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Chapter 4

Laplace Equation
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Chapter Four Laplace Equation.

Uyy + Uy, =0 or V2u(x,y) =0 (1) intwo dimensions

Uyy + Uyy + Uy, = 00r V2u(x,y,z) =0 (2) in Three dimensions

The problem of finding a solution of Laplace equation on given Boundary
values is known. Dirichlet problem and the values of the normal derivative are
prescribed on the boundary

4.1. Dirichlet problem for a Rectangle:

u(x,b)=0

y
b

u(0,y) =0 U + Uy, =0 u(a,y) =f(y)

x
0 u(x,0)=0 a

Upx T Uy, =0 u(x,b) =0,
u(x,0) =0,u(x,b) =0, 0<y<bh 3
u0,y) =0,u(a,y) =f(y), 0<x<a (4)

Let
utn,y) =XYQ@), X@)#0Y»+#0 (5
X"Y +XY" =0
X' Y’
X Y
A is separation Constant
X"—-2X=0 (6)
Y'"+AY =0 (7)

u(x,0)=0= X(x)Y(0)=0= X(x)#0=>Y(0)=0 3
u(x,b) =0=> Xx)YBD)=0=>Xx)#0=Y(Mb)=0 (8)
u(0,y) =0=>X0)Y(y) =0=>Y({y)#0=>X(0)=0 (9)
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to solve (7) + (8)
m?+1=0=>m?=-1
o If 1=0=YWy)=cy+c
Y(0)=0, Y(b)=0
Y(0O)=¢c,=0,Y(D)=c;hb=0=1¢; =0
Y (y) = 0 Contradiction (no solution) (neglect)
e ifA<O0theni=-62=m*+1=0=m?=6>= m=416
Y(y) = ce% +c,e 7, Y(0)=c, +c, =0=¢; = —¢,
Y(b) = ;% + c,e %0 =
c(—e?+e¥)=0=¢,=0=0¢,
Y(y) = 0 Contradiction (no solution)
o ifA1>0,let 1=6%= m?=-6§2
m = +6i, Y; =sindy, Y, = cosdy
Y(y) = cicos by + c,sin 8y
Y(0)=0-¢; =0, Y(y) =c,sindy
Y(b) =0->c,sindb=0,c, #0 = sinéb =0

nm nimy 2
6b=n7t,=>6n=7, )Ln:(T) o n=1,2,--

. Ny
Y.(y) = ¢ SIHT (10)
nm

2
to solve (6) + (9): mz—zzo:mzz(T) e m=4

X,(0) =0

nm _nm
Xp(x)=k,ed” +j,e D

Xn0)=k,+j,=0 =j,=—k,

nm. _nnt nm
X,(x) =k, (e b™ —e b ) = 2k, sinh7x (11)
The fundamental solution
nm nm
u,(x,y) = ansinth . cnsinTy = b, = 2k,c,

nm nm
u,(x,y) = b, sinth SinTy (12)
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the general solution is
© nmx _ nmwy
u(x,y) =z b, sinh——sin——  (13)
n=1 b b
Last Condition of (4): u(a,y) = f(y)

u(a,y) = zoozl (bn sinh mbta) sin mbry =f(y) (14)

by Fourier sine series of period 2b

b, smh bJ f(y) sm—dy (15)
Example 1: LetR be a rectangle 0<x<30<y<?2
0<y<1
f(y)_{z y 1<y<g?2

u0,y) =0,u@B,y) = f(y), u(x,0)=0,u(x,2) =0
Sol: From (15)

3nm Ty
b, smh— j f(y)sm—dy
1 nmy Ty
=f ysm—dy+f (2 - y)sm—dy
0 2 2
— v dp = nnyd du = d 2 nny
u=y,dv =sin 5> dy, du Y, v=———Cos—
2-y, d MY 4y, du=—dy, v=——cos"Y
u= y, du = sin 5 dy, du=—dy, v=-———cos—
b _h3n7r_ 2 nmy +<2)2 _ nny1 (2 ) nmy|*
nSINh—— = ———ycos— R sin— y)cos— )
(2)2 nny2
—|—) sin——
nm 2
1
2 nm 2\* nm 2 nm 2\* nm
=——cos—+0+<—) sm——0—0+—cos——0+(—) sin—
nm 2 nm 2 nm 2 nm 2
8 nm

= sin —
n2m? 2
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8sinnz—n
b, =

. . 3nm
n2m? sth

. M
° 8sin— nmx | nmy
u(x,y) = Z sinh——sin——

n=1n2g2 sinhgnTn 2 2

Q1 page 611
Example 2: Find a solution u(x, y) of Laplace equation in the rectangle 0 < x <
a,0 <y <b,u(0,y)=0,u(a,y) =0,u(x,0) =0, u(x,b) = g(x)

0< <2
X <x<y

gx) = a
a—x ESxSa

fA>0, 1= (%)2

X'—2X=0, Y'+AY =0
X(0) =0,X(a) =0 = Y(y) = 0 contradiction no solution
Y(0) = 0 = X(x) = 0 contradiction no solution
if 1<0.Letl=-8’=>m?=1=m=14i
X(x) = ¢;sin 8x + c,c0s 6x
X(0)=c, =0, X(x) =cysindx

X(a) =c¢;sinda =0; ¢c; # 0 = sinda = 0 iff fa = nn

nm NIy 2
= 0, =7, A, = _(7) S n=123,-
nmx
X,(x)=c, sinT (16)
" 27-[2 2 71271'2 nr
V') —— Y =0=m’=——=m=+—

nry _nry
Yn(y) = kne a +j,e a
Yn(o) =0= kn + = 0 = Jp = _kn
nmy nry

nmy  _ .. nmy
Y,(y) =k, (e a —e a )= ansth (17)

. nmx . nmy
u,(x,y) = ¢, sin——-k, sinh——, b, =c,k, .
a a
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. nmx | nmy
u,(x,y) = b, sin . sinh " (18)
© . nmx | nmy
u(x,y)=z b,, sin ——sinh — (19)
n=1 a a
© nmx _ _ nmb
u(x,b) = Z b,, sin sinh = g(x)
" _hnnb_ZJ“ ()_nnxd 20
nsma—aogxsmax (20)

Q2
Example 3: Find a solution u of Laplace equation in rectangle
u(0,y) =0, u(a,y) = f(y), ulx,0) =h(x), u(x,b) =0
X'"—2AX=0,Y"+AY =0
(i) u(0,y) =0, u(a,y) =0, u(x,0) = h(x), u(x,b) =0
(i) u(0,y) = h(y),u(a,y) = 0,u(x,0) = 0,u(x,b) =0
*kkhkkkhkhkhkhkkkhkkhhkik
4.2. Dirichlet problem for a Circle
VAU = Uyy + Uyy =0 (1) Cartesian coordinate of Two dimensions

1 1
Vi=u,, + ~Ur +—Ugp = 0 (2) Polar coordinate

u—

x=1rcosf, y=rsinf

VAU = Uy, + uy, +u,, =0  Cartesian of Three dimensions

Viu = u,, + %ur + r—12u99 +u,, =0 (3) Cylindrical r(x,y),0(x,y)

5 2 1 cot¢
Vv u=urr+;ur+r—2u¢¢+ 2 Uy +m

ugg 0(x,y) =0 (4)

Spherical coordinate.

y
_| u(r,0,¢) =g(0,¢)

ey
N4
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Ju dr (')u 00 .
~or ax 00 0x ®)
67’ X r cos @

r(x,y) =x2+y?=(x* +y2)2 = — =
ox [x2 + y? T

a0 y 1 00 -—rsinf —sinb

y 2
tan === sec‘0— = —-—"—-—> ——
X 0x x2 cos20 ax r cosZH r c0s20

a0 1

a= —;sin@

1
rx=cose,9x=—;sin9 (%)

= cos @

u,(r,0) = u, cosf — uy ;sin 0 (6)
ou or au a0
or ay a0 ay

or _rsing 90 1
4 =siné, tanH—X:secze—:;

ay [x2 + y2 T X dy

1 06 1 00 1
—=r—cosl9

- coszeazrcose = dy

u,(r,0) = (7)

1
r, =sin6,0, = ;cosH (x*)

1
u,(r,0) = u,sinf + — Ug COS 0 (8)

d Or aux a0
Uex (T 0) = ZoUe 5+ 50750

_a( . 1_8)6r+6< 91_6)09
=5 urcos ug —sind | ==+ - urcos —sinfug | o~

1 1
= (cos@uw — ;uer sin @ + r—zug sin 9) cos 6
+( 0 in 0 ! in 6 9) in 6
U9 COSO — U, Sin @ — —1ugg sin @ — —uy cos — —sin
6 r — Uao —Ug (== )
uxx

1 1
= cos?0u,, — —ug, sin@ cos O + — Ug Sinf cosf — —u,gsinf cosb
r r r

1 1 " 1
+;ursm 0 +r—2u9351n 0 +r—2u9 cosf (9)
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9] _ 1 26
Uyy(1r,0) = @ <ur sinf + — Ug COS 9) E

_ 1 or _ 1
= (ursmee +;u9 cos 6 9)1‘@+ (ur sinf 6 +;u9 cos 6 9)9

1 1
Uyy = U,-Sin%@ — ﬁug sin 6 cos 0 + ;uer sinf cos 6 + ;ure sinf cos O

+1 29+1 0 . inf cosf (10
—urcos 5 UgeCOoS — Ug Sin cos (10)

1
Uyy T Uyy = Upy +;ur +r—2u93 =0

Remark Let u be periodic in 8 with period 2 and r < a,u(a, 8) = f(0)
Apply the method of separation of variable

u(r,8) = R(r)p(6), R(r) #0,¢6(8) =0, (11)
1 1
R"($(©) +—R'(1)$(0) +  R()$"(6) = 0] + R(r)$(6)
RII Rl B ¢II B
T'2 7 + T'E = —? =A
r2R" +rR' = AR =0 (12)
¢" +1p =0 (13)

1-if 1 < 0 let A = —§2 to solve (13)
P"(0)—6%p(0)=0= m?=62=m=46
$(0) = c;e%0 + c,e %9 (14)
since ¢ () is periodic of period 2 then ¢(6) = ¢(6 + 2m)
%0 + c,e=80 = ¢, d0+2m) 4 ¢ o=8(6+2m)
Cle69(1 _ eZSn) — Cze—8(9+2n)(1 _ 62611)

c,e%0 = c,e~0(6+2m)

which possible only when ¢; = ¢, = 0 = ¢(8) = 0 contradiction no solution
2- A=0:¢9(0) = (6 + 21) = ¢$(0) = ¢p(2m) from (13) we get

$(0) =160 + ¢, (15)

¢, =2mcy+ ¢, > 2nc; =0=>¢;, =0

¢(6) = c; (16)
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from (12) r?R" +7rR' =0

1 dR
R"4+—-R' =0 let V=—
r dr

1 1
V’+;V=0 = Lf=elf =7

k
[V =0=1V =k =V=""
dR kl kl

lir%R(H) = k,(—) = R — too isunbounded = u(r, ) is unbounded unless
r—

k;=0
= R(r) =k, (17)
u(r,8) =c, -k, 2 uy(r,0) = b, (18)
3-If 1> 0let 2 =62 from (13) we get
$(0) + 6%¢(0) = 0 from (13) we get
m?+62=0= m?*=—-6°=>m=+6i
¢(6) = ¢, sin 66 + c, cos 66 (19)
() = (6 + 2m)
0=0= ¢(0) =¢d(2n) = c, = ¢, sin2wd + ¢, cos 2mS (*)
0 = -2 = ¢(—2m) = $p(0) = —c; sin 21w + ¢, cos 2md = ¢, (**)
¢, sin2nd + ¢, cos 2md = —c, sin 2nd + c,cos 2nd

2¢;8in2nd = 0 = ¢y sin2md = 0 (**x)
Put (***)in (*) ¢, = c,c0s2m8 = cos2nd =1 < 2nd = 2nw
Or 6,=n, A, =62=n? n=1,223,-s0(19)will be

¢,(60) = c,, sinnf +d,, cosné (20)
r2R;/(r) + TR, (r) — n*R,(r) = 0, Euler equation
Let R,(r)=r"r+0

r’(m(m—Dr™2) + rmr™ 1 —n?rm =0
rmm?—m+m-n)=0=>r"(m?*-—n?)=0,r#0
m = tnm
R,(r) =k,r" +j,r "
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lirr(1) R,(r) = k,.0 +%‘ = +00 = u,(r,0) = +oo this is impossible unless
Tr—
Jn=0
R,(r)=k,v™, 6§ =n (21)
u,(r,08) = k,r"(c, sinnf +d,, cosno)

o d
u(r,0) =uy(r,0) + z u,(r,0),by = -
n=1 /2
d 00
u(r,0) = 70 + Z r"(c, sinnf + d,, cosnf) (22)
n=1

d [os}
u(a, ) = 70 + z 1a"(cn sinnf + d,, cosnf) = f(0)
n=

2 l
§=n, alc, = TJ f(0)sins0do  (23)
0

2 l
ald, = 5 J f(6) cos 56 do (24)
0

Example 1: Find the solution u(r, 8) of laplace equation in half circle
0<r<1,0<0<<mu(,0)=0u(lr)=0, u(l,60) =sinb
Example 2:Find the solution u(r, 0) of laplace equation in semi

T

circle 0 < 7 < 1,0 < 0 <%, u(r,0) = 0,u(r,3) = 0, u(1,6) = sin26

Sol. Example 2: a = 1,1 = % $(0) =0,¢ (g) =0 from (19)

¢(0)=c, =0= ¢p(0) = c,;sind0 = ¢(§) = clsin%az 0
g #+0= sin%‘S =0 @?z nt = & = 3m,R(r) = k73", ¢,(0) =

¢, sin 66. from (22) and (23) we get
u(r,9) = z u,(r,0) = Z b,,v3"sin 3n8
n=1

n=1

u(1,0) = Z 1cn. 1.sin 3n6 = sin 26
n=

Vs
6 (3

13"¢, = —j sin 26 sin 3n6 d6
TJo
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| o
Wl
N =

(cos(2 —3n)8 — cos(2 + 3n)0B)do
0

T
3 [sin(2 —3n)8 sin(2 + 3n)9]§

ml (2-3n) 2+3n) |
[ . A . T
3 sm(2—3n)§ 51n(2+3n)§
“n| 2-3n  2+3n
L gy [ VB B
_3 sm3 sm3 7 7

3
“rml2=-3n 2+3n| #|2-3n 2+3n

331 1 1 ]_ 93
2w 12—-3n 2+3nl 4 —9n2

Laplace equation
rectangle Laplace equation in 4.1

-1 - oY Adalas (adle
4,1. inrectangle
Uy T Uyy, =0, 0<x<a0<y<b
x"—Ax=0
y'+dy=0
u(x,0) =0,u(x,bp)=0=Y0)=0,Y(b)=0
u(0,y) = 0,u(a,y) = f(y) = X(0) =0

iIf A < 0 no solution
ifA>0 Y,(y) = cnsin%y
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nix nmx NnTx

Xp() =kn(e5 —e B )= 2lensinh—=

. nmx . nmy . nmx | nmy
u,(x,y) = ansth $CpSin—= = bnsthsmT

. . nmx _ nmy
u(x,y) = bnsthsmT

n=1

.anm 2 .p _
-blnsth = Efo f(y)sin
| -

nmy
—d
p &Y

u(x,0) =0,u(x,b)=0—>y(0)=0,y(b) =0
u(0,y) =g u(a,y) =0—X(a) =0

A < 0 trivial sol.

. Ny
A>0y,(y) = c,sin——

b
. (a=—x)nm
Xn(x) = knsth
_ o or 06 x?sin Bcos? 6
u, (r,0) = u,sinf + —ugCoS 9@ =sinoo=-——3 10

1 a0 1
0y = —cos 0 sec’0 — = —cosf
r ry r

X —Ax=0(6)y +Ay=0(7)
u.1(x,0)=0,u(x,bp)=0 —-y(0)=0,y(b) =0
u(0,y) = 0,u(a,y) = f(y) — X(0) = 0(9)

if A < 0 trivial solution (ignore)

ifA>0,Y (y)= cnsin%ny
nmx _nmx X
X (x)=k, <e b —e b ) = 2k _sinh—
b

_ ok _hnnx _ nny_b _hnnx . nmy
u (x,y) = 2k, sin T-cnsmT— ,Sinh——sin—
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(0]

u(x,y) = b sinh@sin@
o " b b
b sinhﬂ = Efbf(y)sin@dy
" b b Jo b
-1 u(x,0) =0,u(x,b) =0—y(0) =0,y(b) =0

u(0,y) =9, u(a,y) =0—>X(a) =0
A < 0.trivial sol

. Ny
A>0, Y ) = cnsmT

(a—x)nm
X, (x) =k sinh———

nmy
b

. a—x)nm . NI . a—x)nmw .
u (x,y)=k sinh &= . ¢ sin 22 = p_sinh & i
n n b n b n b

a—x)nm nrm
u(x, ) =Z b, sinh b) sin by
1

b sinh@ = zjb g(y)sinmdy
" b b Jo b
ii-u(x,0) =0,u(x,b) =0—Y(0)=0,Y(b)=0
u(0,y) =g(»),u(a,y) =0—X(a) =0

A < 0 trivial sol.

. nmy
A>0 Y,(y) = CnSIN—=
X, (x) = k,sinh (a_z)nn
(a=—x)nm . nmy o (a=—x)nm  nm
u,(x,y) = k,sinh + ¢, Sin—— = b, sinh ——————sin—
b b b b
a—x)nmt nm
ulx,y) =7 bnsinh( ) sin 4

b b



Dr. Hussain Ali Mohamed PDE Laplace equation  2nd Course Ch 4

anm

_ 2 .p . nmy
b,sinh 5 =Ef0 g(y)sin—-

p Y
iii. u(0,y) =0,u(a,y) =0,X(0)=0,X(a) =0
u(x,0) =0,u(x,b) =0
X,(x) =c, sin?, Y,(y) = ansinh?

. nmx . nmy . nmx | nmy
u,(x,y) = ¢,sin——-—- 2k, sinh—— = b,,;sin sinh
a a a

a

nmy

= . nmx
u(x,y)=z b, sin m sinh m
1

~ _bnm 2 (¢ . nmx
b,sinh—— = —f h(x)sin——dx
a 0 a

iv.u(0,y) =0, u(a,y) =0 — X(0)=0,X(a) =0
u(x,0) =k(x),u(x,b)=0—Y(b) =0

. nmx
Xp(x) = CnSIN——

b —
Y. (y) = knsinh%

b—y)n nmwx b —
hmzbnsin T sinh( Y)
a a a

. nmx _
u,(x,y) = cnsmT - k,sin

~nnx . (b—y)nm
u(x,y) = Y1 b,sin - sinh

a

o obnm 2 .4 . nnx
bnsth = Efo k(x)sdex

2 - in circle u,, + %ur + rizugg =0
i. in Complete circle ( ¢(6) is periodic of period 27
and
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u(a,0) = f(0) (0) = ¢(8 £ 2m))
r?R" +rR' — AR =0 (12)
¢" +1p =0 (13)

if A < 0 trivial solution
ifA=0=u(r0) =Cal*dsl

of 1> 0
¢n(0) = cpsinnb + d,cosnf(19) 6 =n
R,(r) = k,r%(20) 6 =n
u,(r,0) =k,r"*(c,sinnb + d,,cosnf)
u(r,0) = z k,r"(c,sinnf + d,cosnb)
n=0
= %0 + Z r"*(e,sinné + j,cosnf)
n—-1
where
n=1
n, _— _— ;
aen =5 . f(8)sinnfbdo

u(a,0) = f(0)b,n,cd
deb 0, f5), wis aid l = 2m

2 0
n; — ___
aj, 277—10 f(8)cosnbdo
002

li- (*) periodic po semicircle: chi 8 ckaropt, n ar qi,

n
i,G,Yi,O<9 <LlI<2m

u(r,0) =0,u(r,l) =0
u(a,0) = f(0)

6_n7t
o
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nmo
¢(0) = cnsinT
Tl_T[
R(r)=k,r1
nn nm6 nt  nmd
U, (r,0) = k,rl -cnsinT =b,r! sin——

nm

u(r,0) = Z;’lebansinﬁ u(a,0) = f(9)

nw 2 - nnf
b,a’l =Tf0f(6)sde9

I=2ppmo<o <l
T2t T T T

= ¢(0) = c,sin2nb u(2,0) =
R(r) = k,r*" 20
u(r, ) = Y5 b,r?"sin 2né

b, 2" = ifgzesin 2n6do = §f%95in 2n6do
n T’ 0 T’ 0

8 T 2
2n — _(_ — Z_1\nt+1
b, 2" = ( 4ncosnn) n( 1)

T
1-2n
bn — " (_1)n+1
1-2n
u(r,0) =7 (=)™ 1r2"sin 2n6

n
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v(0,y) =0,u(a,y) =0—X(0)=0,X(a) =0

u(x,0) =0,u(x,b) = h(x)
nmx
Xn(x) = cnsinT

. nmy
Y,.(y) = ansmh—

nn 2k, sinh nmy _ b, nmwx hnny
u,(x,y) = c¢,sin— m sin — = sin m sin m
_z b s nmx hnny
u(x,y) = nSin m sin "
bnn
b, smh— = j h(x)sm—dx
iv.u(0,y) =0,u(a,y) =0 — X(0)=0,X(a) =0
u(x,0) =k(x),u(x,b) =0—>y(b) =0
nmx
Xn(x) = cnsinT
b —y)nm
Va(9) = kysinh =22
_ o oonmx o (b—ynm _  nm (b —-y)
u,(x,y) = cnsmT -k sth = b, sin " smh p
b nr
u(x,y) = z b, sm smh( ;)
) _hbnn_Zjak . nmx
nSinh—— = — . (x)sin "

2 - in circle u,, + %u,. + rizuge =0
i. in Complete circle ( ¢(6) is periodic of period 2w and u(a, 8) =
f(0) ¢(6) = ¢(6 + 2m))

r?R" +7rR'— AR =0

¢" +1¢ =0 (13)
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nmo
¢(9) = cnsinT
nmn
R(r) =k,r1
R(r) =k,rl
nm ~ nnf nt  nmrd
U, (r,0) = kan ' CpSin—— = b,r 1 sin——
- nt  nnf
u(r,0) = b,r T sin—

n=1 l
u(a,0) = f(6)
nr 2 (! _ nmh
bna I = T_[ f(@)SlanH
0

T /i
l=§ O‘:’b,the — 00 <E
= ¢(0) = c,sin2n6
u(2,0) =
R(r) = k,r*"

u(r,9) = z b,,v*"sin 2n@
A

4 (3 8 (2
b, 22" = —f 20sin 2n6do = —j Osin 2nHdo
T Jo T Jo

8 T 2
2n — — —_ (—1nt1
b,2 - ( 27, €08 nﬂ) - (-1
1-2n
bn — " (_1)n+1

(ee)

u(r,0) = Z _

1

1-2n

(—1)™*1r2"sin 2n6



