsinx
Wy ¢
Example :
d S US| B e B
® glosex+ V=g T ra®** V" moe s
logax . | Inx , In £
(b) / < dx = %] - dx logax = 75
— ﬁ u du W=tnx, du=cdy
1w _ 1 _(nx)? _(nx)*
T Tk T IS TR T e
Integration Formulas
du st 4 : »
1. /—-—— =sin”' (5] +C (Valid for u® < a*)
Ve - (8)
2. / % = Ltan™ (j,—‘) +C (Valid for all u)
a u
du 1 qu :
3. —_—— = —sec |—|+C (Valid for |u| > a > 0)
Wit —at “ “
EXAMPLE
77 ~
(a) . sin™' x P sin”'! ‘\[2) - sin™' V2
vz Vi1 = x? Va2 2 2

(b)/ dx :l/ du
Vi-a? 2 V-4

= %sin'l (%) +C



