.2 INTEGRATION:

1) The Definite Integral
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2.1 Integration by Substitution

THEOREM Substitution in Definite Integrals: If g' is continuous on the interval fa, b] and /-
continuous on the range of gfx) = u, then
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THEOREM:
Let f be continuous on the symmetric interval [ -a, aj.

(a) If fis even, thcn/ flx)de = Zfa/(.t)dx.
- ]

(b) If f is odd, lhcn/ f(x)dx =0,
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EXAMPLE: Evaluate L‘* 47+ 6) dx.

SOL: Since f(x) = x* — 4x? + 6 satisfies f{ -x) = f{x) , it is even on the symmetric interval [ - 2, 2]
, S0
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DEFINITION: If y = fix) is nonnegative and integrable over a closed interval fa, b/, then the area
under the curve y = fix} over [a, b/ is the integral of ffrom a to b.

A= )i
a
If f{x) is negative then A= J': |fi(x) |dx
EXAMPLE
Let f(x) = x* — 4, compute (a) the definite integral over the interval [-2,2], and (b) the area between
the graph and the x-axis over [-2,2]. R
Solution: )'I". I _nl | : f.'p
@ [ororw=[5-al - (-5)-(S+5)- % \ o /
(b} The area between the graph and the x-axis is |— fl = ? I\\ -1 ),r“_: H=ai-d4
EXAMPLE: Find the area between the graph f(x) = x* — 2x* —x d
SOL: f(x)=0 then {(x® — 1){x— 2) = 0 thatis x=1, -1 and x=2
A=y + Ay = [1If@)ldx + [[1f (Oldx
f-ag-gen] o225 e ]
EXAMPLE: Let the function fix) = sin x between x = 0 and x = 2x. Compute _/\_ w /
(a) the definite integral of ffx) over [0, 2. (.__ o ;\\_ T s"T
(b) the area between the graph of fix) and the x-axis over [0, 2n). A \/
Solution

(a) The definite integral for f(x) = sinx is given by

f 10 1 dx L0 X [cos 27 = cos 0] 1=1]=0



Total enclosed area = -IT:,- } |—--| ==

EXAMPLE: Find [* lx— 1ldx

Since [x—1] = {* "1~ *=1

Z 1 2
Te+1 xeq en [lx—dldx = [ (-x+ Ddx + [ (x— 1)dx

.3 Indefinite Integrals and the Substitution Method

Since any two antiderivatives of  differ by a constant, the indefinite integral notation means that

for any antiderivative F of f

ff{x}dx = F(x) + C,

where C is any arbitrary constant.

THEOREM:
The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on L, then

fﬂgf.ﬂ]'é:'[.r]dr = ffl.'u}du.



jﬂgf.rl]'g'[.r]-:it = fffu}du.
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If u is a differentiable function of x and n is any number different from -1, the Chain Rule tells us that

'_f e = " ﬁ
de \m+ | dr’

Therefore {u’j"a.h Y L
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As well as f“-“'" r:r*-ll'l kG then ou = ﬂ—::.‘.-;
EXAMPLE:

Find the integral | [ (& + £ + 1) dr.

Sol:let u = x* + x.then gy — “:*: dx = (3x% + 1) dx,
s0 that by substitution we have :

/Ix" + 222 4 b = [rﬂ"a'!r

EXAMPLE:
Find the integral | j VI T Tdr.
SOL: let u=2x+1 and n=1/2, 4y — j” g = 2dx

X

because of the constant factor 2 15 missing wom e integral. So we write

fx»"?u £ 1ife = l—,/ Ve + 1 2de



Sol: let # = x* + x.then gy — gﬁdx = (3x% + 1) dx,
so that by substitution we have :

/(,\“ + xP (3% + 1) dx = /n"du Lot v = x z, di 3x 1) s

L
= "“g‘ + C Imiegrate wWith respect 1o ¢

) (x* + x)*

6 + C Substitute ' + 4 foru

EXAMPLE:

Find the integral | / Var ¥ 1dx.

SOL: let u=2x+1 and n=1/2, 4y = “%"1 dx = 2dx

because of the constant factor 2 1s missing rom me integral. So we write

/v"zr:— 1 dx —%fv’z_r_ + 1+2dx

1 \2 . 2
= 2/14 du e 2
1 u™? .
5-::)—: + ¢ e With respect 10
Lo T2 3 Skl 3%+
—3(2\+l) C Substituie 2

EXAMPLE: Find /scc=(5: + 1)-54t

SOL: Let u= 5t~ 1 and du =5 dx. Then,

/w«-‘m & 1)-Sde - /‘«-‘u.:u

~tanu + C

tan(S¢ = 1) + C Subanirenc $ 1



EXAMPLE
Let f(x) = x* — 4, compute (a) the definite integral over the interval [-2,2], and (b) the area between

the graph and the x-axis over [-2,2]. v : .
Solution: )"- I nl | : a.'p
@ [ioae[g-al = (3-5)-(5+9) -3 \ 4 /
{(b) The area between the graph and the x-axis is |— f' = ? .\\‘\ -ay ;,“_: H=aiod
EXAMPLE: Find the area between the graph f(x) = x* — 2a? — x g
SOL: f{x)=0 then (x* — 1)(x — 2) = 0 that is x=1, -1 and x=2
A=Ay + A, = [ 1fGOldx + [[1f(0)ldx
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EXAMPLE: Let the function fix) = sin x between x = 0 and x = 27. Compute /\ /
(a) the definite integral of f{x) over [0, 2]. S L ‘H pi ,,"7
{b) the area between the graph of fix) and the x-axis over [0, 2m]. Al \\_/
Solution

{a) The definite integral for f(x) = sinx is given by
f—"" 10 T dx COE X -:.. [cos 2o = cos ] H=1]=0
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(b) To compute the area between the graph of fix) and the x-axis over [0}, 2w] we should find the
points in which f is intersect x-axis i.e. f{x)=0 this implies to sin x=0 i.e. x=0, y=wor x=27

Now subdivide [0, 2n] into two pieces: the interval [0, 7] and the interval [, 2]

[Dm.rl.t dlx o0 ¥ i [eos & = cos 0] [=1=1]=2
f“!il.rlldll coe X - [cos 27 — oo w) [n=1(=1) 2
Area = [2]| + |-2] = 4.
EXAMPLE:
Find the area of the region between the x-axis and the graph of
flx) =x" —x*—2x, -1=x<2 )
Area |‘J 1 pma?=n?aas
Solution |‘/( o il B
| Area = =51 |
First find the zeros of f. f(x) = x* — x* — 2x =10 ! . = ’;‘ f."
‘\ |
x(x*—x-2)=0 \\/-“

x(x+1(x—-2)=0

x=10,-1, and 2 . The zeros subdivide [-1,2] into two subintervals: [-1, 0], on which f= 0, and [0, 2],
on which f<0. We integrate f over each subinterval and add the absolute values of the calculated

integrals,
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