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Chapter 4 

Laplace  Equation 

وسميت المعادله  داينمك ,عن طريق اويلر في موضوع هيدرو 1752ظهرت هذه المعادله اول مره عام 

باسم لابلاس لان بير سيمون دي لا بلاس اول من درس حلها بشكل واسع وبشكل خاص حول جذب 

 الاجسام وهي من اهم المعادلات في المعادلات التفاضليه الجزئيه

Chapter Four Laplace Equation. 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0  𝑜𝑟   ∇2𝑢(𝑥, 𝑦) = 0     (1)    in two dimensions 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧 = 0 or  ∇2𝑢(𝑥, 𝑦, 𝑧) = 0     (2)   in Three dimensions    

The problem of finding a solution of Laplace equation on given Boundary 

values is known. Dirichlet problem and the values of the normal derivative are 

prescribed on the boundary 

4.1. Dirichlet problem for a Rectangle: 

 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0        𝑢(𝑥, 𝑏) = 0, 

𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0,    0 ≤ 𝑦 ≤ 𝑏            (3) 

𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 𝑓(𝑦),   0 < 𝑥 < 𝑎     (4) 

Let 

𝑢(𝑥, 𝑦) = 𝑋(𝑥)𝑌(𝑦) , 𝑋(𝑥) ≠ 0, 𝑌(𝑦) ≠ 0          (5) 

𝑋′′𝑌 + X𝑌′′ = 0 

𝑋′

𝑋
= −

𝑌′

𝑌
= 𝜆 

𝜆 is separation Constant 

𝑋′′ − 𝜆𝑋 = 0                 (6) 

𝑌′′ + 𝜆𝑌 = 0                 (7) 

𝑢(𝑥, 0) = 0 ⇒  𝑋(𝑥)𝑌(0) = 0 ⇒  𝑋(𝑥) ≠ 0 ⇒ 𝑌(0) = 0 
𝑢(𝑥, 𝑏) = 0 ⇒   𝑋(𝑥)𝑌(𝑏) = 0 ⇒ 𝑋(𝑥) ≠ 0 ⇒ 𝑌(𝑏) = 0

   (8) 

𝑢(0, 𝑦) = 0 ⇒ 𝑋(0)𝑌(𝑦) = 0 ⇒  𝑌(𝑦) ≠ 0 ⇒ 𝑋(0) = 0     (9) 
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to solve (7) + (8) 

𝑚2 + 𝜆 = 0 ⟹ 𝑚2 = −𝜆 

 If   𝜆 = 0 ⟹ 𝑌(𝑦) = 𝑐1𝑦 + 𝑐2 

𝑌(0) = 0,   𝑌(𝑏) = 0         

𝑌(0) = 𝑐2 = 0 , 𝑌(𝑏) = 𝑐1𝑏 = 0 ⟹ 𝑐1 = 0 

𝑌(𝑦) = 0 Contradiction (no solution) (neglect) 

 if 𝜆 < 0 then 𝜆 = −𝛿2 ⟹ 𝑚2 + 𝜆 = 0 ⟹ 𝑚2 = 𝛿2 ⟹  𝑚 = ±𝛿 

𝑌(𝑦) = 𝑐1𝑒𝛿𝑦 + 𝑐2𝑒−𝛿𝑦 , 𝑌(0) = 𝑐1 + 𝑐2 = 0 ⟹ 𝑐1 = −𝑐2 

𝑌(𝑏) = 𝑐1𝑒𝛿𝑏 + 𝑐2𝑒−𝛿𝑏 = 0 

𝑐2(−𝑒𝛿𝑏 + 𝑒−𝛿𝑏) = 0 ⟹ 𝑐2 = 0 = 𝑐1 

𝑌(𝑦) = 0  Contradiction (no solution) 

 if 𝜆 > 0 , let  𝜆 = 𝛿2 ⟹   𝑚2 = −𝛿2 

𝑚 = ±𝛿𝑖,   𝑌1 = sin 𝛿𝑦,   𝑌2 = cos 𝛿𝑦  

𝑌(𝑦) = 𝑐1cos 𝛿𝑦 + 𝑐2sin 𝛿𝑦 

𝑌(0) = 0 → 𝑐1 = 0,   𝑌(𝑦) = 𝑐2sin 𝛿𝑦 

 𝑌(𝑏) = 0 → 𝑐2 sin 𝛿𝑏 = 0, 𝑐2 ≠ 0 ⟹ sin 𝛿𝑏 = 0 

𝛿𝑏 = 𝑛𝜋, ⇒ 𝛿𝑛 =
𝑛𝜋

𝑏
 ,   𝜆𝑛 = (

𝑛𝜋

𝑏
)

2

,   𝑛 = 1,2, ⋯ 

𝑌𝑛(𝑦) = 𝑐𝑛 sin
𝑛𝜋𝑦

𝑏
           (10) 

to solve  (6) + (9):    𝑚2 − 𝜆 = 0 ⟹ 𝑚2 = (
𝑛𝜋

𝑏
)

2
⟹  𝑚 = ± 

𝑛𝜋

𝑏
 

𝑋𝑛(0) = 0 

𝑋𝑛(𝑥) = 𝑘𝑛𝑒
𝑛𝜋
𝑏

𝑥 + 𝑗𝑛𝑒−
𝑛𝜋
𝑏

𝑥
 

𝑋𝑛(0) = 𝑘𝑛 + 𝑗𝑛 = 0 ⟹ 𝑗𝑛 = −𝑘𝑛 

𝑋𝑛(𝑥) = 𝑘𝑛 (𝑒
𝑛𝜋
𝑏

𝑥 − 𝑒−
𝑛𝜋𝑡

𝑏
𝑥) = 2𝑘𝑛 sinh

𝑛𝜋

𝑏
𝑥             (11) 

The fundamental solution 

𝑢𝑛(𝑥, 𝑦) = 2𝑘𝑛sinh 
𝑛𝜋

𝑏
𝑥 ⋅ 𝑐𝑛sin 

𝑛𝜋

𝑏
𝑦 ⟹  𝑏𝑛 = 2𝑘𝑛𝑐𝑛 

𝑢𝑛(𝑥, 𝑦) = 𝑏𝑛 sinh
𝑛𝜋

𝑏
𝑥 𝑠𝑖𝑛

𝑛𝜋

𝑏
𝑦                  (12) 
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the general solution is 

𝑢(𝑥, 𝑦) = ∑ 𝑏𝑛 sinh
𝑛𝜋𝑥

𝑏
sin

𝑛𝜋𝑦

𝑏

∞

𝑛=1
       (13) 

Last Condition of (4):    𝑢(𝑎, 𝑦) = 𝑓(𝑦) 

𝑢(𝑎, 𝑦) = ∑ (𝑏𝑛 sinh
𝑛𝜋𝑎

𝑏
) sin

𝑛𝜋𝑦

𝑏

∞

𝑛=1
= 𝑓(𝑦)    (14) 

by Fourier sine series of period 2𝑏 

𝑏𝑛 sinh
𝑛𝜋𝑎

𝑏
=

2

𝑏
∫  

𝑏

0

𝑓(𝑦) sin
𝑛𝜋𝑦

𝑏
𝑑𝑦               (15) 

Example 1: Let 𝑅 be a rectangle 0 < 𝑥 < 3,0 ≤ 𝑦 ≤ 2 

𝑓(𝑦) = {
𝑦 0 ⩽ 𝑦 ⩽ 1

2 − 𝑦 1 ⩽ 𝑦 ⩽ 2
 

𝑢(0, 𝑦) = 0, 𝑢(3, 𝑦) = 𝑓(𝑦),   𝑢(𝑥, 0) = 0, 𝑢(𝑥, 2) = 0 

Sol: From (15) 

𝑏𝑛sinh 
3𝑛𝜋

2
= ∫  

2

0

 𝑓(𝑦)sin 
𝑛𝜋𝑦

2
𝑑𝑦 

= ∫  
1

0

 𝑦 sin 
𝑛𝜋𝑦

2
𝑑𝑦 + ∫  

2

1

  (2 − 𝑦)sin 
𝑛𝜋𝑦

2
𝑑𝑦 

𝑢 = 𝑦 , 𝑑𝑣 = sin
𝑛𝜋𝑦

2
𝑑𝑦 ,   𝑑𝑢 = 𝑑𝑦,   𝑣 = −

2

𝑛𝜋
cos 

𝑛𝜋𝑦

2
; 

𝑢 = 2 − 𝑦,   𝑑𝑢 = sin
𝑛𝜋𝑦

2
𝑑𝑦 ,   𝑑𝑢 = −𝑑𝑦,   𝑣 = −

2

𝑛𝜋
cos 

𝑛𝜋𝑦

2
 

𝑏𝑛sinh 
3𝑛𝜋

2
= −

2

𝑛𝜋
𝑦 cos

𝑛𝜋𝑦

2
 |

0

1

+ (
2

𝑛𝜋
)

2

sin
𝑛𝜋𝑦

2
|

0

1

−
2

𝑛𝜋
(2 − 𝑦) cos

𝑛𝜋𝑦

2
|
1

2

− (
2

𝑛𝜋
)

2

sin
𝑛𝜋𝑦

2
|
1

2

 

= −
2

𝑛𝜋
cos

𝑛𝜋

2
+ 0 + (

2

𝑛𝜋
)

2

sin
𝑛𝜋

2
− 0 − 0 +

2

𝑛𝜋
cos

𝑛𝜋

2
− 0 + (

2

𝑛𝜋
)

2

sin 
𝑛𝜋

2
 

=
8

𝑛2𝜋2
sin

𝑛𝜋

2
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𝑏𝑛 =
8 sin

𝑛𝜋
2

𝑛2𝜋2 sinh
3𝑛𝜋

2
 
 

𝑢(𝑥, 𝑦) = ∑
8 sin

𝑛𝜋
2

𝑛2𝜋2 sinh
3𝑛𝜋

2

∞

𝑛=1
 sinh

𝑛𝜋𝑥

2
sin

𝑛𝜋𝑦

2
 

Q1 page 611 

Example 2: Find a solution 𝑢(𝑥, 𝑦) of Laplace equation in the rectangle 0 < 𝑥 <

𝑎, 0 < 𝑦 < 𝑏, 𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 0, 𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 𝑔(𝑥) 

𝑔(𝑥) = {
𝑥        0 ≤ 𝑥 ≤

𝑎

2

𝑎 − 𝑥   
𝑎

2
≤ 𝑥 ≤ 𝑎 

 

If 𝜆 ≥ 0,   𝜆 = (
𝑛𝜋

𝑎
)

2
 

𝑋′′ − 𝜆𝑋 = 0,   𝑌′′ + 𝜆𝑌 = 0 

𝑋(0) = 0, 𝑋(𝑎) = 0 ⟹ Y(y) = 0 contradiction no solution

𝑌(0) = 0 ⟹ 𝑋(𝑥) = 0 contradiction no solution
 

if  𝜆 < 0. Let 𝜆 = −𝛿2 ⇒ 𝑚2 = 𝜆 ⟹ 𝑚 = ±𝛿𝑖 

𝑋(𝑥) = 𝑐1sin 𝛿𝑥 + 𝑐2cos 𝛿𝑥 

𝑋(0) = 𝑐2 = 0,   𝑋(𝑥) = 𝑐1sin 𝛿𝑥 

𝑋(𝑎) = 𝑐1 sin 𝛿𝑎 = 0; 𝑐1 ≠ 0 ⟹ sin 𝛿𝑎 = 0 iff 𝛿𝑎 = 𝑛𝜋 

 ⇒ 𝛿𝑛 =
𝑛𝜋

𝑎
 ,   𝜆𝑛 = − (

𝑛𝜋

𝑎
)

2

,    𝑛 = 1,2,3, ⋯ 

𝑋𝑛(𝑥) = 𝑐𝑛 sin
𝑛𝜋𝑥

𝑎
                          (16) 

𝑌′′(𝑦) −
𝑛2𝜋2

𝑎2
𝑌(𝑦) = 0 ⟹ 𝑚2 =

𝑛2𝜋2

𝑎2
⟹  𝑚 = ±

𝑛𝜋

𝑎
 

𝑌𝑛(𝑦) = 𝑘𝑛𝑒
𝑛𝜋𝑦

𝑎 + 𝑗𝑛𝑒−
𝑛𝜋𝑦

𝑎  

𝑌𝑛(0) = 0 ⟹ 𝑘𝑛 + 𝑗𝑛 = 0 ⟹ 𝑗𝑛 = −𝑘𝑛 

𝑌𝑛(𝑦) = 𝑘𝑛 (𝑒
𝑛𝜋𝑦

𝑎 − 𝑒−
𝑛𝜋𝑦

𝑎 ) = 2𝑘𝑛 sinh
𝑛𝜋𝑦

𝑎
      (17) 

𝑢𝑛(𝑥, 𝑦) = 𝑐𝑛 sin
𝑛𝜋𝑥

𝑎
⋅ 𝑘𝑛 sinh

𝑛𝜋𝑦

𝑎
,   𝑏𝑛 = 𝑐𝑛𝑘𝑛 .  
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𝑢𝑛(𝑥, 𝑦) = 𝑏𝑛 sin
𝑛𝜋𝑥

𝑎
sinh

𝑛𝜋𝑦

𝑎
                (18)  

𝑢(𝑥, 𝑦) = ∑ 𝑏𝑛 sin
𝑛𝜋𝑥

𝑎
sinh

𝑛𝜋𝑦

𝑎

∞

𝑛=1
                  (19)  

𝑢(𝑥, 𝑏) = ∑ 𝑏𝑛 sin
𝑛𝜋𝑥

𝑎
sinh

𝑛𝜋𝑏

𝑎

∞

𝑛=1
= 𝑔(𝑥) 

𝑏𝑛 sinh
𝑛𝜋𝑏

𝑎
=

2

𝑎
∫  

𝑎

0

𝑔(𝑥) sin
𝑛𝜋𝑥

𝑎
𝑑𝑥             (20) 

Q2 

Example 3: Find a solution  𝑢 of Laplace equation in rectangle   

𝑢(0, 𝑦) = 0,   𝑢(𝑎, 𝑦) = 𝑓(𝑦),   𝑢(𝑥, 0) = ℎ(𝑥),   𝑢(𝑥, 𝑏) = 0 

𝑋′′ − 𝜆𝑋 = 0, 𝑌′′ + 𝜆𝑌 = 0 

(i) 𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 0, 𝑢(𝑥, 0) = ℎ(𝑥),   𝑢(𝑥, 𝑏) = 0 

(ii) 𝑢(0, 𝑦) = ℎ(𝑦), 𝑢(𝑎, 𝑦) = 0, 𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 

**************** 

4.2. Dirichlet problem for a Circle 

∇2𝑢 = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0              (1)      Cartesian coordinate of Two dimensions 

∇𝑢
2 = 𝑢𝑟𝑟 +

1

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜃𝜃 = 0       (2)     Polar coordinate  

𝑥 = 𝑟 cos 𝜃 ,   𝑦 = 𝑟 sin 𝜃 

∇2𝑢 = 𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧 = 0       Cartesian of Three dimensions  

∇2𝑢 = 𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜃𝜃 + 𝑢𝑧𝑧 = 0     (3)     Cylindrical  𝑟(𝑥, 𝑦), 𝜃(𝑥, 𝑦) 

∇2𝑢 = 𝑢𝑟𝑟 +
2

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜙𝜙 +

cot 𝜙

𝑟2
𝑢𝜙 +

1

𝑟2sin2 𝜙
𝑢𝜃𝜃 𝜃(𝑥, 𝑦) = 0   (4) 

Spherical coordinate. 
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𝑢𝑥(𝑟, 𝜃) =
𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑥
+

𝜕𝑢

𝜕𝜃

𝜕𝜃

𝜕𝑥
             (5) 

𝑟(𝑥, 𝑦) = √𝑥2 + 𝑦2 = (𝑥2 + 𝑦2)
1
2 ⟹

∂𝑟

∂𝑥
=

𝑥

√𝑥2 + 𝑦2
=

𝑟 cos 𝜃

𝑟
= cos 𝜃 

tan 𝜃 =
𝑦

𝑥
⟹ sec2𝜃

𝜕𝜃

𝜕𝑥
= −

𝑦

𝑥2
⟹

1

cos2𝜃

𝜕𝜃

𝜕𝑥
=

−𝑟 sin 𝜃

𝑟2cos2𝜃
=

− sin 𝜃

𝑟 cos2𝜃
 

𝜕𝜃

𝜕𝑥
= −

1

𝑟
sin 𝜃 

𝑟𝑥 = cos 𝜃 , 𝜃𝑥 = −
1

𝑟
sin 𝜃                (∗) 

𝑢𝑥(𝑟, 𝜃) = 𝑢𝑟 cos 𝜃 − 𝑢𝜃

1

𝑟
sin 𝜃         (6) 

𝑢𝑦(𝑟, 𝜃) =
𝜕𝑢

𝜕𝑟

𝜕𝑟

𝜕𝑦
+

𝜕𝑢

𝜕𝜃

𝜕𝜃

𝜕𝑦
             (7) 

𝜕𝑟

𝜕𝑦
=

𝑦

√𝑥2 + 𝑦2
=

𝑟 sin 𝜃

𝑟
= sin 𝜃 ,   tan 𝜃 =

𝑦

𝑥
⟹ sec2𝜃

𝜕𝜃

𝜕𝑦
=

1

𝑥
 

⟹
1

cos2𝜃

𝜕𝜃

𝜕𝑦
=

1

𝑟 cos 𝜃
⟹

𝜕𝜃

𝜕𝑦
=

1

𝑟 
cos 𝜃 

𝑟𝑦 = sin 𝜃 , 𝜃𝑦 =
1

𝑟
cos 𝜃                (∗∗) 

𝑢𝑦(𝑟, 𝜃) = 𝑢𝑟 sin 𝜃 +
1

𝑟
𝑢𝜃 cos 𝜃              (8) 

𝑢𝑥𝑥(𝑟, 𝜃) =
𝜕

𝜕𝑟
𝑢𝑥

𝜕𝑟

𝜕𝑥
+

𝜕𝑢𝑥

𝜕𝜃

𝜕𝜃

𝜕𝑥
 

=
𝜕

𝜕𝑟
(𝑢𝑟cos 𝜃 − 𝑢𝜃

1

𝑟
sin 𝜃)

𝜕𝑟

𝜕𝑥
+

𝜕

𝜕𝜃
(𝑢𝑟cos 𝜃 −

1

𝑟
sin 𝜃𝑢𝜃)

𝜕𝜃

𝜕𝑥
 

= (cos 𝜃 𝑢𝑟𝑟 −
1

𝑟
𝑢𝜃𝑟 sin 𝜃 +

1

𝑟2
𝑢𝜃 sin 𝜃) cos 𝜃

+ (𝑢𝑟𝜃 cos 𝜃 − 𝑢𝑟 sin 𝜃 −
1

𝑟𝑥
𝑢𝜃𝜃 sin 𝜃 −

1

𝑟
𝑢𝜃 cos 𝜃) (−

1

𝑟
sin 𝜃) 

𝑢𝑥𝑥 = cos2𝜃𝑢𝑟𝑟 −
1

𝑟
𝑢𝜃𝑟 sin 𝜃 cos 𝜃 +

1

𝑟2
𝑢𝜃 sin 𝜃 cos 𝜃  −

1

𝑟
𝑢𝑟𝜃 sin 𝜃 cos 𝜃

+
1

𝑟
𝑢𝑟sin2𝜃 +

1

𝑟2
𝑢𝜃𝜃sin2𝜃 +

1

𝑟2
𝑢𝜃 cos 𝜃    (9) 



 
 

 

Dr. Hussain Ali Mohamed     PDE  Laplace equation     2nd Course Ch 4 
 

𝑢𝑦𝑦(𝑟, 𝜃) =
𝜕

𝜕𝑦
(𝑢𝑟 sin 𝜃 +

1

𝑟
𝑢𝜃 cos 𝜃) 

𝜕𝜃

𝜕𝑦
 

= (𝑢𝑟sinθ 𝜃 +
1

𝑟
𝑢𝜃 cos 𝜃  𝜃) 𝑟

𝜕𝑟

𝜕𝑦
+ (𝑢𝑟 sin 𝜃  𝜃 +

1

𝑟
𝑢𝜃 cos 𝜃  𝜃) 𝜃 

𝑢𝑦𝑦 = 𝑢𝑟𝑟sin2𝜃 −
1

𝑟2
𝑢𝜃 sin 𝜃 cos 𝜃 +

1

𝑟
𝑢𝜃𝑟 sin 𝜃 cos 𝜃 +

1

𝑟
𝑢𝑟𝜃 sin 𝜃 cos 𝜃

+
1

𝑟
𝑢𝑟cos2𝜃 +

1

𝑟2
𝑢𝜃𝜃cos2𝜃 −

1

𝑟2
𝑢𝜃 sin 𝜃 cos 𝜃   (10) 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜃𝜃 = 0 

 

Remark  Let 𝑢 be periodic in 𝜃 with period 2𝜋 and 𝑟 ⩽ 𝑎, 𝑢(𝑎, 𝜃) = 𝑓(𝜃)  

Apply the method of separation of variable 

𝑢(𝑟, 𝜃) = 𝑅(𝑟)𝜙(𝜃),   𝑅(𝑟) ≠ 0, 𝜙(𝜃) ≠ 0,                 (11) 

𝑅′′(𝑟)𝜙(𝜃) +
1

𝑟
𝑅′(𝑟)𝜙(𝜃) +

1

𝑟2
𝑅(𝑟)𝜙′′(𝜃) = 0] ÷ 𝑅(𝑟)𝜙(𝜃) 

𝑟2
𝑅′′

𝑅
+ 𝑟

𝑅′

𝑅
= −

𝜙′′

𝜙
= 𝜆 

𝑟2𝑅′′ + 𝑟𝑅′ − 𝜆𝑅 = 0             (12) 

𝜙′′ + 𝜆𝜙 = 0                         (13) 

1-if 𝜆 < 0 let 𝜆 = −𝛿2 to solve (13) 

𝜙′′(𝜃) − 𝛿2𝜙(𝜃) = 0 ⟹  𝑚2 = 𝛿2 ⟹ 𝑚 = ±𝛿 

𝜙(𝜃) = 𝑐1𝑒𝛿𝜃 + 𝑐2𝑒−𝛿𝜃             (14) 

since 𝜙(𝜃) is periodic of period 2𝜋 then 𝜙(𝜃) = 𝜙(𝜃 + 2𝜋) 

𝑐1𝑒𝛿𝜃 + 𝑐2𝑒−𝛿𝜃 = 𝑐1𝑒𝛿(𝜃+2𝜋) + 𝑐2𝑒−𝛿(𝜃+2𝜋) 

𝑐1𝑒𝛿𝜃(1 − 𝑒2𝛿𝜋) = 𝑐2𝑒−𝛿(𝜃+2𝜋)(1 − 𝑒2𝛿𝜋) 

𝑐1𝑒𝛿𝜃 = 𝑐2𝑒−𝛿(𝜃+2𝜋) 

which possible only when 𝑐1 = 𝑐2 = 0 ⟹ 𝜙(𝜃) = 0  contradiction no solution 

2-  𝜆 = 0: 𝜙(𝜃) = 𝜙(𝜃 + 2𝜋) ⟹ 𝜙(0) = 𝜙(2𝜋) from (13) we get 

𝜙(𝜃) = 𝑐1𝜃 + 𝑐2                            (15) 

𝑐2 = 2𝜋𝑐1 + 𝑐2 ⇒ 2𝜋𝑐1 = 0 ⇒ 𝑐1 = 0 

𝜙(𝜃) = 𝑐2                    (16) 
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from (12)     𝑟2𝑅′′ + 𝑟𝑅′ = 0 

𝑅′′ +
1

𝑟
𝑅′ = 0   let   𝑉 =

𝑑𝑅

𝑑𝑟
 

𝑉′ +
1

𝑟
𝑉 = 0   ⟹     𝐼. 𝑓 = 𝑒∫

1
𝑟

𝑑𝑟 = 𝑟 

[𝑟𝑉]′ = 0 ⟹ 𝑟𝑉 = 𝑘1 ⟹ 𝑉 =
𝑘1

𝑟
 

𝑑𝑅

𝑑𝑟
=

𝑘1

𝑟
⟹  𝑑𝑅 =

𝑘1

𝑟
𝑑𝑟 ⟹  𝑅(𝑟) = 𝑘1ln 𝑟 + 𝑘2 

lim
𝑟→0

 𝑅(𝜃) = 𝑘1(−∞) ⟹ 𝑅 → ±∞ is unbounded ⇒ 𝑢(𝑟, 𝜃) is unbounded unless 

𝑘1 = 0 

⟹ 𝑅(𝑟) = 𝑘2                  (17) 

𝑢(𝑟, 𝜃) = 𝑐2 ⋅ 𝑘2 ⇒ 𝑢0(𝑟, 𝜃) = 𝑏0            (18) 

3- If   𝜆 > 0 let  𝜆 = 𝛿2 from (13) we get 

𝜙(𝜃) + 𝛿2𝜙(𝜃) = 0 from (13) we get 

𝑚2 + 𝛿2 = 0 ⟹  𝑚2 = −𝛿2 ⇒ 𝑚 = ±𝛿𝑖 

𝜙(𝜃) = 𝑐1 sin 𝛿𝜃 + 𝑐2 cos 𝛿𝜃                (19) 

𝜙(𝜃) = 𝜙(𝜃 + 2𝜋)  

𝜃 = 0 ⟹ 𝜙(0) = 𝜙(2𝜋) ⟹ 𝑐2 = 𝑐1 sin 2𝜋𝛿 + 𝑐2 cos 2𝜋𝛿  (∗) 

𝜃 = −2𝜋 ⟹ 𝜙(−2𝜋) = 𝜙(0) ⟹ −𝑐1 sin 2𝜋𝛿 + 𝑐2 cos 2𝜋𝛿 = 𝑐2 (∗∗) 

𝑐1 sin 2𝜋𝛿 + 𝑐2 cos 2𝜋𝛿 = −𝑐1 sin 2𝜋𝛿 + 𝑐2cos 2𝜋𝛿 

2𝑐1 sin 2𝜋𝛿 = 0 ⟹ 𝑐1 sin 2𝜋𝛿 = 0   (∗∗∗) 

Put (***) in (*)    𝑐2 = 𝑐2 cos 2𝜋𝛿 ⟹  cos 2𝜋𝛿 = 1 ⟺ 2𝜋𝛿 = 2𝑛𝜋 

Or   𝛿𝑛 = 𝑛, 𝜆𝑛 = 𝛿𝑛
2 = 𝑛2,     𝑛 = 1,2,3, ⋯ so (19) will be 

𝜙𝑛(𝜃) = 𝑐𝑛 sin 𝑛𝜃 +𝑑𝑛 cos 𝑛𝜃         (20) 

𝑟2𝑅𝑛
′′(𝑟) + 𝑟𝑅𝑛

′ (𝑟) − 𝑛2𝑅𝑛(𝑟) = 0,   Euler equation 

Let   𝑅𝑛(𝑟) = 𝑟𝑚, 𝑟 ≠ 0  

𝑟2(𝑚(𝑚 − 1)𝑟𝑚−2) + 𝑟𝑚𝑟𝑚−1 − 𝑛2𝑟𝑚 = 0 

𝑟𝑚(𝑚2 − 𝑚 + 𝑚 − 𝑛2) = 0 ⟹ 𝑟𝑚(𝑚2 − 𝑛2) = 0, 𝑟 ≠ 0 

𝑚 = ±𝑛𝜋 

𝑅𝑛(𝑟) = 𝑘𝑛𝑟𝑛 + 𝑗𝑛𝑟−𝑛 
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lim
𝑟→0

 𝑅𝑛(𝑟)   = 𝑘𝑛. 0 +
𝑗𝑛

0
= ±∞ ⟹ 𝑢𝑛(𝑟, 𝜃) = ±∞ this is impossible unless 

𝑗𝑛 = 0  

𝑅𝑛(𝑟) = 𝑘𝑛𝑟𝑛,   𝛿 = 𝑛                   (21) 

𝑢𝑛(𝑟, 𝜃) = 𝑘𝑛𝑟𝑛(𝑐𝑛 sin 𝑛𝜃 +𝑑𝑛 cos 𝑛𝜃) 

𝑢(𝑟, 𝜃) = 𝑢0(𝑟, 𝜃) + ∑ 𝑢𝑛(𝑟, 𝜃)
∞

𝑛=1
  , 𝑏0 =

𝑑0

2
 

𝑢(𝑟, 𝜃) =
𝑑0

2
+ ∑ 𝑟𝑛(𝑐𝑛 sin 𝑛𝜃 + 𝑑𝑛 cos 𝑛𝜃)

∞

𝑛=1
   (22)  

𝑢(𝑎, 𝜃) =
𝑑0

2
+ ∑ 𝑎𝑛(𝑐𝑛 sin 𝑛𝜃 + 𝑑𝑛 cos 𝑛𝜃)

∞

𝑛=1
  = 𝑓(𝜃) 

𝛿 = 𝑛,   𝑎𝛿𝑐𝑛 =
2

𝑙
∫  

𝑙

0

 𝑓(𝜃) sin 𝛿𝜃 𝑑𝜃        (23) 

𝑎𝛿𝑑𝑛 =
2

𝑙
∫  

𝑙

0

 𝑓(𝜃) cos 𝛿𝜃 𝑑𝜃             (24) 

Example 1: Find the solution 𝑢(𝑟, 𝜃) of laplace equation in half circle 

 0 ⩽ 𝑟 ⩽ 1, 0 ⩽ 𝜃 ⩽ 𝜋, 𝑢(𝑟, 0) = 0, 𝑢(𝑟, 𝜋) = 0, 𝑢(1, 𝜃) = sin 𝜃   

Example 2:Find the solution 𝑢(𝑟, 0) of laplace equation in semi 

circle 0 ⩽ 𝑟 ⩽ 1, 0 ⩽ 𝜃 ⩽
𝜋

3
, 𝑢(𝑟, 0) = 0, 𝑢 (𝑟,

𝜋

3
) = 0, 𝑢(1, 𝜃) = sin 2𝜃   

Sol. Example 2: 𝑎 = 1, 𝑙 =
𝜋

3
, 𝜙(0) = 0, 𝜙 (

𝜋

3
) = 0  from (19)  

 𝜙(0) = 𝑐2 = 0 ⟹ 𝜙(𝜃) = 𝑐1 sin 𝛿𝜃 ⟹  𝜙 (
𝜋

3
) = 𝑐1 sin

𝜋𝛿

3
= 0 

 𝑐1 ≠ 0 ⟹ sin
𝜋𝛿

3
= 0 ⟺

𝜋𝛿

3
= 𝑛𝜋 ⟹ 𝛿 = 3𝜋, 𝑅(𝑟) = 𝑘𝑛𝑟3𝑛, 𝜙𝑛(𝜃) =

𝑐𝑛 sin 𝛿𝜃. from (22) and (23) we get 

𝑢(𝑟, 𝜃) = ∑ 𝑢𝑛(𝑟, 𝜃)
∞

𝑛=1
= ∑ 𝑏𝑛𝑟3𝑛sin 3𝑛𝜃

∞

𝑛=1
 

𝑢(1, 𝜃) = ∑ 𝑐𝑛. 1. sin 3𝑛𝜃 = sin 2𝜃
∞

𝑛=1
 

13𝑛𝑐𝑛 =
6

𝜋
∫  

𝜋
3

0

  sin 2𝜃 sin 3𝑛𝜃 𝑑𝜃 
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        =
6

𝜋
∫  

𝜋
3

0

 
1

2
(cos (2 − 3𝑛)𝜃 − cos (2 + 3𝑛)𝜃)𝑑𝜃 

=
3

𝜋
[
sin (2 − 3𝑛)𝜃

(2 − 3𝑛)
−

sin (2 + 3𝑛)𝜃

(2 + 3𝑛)
]

0

𝜋
3

 

=
3

𝜋
[
sin (2 − 3𝑛)

𝜋
3

2 − 3𝑛
−

sin (2 + 3𝑛)
𝜋
3

2 + 3𝑛
] 

=
3

𝜋
[

sin
2𝜋
3

2 − 3𝑛
−

sin
2𝜋
3

2 + 3𝑛
] =

3

𝜋
[

√3
2

2 − 3𝑛
−

√3
2

2 + 3𝑛
] 

=
3√3

2𝜋
[

1

2 − 3𝑛
−

1

2 + 3𝑛
] =

9√3

4 − 9𝑛2
 

 

 

 

 

Laplace equation 

4.1  Laplace equation in  rectangle  

-1 - لابلاس معادلة ملخص  

4,1.  in rectangle 

𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0,       0 < 𝑥 < 𝑎, 0 < 𝑦 < 𝑏 

𝑥′′ − 𝜆𝑥 = 0 

𝑦′′ + 𝜆𝑦 = 0 

𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 ⟹ 𝑌(0) = 0, 𝑌(𝑏) = 0 

𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 𝑓(𝑦) ⟹ 𝑋(0) = 0 

if 𝜆 ⩽ 0 no solution  

if 𝜆 > 0    𝑌𝑛(𝑦) = 𝑐𝑛sin 
𝑛𝜋

𝑏
𝑦 
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𝑋𝑛(𝑥) = 𝑘𝑛 (𝑒
𝑛𝜋𝑥

𝑏 − 𝑒−
𝑛𝜋𝑥

𝑏 ) = 2𝑘𝑛sinh 
𝑛𝜋𝑥

𝑏
 

𝑢𝑛(𝑥, 𝑦) = 2𝑘𝑛sinh 
𝑛𝜋𝑥

𝑏
⋅ 𝑐𝑛sin 

𝑛𝜋𝑦

𝑏
= 𝑏𝑛sinh 

𝑛𝜋𝑥

𝑏
sin 

𝑛𝜋𝑦

𝑏
 

𝑢(𝑥, 𝑦) = ∑  

∞

𝑛=1

𝑏𝑛sinh 
𝑛𝜋𝑥

𝑏
sin 

𝑛𝜋𝑦

𝑏
 

𝑏𝑛sinh 
𝑎𝑛𝜋

𝑏
=

2

𝑏
∫

0

𝑏
 𝑓(𝑦)sin 

𝑛𝜋𝑦

𝑏
𝑑𝑦 

il- 

𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 ⟶ 𝑦(0) = 0, 𝑦(𝑏) = 0

𝑢(0, 𝑦) = 𝑔(𝑦), 𝑢(𝑎, 𝑦) = 0 ⟶ 𝑋(𝑎) = 0
 

𝜆 ⩽ 0 trivial sol. 

𝜆 > 0 𝑦𝑛(𝑦) = 𝑐𝑛sin 
𝑛𝜋𝑦

𝑏

𝑥𝑛(𝑥) = 𝑘𝑛sinh 
(𝑎 − 𝑥)𝑛𝜋

𝑏

 

𝑢𝑦(𝑟, 𝜃) = 𝑢𝑟sin 𝜃 +
1

𝑟
𝑢𝜃cos7 𝜃

𝜕𝑟

𝜕𝑦
= sin 

𝜕𝜃

𝜕𝑥
= −

𝑥2sin 𝜃cos2 𝜃

𝑟2cos𝜃 𝜃(4)

𝜃𝑦 =
1

𝑟
cos 𝜃 sec2 𝜃

𝜕𝜃

𝑟𝑦
=

1

𝑟
cos 𝜃

 

𝑥
′′

− 𝜆𝑥 = 0(6) 𝑦
′′

+ 𝜆𝑦 = 0(7)

𝑢 .1 (𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 ⟶ 𝑦(0) = 0, 𝑦(𝑏) = 0

𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 𝑓(𝑦) ⟶ 𝑋(0) = 0(9)

 

if   𝜆 ⩽ 0  trivial solution (ignore)  

if  𝜆 > 0 , 𝑌
𝑛

(𝑦) = 𝑐
𝑛

sin 
𝑛𝜋

𝑏
𝑦 

𝑋
𝑛

(𝑥) = 𝑘
𝑛

(𝑒
𝑛𝜋𝑥

𝑏 − 𝑒
−

𝑛𝜋𝑥

𝑏 ) = 2𝑘
𝑛

sinh 
𝑛𝜋𝑥

𝑏
 

𝑢
𝑛

(𝑥, 𝑦) = 2𝑘
𝑛

sinh 
𝑛𝜋𝑥

𝑏
⋅ 𝑐

𝑛
sin 

𝑛𝜋𝑦

𝑏
= 𝑏

𝑛
sinh 

𝑛𝜋𝑥

𝑏
sin 

𝑛𝜋𝑦

𝑏
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𝑢(𝑥, 𝑦) = ∑  

∞

𝑛=1

𝑏
𝑛

sinh 
𝑛𝜋𝑥

𝑏
sin 

𝑛𝜋𝑦

𝑏
 

𝑏
𝑛

sinh 
𝑎𝑛𝜋

𝑏
=

2

𝑏
∫  

𝑏

0

𝑓(𝑦)sin 
𝑛𝜋𝑦

𝑏
𝑑𝑦 

ii-    𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 ⟶ 𝑦(0) = 0, 𝑦(𝑏) = 0 

𝑢(0, 𝑦) = 𝑔(𝑦), 𝑢(𝑎, 𝑦) = 0 ⟶ 𝑋(𝑎) = 0 

𝜆 ⩽ 0  trivial sol.  

𝜆 > 0 ,        𝑌
𝑛

(𝑦) = 𝑐
𝑛

sin 
𝑛𝜋𝑦

𝑏
 

𝑋
𝑛

(𝑥) = 𝑘
𝑛

sinh 
(𝑎 − 𝑥)𝑛𝜋

𝑏
 

𝑢
𝑛

(𝑥, 𝑦) = 𝑘
𝑛

sinh 
(𝑎−𝑥)𝑛𝜋

𝑏
⋅ 𝑐

𝑛
sin 

𝑛𝜋𝑦

𝑏
= 𝑏

𝑛
sinh 

(𝑎−𝑥)𝑛𝜋

𝑏
sin 

𝑛𝜋𝑦

𝑏
. 

𝑢(𝑥, 𝑦) = ∑  

∞

1

𝑏
𝑛

sinh 
(𝑎 − 𝑥)𝑛𝜋

𝑏
sin 

𝑛𝜋𝑦

𝑏
 

𝑏
𝑛

sinh 
𝑛𝑎𝜋

𝑏
=

2

𝑏
∫  

𝑏

0

𝑔(𝑦)sin 
𝑛𝜋𝑦

𝑏
𝑑𝑦 

ii- 𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 ⟶ 𝑌(0) = 0, 𝑌(𝑏) = 0 

𝑢(0, 𝑦) = 𝑔(𝑦), 𝑢(𝑎, 𝑦) = 0 ⟶ 𝑋(𝑎) = 0 

𝜆 ⩽ 0 trivial sol. 

𝜆 > 0         𝑌𝑛(𝑦) = 𝑐𝑛sin 
𝑛𝜋𝑦

𝑏
 

 𝑋𝑛(𝑥) = 𝑘𝑛sinh 
(𝑎−𝑥)𝑛𝜋

𝑏
 

𝑢𝑛(𝑥, 𝑦) = 𝑘𝑛sinh 
(𝑎 − 𝑥)𝑛𝜋

𝑏
⋅ 𝑐𝑛sin 

𝑛𝜋𝑦

𝑏
= 𝑏𝑛sinh 

(𝑎 − 𝑥)𝑛𝜋

𝑏
sin 

𝑛𝜋

𝑏
 

𝑢(𝑥, 𝑦) = ∑1
∞  𝑏𝑛sinh 

(𝑎 − 𝑥)𝑛𝜋

𝑏
sin 

𝑛𝜋𝑦

𝑏
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𝑏𝑛sinh 
𝑎𝑛𝜋

𝑏
=

2

𝑏
∫

0

𝑏
 𝑔(𝑦)sin 

𝑛𝜋𝑦

𝑏
𝑑𝑦 

iii.  𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 0, 𝑋(0) = 0, 𝑋(𝑎) = 0 

𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = 0 

𝑋𝑛(𝑥) = 𝑐𝑛 sin
𝑛𝜋𝑥

𝑎
, 𝑌𝑛(𝑦) = 2𝑘𝑛sinh 

𝑛𝜋𝑦

𝑎
 

𝑢𝑛(𝑥, 𝑦) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎
⋅ 2𝑘𝑛sinh 

𝑛𝜋𝑦

𝑎
= 𝑏𝑛sin 

𝑛𝜋𝑥

𝑎
sinh 

𝑛𝜋𝑦

𝑎
 

𝑢(𝑥, 𝑦) = ∑  

∞

1

 𝑏𝑛sin 
𝑛𝜋𝑥

𝑎
sinh 

𝑛𝜋𝑦

𝑎
 

𝑏𝑛sinh 
𝑏𝑛𝜋

𝑎
=

2

𝑎
∫  

𝑎

0

 ℎ(𝑥)sin 
𝑛𝜋𝑥

𝑎
𝑑𝑥 

 iv. 𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 0 ⟶ 𝑋(0) = 0, 𝑋(𝑎) = 0 

𝑢(𝑥, 0) = 𝑘(𝑥), 𝑢(𝑥, 𝑏) = 0 ⟶ 𝑌(𝑏) = 0 

𝑋𝑛(𝑥) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎
 

𝑌𝑛(𝑦) = 𝑘𝑛sinh 
(𝑏 − 𝑦)𝑛𝜋

𝑎
 

𝑢𝑛(𝑥, 𝑦) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎
⋅ 𝑘𝑛sinh 

(𝑏 − 𝑦)𝑛𝜋

𝑎
= 𝑏𝑛sin 

𝑛𝜋𝑥

𝑎
sinh 

(𝑏 − 𝑦)

𝑎
 

𝑢(𝑥, 𝑦) = ∑1
∞  𝑏𝑛sin 

𝑛𝜋𝑥

𝑎
sinh 

(𝑏 − 𝑦)𝑛𝜋

𝑎
 

𝑏𝑛sinh 
𝑏𝑛𝜋

𝑎
=

2

𝑎
∫

0

𝑎
 𝑘(𝑥)sin 

𝑛𝜋𝑥

𝑎
𝑑𝑥 

2 - in circle 𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜃𝜃 = 0 

i. in Complete circle ( 𝜙(𝜃) is periodic of period 2𝜋 
and 
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𝑢(𝑎, 𝜃) = 𝑓(𝜃) 𝜙(𝜃) = 𝜙(𝜃 ± 2𝜋))

𝑟2𝑅′′ + 𝑟𝑅′ − 𝜆𝑅 = 0 (12)

𝜙′′ + 𝜆𝜙 = 0  (13) 

 

if 𝜆 < 0 trivial solution 
if 𝜆 = 0 ⇒ 𝑢(𝑟, 𝜃) = 𝐶 𝜔‾ 𝐿2𝑑𝛿1 
of 𝜆 > 0 

𝜙𝑛(𝜃) = 𝑐𝑛sin 𝑛𝜃 + 𝑑𝑛cos 𝑛𝜃(19) 𝛿 = 𝑛

𝑅𝑛(𝑟) = 𝑘𝑛𝑟𝛿(20) 𝛿 = 𝑛

𝑢𝑛(𝑟, 𝜃) = 𝑘𝑛𝑟𝑛(𝑐𝑛sin 𝑛𝜃 + 𝑑𝑛cos 𝑛𝜃)

𝑢(𝑟, 𝜃) = ∑  

∞

𝑛=0

 𝑘𝑛𝑟𝑛(𝑐𝑛sin 𝑛𝜃 + 𝑑𝑛cos 𝑛𝜃)

 =
𝑗0

2
+ ∑  

∞

𝑛−1

  𝑟𝑛(𝑒𝑛sin 𝑛𝜃 + 𝑗𝑛cos 𝑛𝜃)

 

where 

𝑎𝑛𝑒𝑛 =
2

2𝜋
∫  

𝑛=1

0

 𝑓(𝜃)sin 𝑛𝜃𝑑𝜃

𝑢(𝑎, 𝜃) = 𝑓(𝜃)𝑏, 𝑛, 𝑐‾𝑑

 deb 0, 𝑓5
′), wis aid 𝑙 = 2𝜋

𝛼𝑛𝑗𝑛 =
2

2𝜋
∫  

0

0

 𝑓(𝜃)cos 𝑛𝜃𝑑𝜃

0 ⩽ 𝜃 ⩽ 2𝜋

 

ii- (*) periodic po semicircle: chi 𝜃 ckaropt, n ar qi, 

𝑖, 𝐺,
𝑛

𝑖
𝑖, 0 ⩽ 𝜃 ⩽ 𝑙, 𝑙 < 2𝜋

𝑢(𝑟, 0) = 0, 𝑢(𝑟, 𝑙) = 0

𝑢(𝑎, 𝜃) = 𝑓(𝜃)

𝛿 =
𝑛𝜋

𝑙
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𝜙(𝜃) = 𝑐𝑛sin 
𝑛𝜋𝜃

𝑙

𝑅(𝑟) = 𝑘𝑛𝑟
𝑛𝜋

𝑙

𝑢𝑛(𝑟, 𝜃) = 𝑘𝑛𝑟
𝑛𝜋

𝑙 ⋅ 𝑐𝑛sin 
𝑛𝜋𝜃

𝑙
= 𝑏𝑛𝑟

𝑛𝜋
𝑙 sin 

𝑛𝜋𝜃

𝑙

𝑢(𝑟, 𝜃) = ∑𝑛=1
∞  𝑏𝑛𝑟

𝑛𝜋
𝑙 sin 

𝑛𝜋𝜃

𝑙
 𝑢(𝑎, 𝜃) = 𝑓(𝜃)

𝑏𝑛𝑎
𝑛𝜋

𝑙 =
2

𝑙
∫

0

𝑙
 𝑓(𝜃)sin 

𝑛𝜋𝜃

𝑙
𝑑𝜃

𝑙 =
𝜋

2
𝑏̇𝑏, 𝑙𝑙

𝑛 0 ≤ 𝜃 ≤
𝜋

2
 ⇒ 𝜙(𝜃) = 𝑐𝑛sin 2𝑛𝜃 𝑢(2, 𝜃) =

𝑅(𝑟) = 𝑘𝑛𝑟2𝑛 2𝜃

𝑢(𝑟, 𝜃) = ∑1
∞  𝑏𝑛𝑟2𝑛sin 2𝑛𝜃

𝑏𝑛22𝑛 =
4

𝜋
∫

0

𝜋
2  2𝜃sin 2𝑛𝜃𝑑𝜃 =

8

𝜋
∫

0

𝜋
2  𝜃sin 2𝑛𝜃𝑑𝜃

𝑏𝑛22𝑛 =
8

𝜋
(−

𝜋

4𝑛
cos 𝑛𝜋) =

2

𝑛
(−1)𝑛+1

𝑏𝑛 =
21−2𝑛

𝑛
(−1)𝑛+1

𝑢(𝑟, 𝜃) = ∑1
∞  

21−2𝑛

𝑛
(−1)𝑛+1𝑟2𝑛sin 2𝑛𝜃
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𝑣(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 0 ⟶ 𝑋(0) = 0, 𝑋(𝑎) = 0

𝑢(𝑥, 0) = 0, 𝑢(𝑥, 𝑏) = ℎ(𝑥)

𝑥𝑛(𝑥) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎

𝑌𝑛(𝑦) = 2𝑘𝑛sinh 
𝑛𝜋𝑦

𝑎

𝑢𝑛(𝑥, 𝑦) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎
⋅ 2𝑘𝑛sinh 

𝑛𝜋𝑦

𝑎
= 𝑏𝑛sin 

𝑛𝜋𝑥

𝑎
sinh 

𝑛𝜋𝑦

𝑎

𝑢(𝑥, 𝑦) = ∑  

∞

1

 𝑏𝑛sin 
𝑛𝜋𝑥

𝑎
sinh 

𝑛𝜋𝑦

𝑎

𝑏𝑛sinh 
𝑏𝑛𝜋

𝑎
=

2

𝑎
∫  

𝑎

0

 ℎ(𝑥)sin 
𝑛𝜋𝑥

𝑎
𝑑𝑥

 iv. 𝑢(0, 𝑦) = 0, 𝑢(𝑎, 𝑦) = 0 ⟶ 𝑋(0) = 0, 𝑋(𝑎) = 0

𝑢(𝑥, 0) = 𝑘(𝑥), 𝑢(𝑥, 𝑏) = 0 ⟶ 𝑦(𝑏) = 0

𝑋𝑛(𝑥) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎

𝑉𝑛(𝑦) = 𝑘𝑛sinh 
(𝑏 − 𝑦)𝑛𝜋

𝑎

𝑢𝑛(𝑥, 𝑦) = 𝑐𝑛sin 
𝑛𝜋𝑥

𝑎
⋅ 𝑘𝑛sinh 

(𝑏 − 𝑦)𝑛𝜋

𝑎
= 𝑏𝑛sin 

𝑛𝜋𝑥

𝑎
sinh 

(𝑏 − 𝑦)

𝑎𝜋

𝑢(𝑥, 𝑦) = ∑  

∞

1

 𝑏𝑛sin 
𝑛𝜋𝑥

𝑎
sinh 

(𝑏 − 𝑦)𝑛𝜋

𝑎

𝑏𝑛sinh 
𝑏𝑛𝜋

𝑎
=

2

𝑎
∫  

𝑎

0

 𝑘(𝑥)sin 
𝑛𝜋𝑥

𝑎

 

2 - in circle 𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟 +

1

𝑟2
𝑢𝜃𝜃 = 0 

i. in Complete circle ( 𝜙(𝜃) is periodic of period 2𝜋 and 𝑢(𝑎, 𝜃) =

𝑓(𝜃) 𝜙(𝜃) = 𝜙(𝜃 ± 2𝜋)) 

𝑟2𝑅′′ + 𝑟𝑅′ − 𝜆𝑅 = 0

𝜙′′ + 𝜆𝜙 = 0  (13) 
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if 𝜆 < 0 trivial solution 

i 𝜆 = 0 ⇒ 𝑢(𝑟, 𝜃) = 𝐶 𝜔‾ 𝐿2𝑑𝛿1 

if 𝜆 > 0 

𝜙𝑛(𝜃) = 𝑐𝑛sin 𝑛𝜃 + 𝑑𝑛cos 𝑛𝜃 (19) 𝛿𝛿 = 𝑛

𝑅𝑛(𝑟) = 𝑘𝑛𝑟𝛿  (20) 𝛿 = 𝑛

𝑢𝑛(𝑟, 𝜃) = 𝑘𝑛𝑟𝑛(𝑐𝑛sin 𝑛𝜃 + 𝑑𝑛cos 𝑛𝜃)

𝑢(𝑟, 𝜃) = ∑  

∞

𝑛=0

 𝑘𝑛𝑟𝑛(𝑐𝑛sin 𝑛𝜃 + 𝑑𝑛cos 𝑛𝜃)

 =
𝑗0

2
+ ∑  

∞

𝑛=1

  𝑟𝑛(𝑒𝑛sin 𝑛𝜃 + 𝑗𝑛cos 𝑛𝜃)

 where 

𝑎𝑛𝑒𝑛 =
2

2𝜋
∫  

𝑛=1

0

 𝑓(𝜃)sin 𝑛𝜃𝑑𝜃

𝑢(𝑎, 𝜃) = 𝑓(𝜃), 𝑏, 𝑛, úd. 

 

𝛼𝑛𝑗𝑛 =
2

2𝜋
∫  

0

0

 𝑓(𝜃)cos 𝑛𝜃𝑑𝜃

0 ≤ 𝜃 ≤ 2𝜋

 

ii- (*) periodic po ne semicircle : che 𝜃 cerrrpp, 𝑛 dur ii, ∴ 𝐺𝑙0, 𝑙𝑢̇𝜔̇ ⩽ 𝜃 ⩽

𝑙, 𝑙 < 2𝜋 

𝑢(𝑟, 0) = 0, 𝑢(𝑟, 𝑙) = 0
𝑢(𝑎, 𝜃) = 𝑓(𝜃)

𝛿 =
𝑛𝜋

𝑙

 

−4 − 
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𝜙(𝜃) = 𝑐𝑛sin 
𝑛𝜋𝜃

𝑙

𝑅(𝑟) = 𝑘𝑛𝑟
𝑛𝜋

𝑙

𝑅(𝑟) = 𝑘𝑛𝑟𝑙

𝑢𝑛(𝑟, 𝜃) = 𝑘𝑛𝑟
𝑛𝜋

𝑙
⋅ 𝑐𝑛sin 

𝑛𝜋𝜃

𝑙
= 𝑏𝑛𝑟

𝑛𝜋
𝑙 sin 

𝑛𝜋𝜃

𝑙

𝑢(𝑟, 𝜃) = ∑  

∞

𝑛=1

 𝑏𝑛𝑟
𝑛𝜋

𝑙 sin 
𝑛𝜋𝜃

𝑙

𝑢(𝑎, 𝜃) = 𝑓(𝜃)

𝑏𝑛𝑎
𝑛𝜋

𝑙 =
2

𝑙
∫  

𝑙

0

 𝑓(𝜃)sin 
𝑛𝜋𝜃

𝑙
𝑑𝜃

𝑙 =
𝜋

2
ن   ंb, the ⟶ 0 ⩽ 𝜃 ⩽

𝜋

2
 ⇒ 𝜙(𝜃) = 𝑐𝑛sin 2𝑛𝜃

𝑢(2, 𝜃) =

𝑅(𝑟) = 𝑘𝑛𝑟2𝑛

𝑢(𝑟, 𝜃) = ∑  

∞

  𝑏𝑛𝑟2𝑛sin 2𝑛𝜃

𝑏𝑛22𝑛 =
4

𝜋
∫  

𝜋
2

0

 2𝜃sin 2𝑛𝜃𝑑𝜃 =
8

𝜋
∫  

𝜋
2

0

 𝜃sin 2𝑛𝜃𝑑𝜃

𝑏𝑛22𝑛 =
8

𝜋
(−

𝜋

4𝑛
cos 𝑛𝜋) =

2

𝑛
(−1)𝑛+1

 

𝑏𝑛 =
21−2𝑛

𝑛
(−1)𝑛+1

𝑢(𝑟, 𝜃) = ∑  

∞

1

21−2𝑛

𝑛
(−1)𝑛+1𝑟2𝑛sin 2𝑛𝜃

 

 


