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Chapter 3
Wave equation
2.0 Introduction examples of waves equations: a caustic wave,
electromagnetic wave, seismic Wave, violin Wave equation
Vibrations of an elastic string violin string or one dimension wave eq.

é'i:/ e
x=0 x=/
AUy = Upe (2.1)

Upe = A%Uyy + F(x, 1), x=1

Upe = AUy — PUy — Au+ F(x, t)
u(x, t) is displacement of the string from equilibrium

2=l (2.2)
ac =— , )
p

T : is the tension (force) in the string
p: is the mass per unit length of the string martial
Boundary Conditions

u(0,t) =0, u(l,t) =0, 0t < oo, (2.3)
Initial conditions

u(x,0) = f(x), 0<xKL (2.4)
Initial velocity
u(x,0)=g9kx), 0<x<I (2.5)

f, g are given function
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fO=f0O=0  g0O=9g=0 (2.6)
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This problem is initial value problem of t and Boundary value problem of
X.

u(0,£) =0 / e u(l,0) =0
e / e
x=0 x=/

u(x,0) = (), u(x,0) = g(x)

2 —
a? (U, + uyy) = U
Is Two dimensions wave eq.

a2 (Uny + Uyy + Upy) = Ugy
Three dimensions wave eq.
2.1: Case 1
B.C. u(0,t) =0,u(,0) =0, 0<x<l, 0<t<oo, (2.7)

I.C. u(x,0)=f(x), u(x,0)=0. (2.8)
ulx,t) = X(x)T(t) (2.9)
U = X"'T, U, = XT"
X” T"
X T
X"(x)+AX(x) = 0. (2.10)
T"(t) + AT(t) =0, (2.11)
X(x)#0, T(t) #0.
By (2.7),(2.8) = X(0) =0, X(1) =0. (2.12)
U (,0)=0=>Xx)T'(0)) =0, X(x)#0
T'(0) =0, (2.13)

to solve (2.10), (2.12)
e for 1=0,& 1 <0 =trivial (no solution)
e 1>0=>1=6% X"+6%2X=0
m? = —6% > m = +6i
X =sindx, X, = cosdx
X(x) = ¢;sin 8x + c,c0s 6x
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X(O) == CZ == O
X(x) = c¢;sinéx = X(I) = ¢;sindl =0
sinél=01iff Sl=nnr, n=0,12-

nm n?m?
&, = T > A, = P (2.14)
nm
X,(t) =c, sinTx, (2.15)
Use (2.14) into eq.(2.11) we get
a2n2m?
Ty () + —5—T =0, (2.16)
, a’n?n? anm
m- = — 2 > m= +Tl

nma nma
T,(t) =k, sinTt +Jn cosTt (2.16 —a)

by Cond. (2.13) T'(0) =0
nma nma = nna

nna
T,(t) =k, [ C0S— t —Jjn l sin l t

, nma
Tn(O) = knTZ 0= kn =

o To(t) = jn cos™—t (2.17)
nmat
l

= b, sin%x COS@T:, b, =c,jn (218)

. nmx .
s Uy (x,t) = ¢, sin — JnCOS

The general solution

°° *® nmx nmat
u(x, t) = Z u,(x,t) = z b,, sin cos (2.19)
n=1

n=1 l l

u(x,0) = F(x) = u(x, 0) = z; b, sin? - F(0)
j f(x) smﬂdx n=12,.. (2.20)

Ch3
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ELECTROMAGNETIC RADIATION

Long wavelength
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Frequency= 6,,a = mlr—a, Wave length = %l

Low
frequency

2T

la, Wave length: Z;l = [. (b) Freq.: ? Wave length: 21.
3na

l )
Example: A vibrating string of length 30 cm satisfies the wave equation

(a) Freq.:

(c) Freq.: Wave length: %l

4u,, = u,Assume the end of the string are fixed and initial displacement
is given by
O b= 4y, = Uy, 0<x <30, t> 04 sl Aabas B3y an 30 sk Figa el
AL aae A1) A3V ol A4S L ik
X

10 0<x<10
u(x,0) = 30 — x ,Uug(x,0) =0 (2.21)
70 10 < x < 30

Find the displacement u(x,t) ?
Sol: a? =4 -» a =2, | =30, from (2.19) and (2.20) we get

. _i b si nmx 2nmt
u(x,t) = 1 n SIN—75-C0S —
2 (3 nmx
bn=% ) f(x)sm%dx
1 nmx L 1 30(30 )si nmx
=150 ) x sin—=dx + 505 y x) sin—o-dx
u=x du=dx, dv=sinﬂdx,v=—£cosﬂ
30 nm 30
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nm +(30) nmx 10
=150 xcos x — sin 30
30 30 nm nmx
300 —( x) cosgox nn sin
-2 nm 6 nmw 2 nm
ZECOS_+WSIH?+ECOS_+MT)ZSIH?
9 nm
=n2n251n?

0

9 nm  nnx 2nmt
u(x,t) = Z 2 sm?sm 30 cos 30

1
2nm _nm
30 15’

Justification of the Solution: to insure that

Freq.: Wave length =

nra
u(x, t) = z b, sm—x cosTt (2.22)

is a solution of wave equatlon

0}

nmw  nmw nma
Uy (x,t) = z bnTcosTxcosTt

n=1
(0]
nmn\¢ nm nnwa
Uy (X, ) = —Z b, (T) smecosTt
n=1
, " (Mmm\? | nmx  nmat
Uy = —Q Z (—) sin cos

First: we will show that (2.22) equivalent to
h(x — at) + h(x + at)

u(x,t) =

2
where h is periodic of period 2! s.t.
_f®  0<x<l
L) = {—f(—x) _l<x<0 (2.23)

WA (x + 20) = h(x)
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And h has a Fourier series

= nmx
h(x) = b,, sinT (2.24)
1
h(x — at) = Z b, (sin? (x — at))

1

(e 0]
. nm nna nmw _ nna
= Z b, (smecosTt — cosszmTt)
1

- nr
h(x + at) = z bnsinT (x + at)
1

(e 0]
. nm nna nmw . nna
= Z b, (smecosTt T cosszmTt)
1

h(x — at) + h(x + at) © . nm nra
= Z b, sin—xcos——t
2 n=1 ! l
2.2 Case 2: General problem for elastic string:
AUy = Uy, 0<x<[t>0

B.C. u(0,t) =0,u(l,0) =0, 0<x<l, 0<t<oo, (2.7)

I.C. u(x,0)=0, u;(x,0)=g9(x), 0<x<I (2.25)
u(x,t) = X(x)T(t),
nmx

X,(x) =c, sinT

nra nna
T,(t) =k, sinTt + jn cosTt (216 — a)
now from first part (2.25) we have T,,(0) = 0
=J,=0, n=12
nra

Tn(t) = kn sinTt, (226)
nmx nmat
u,(x,t) =c, sinT k., sin l
nm nma

u,(x,t) = b, sinTx sinTt, n=123,.. (227
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. nmx | nmat
u(x,t)zz b,, sin ;7 sin— (2.28)

second part of (2.25) u;(x,0) = g(x)

nma . nmx  nnat
us(x, t) =Z b, n 7 Sin——cos—

us(x,0) = Z b,, sm@ = g(x)

b, mlr—a are the coefficients in the Fourier Series then:

nta 2 (* nr
bnT = TJ g(x) sinTxdxn =12,.. (2.29)
0

So the solution is by (2.28), (2.29)

Example A vibrating string of length 40 cm satisfy the equation 16u,, = u,

Fixed at the ends with condition u(x,0) = 0,u;(x,0) = {ix (1)0< <xx< <120

Find the displacement of the string

2 0<x<10

4x 10 < x < 40 from (Case 2)

Ans: | = 40,a = 4,9(x) = {
The general solution (2.28)

nmx _ nmt
u(x,t) = 2, b, smﬁsmﬁ
from (2.29)
nr 2 (*° nwx
b, — 10 E g(x)smmdx
1 (1o nmx 1 (40 nmx
% ZSIHde + % 4x51nmdx
1 40 nmx 11 40 nmx 40\* nmx 10
TO[—ECOSE +§[——COSE+< ) smm
nr 407 1[ 40 40 nm 40\
10 [__COST-I_TLT[] +§[—Ecosnn +ECOST— (E)
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=—icosn—n+i—i( 1)"+ﬂcosn—n—(ﬂ> Sinn_nn_n
nm 4 nm nn nm 4 nm 4 4
= ﬁcosn—n + L+ 2 (D" — (ﬂ)z sinn—n
nm 4 nm nn nm 4
_ 360 nm 40 80 ., 16000 nm
n = WCOST‘F (TlT[)Z — (TlT[)Z (—1) - ( 7_[)3 SIHT
_ © 360 nm 40 n
= u(x, t) = zn:1 (W COST + (TlTl’)z (Tlﬂ,’)z ( 1)

— (nn_)3 SIHT SIHESIIll—O

2.3 Case 3: More general problem for elastic string:
AUy, = U 0<x <[, t>0

B.C. u(0,t) =0,u(},0) =0, 0<x<!, 0<t<oo, (2.7)

LC. u(x,0)=f(x), us(x,0) =g(x), 0 <x <l (2.30)

where f(x) initial position g(x) initial velocity

16000 nn) nmx  nmt

Case1: a?V, =V Case2:  a?w,, = W
V(0,0) =0 |V(x,0)=f(x) | W(O,6)=0] W(x0) =0

VAL =0 | V,(x,00=0 | W(t)=0 | W,(x0) = g(x)

(2.7) (2.8) (2.7) (2.25)
Case3:  a%U,, = Uy
u(0,t) =0 u(x,0) = f(x)
u(l,t) =0 us(x,0) = g(x)
(2.7) (2.30)
Vix,t) = Z b, sinn—nx cos nnéat (2.31)

b, lj f(x)sm@dx (2.32)
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o nma _ nmx _ nmat
W(x,t) = z d, sin sin (2.33)
n=1 [ [ [
nra 2 (!  nmx
d,— = —f g(x) sin—dx (2.34)
[ L), [
let u(x,t) =V(x,t)+W(x,t) (*)

S Uy = Vg + Wy, Uy = Vg + Wiy
“Zu;;tt = @V + Wy — Vi = Wy = a?Viy — Vi + @ Wy — Wy
=0+ 0=0sou(x,t) satisfy (1)
u(0,t)=V(0,t)+W(0,t) =04+0=0
ulLt)y=V{Lo)+W({t)=0
then u(x, t) satisfy boundary. Condition
u(x,0)=V(x0)+W(x,0)=f(x)+0=f(x)
ue(x,0) = Ve (x,0) + W (x,0) =0 + g(x) = g(x)
Thus u(x, t) satisfy Condition (2.31)
Conclusion To solve case 3 we first solve casel and case 2 and using (*) to get
the solution
2.4 Derivation of the wave equation
Consider a perfectly flexible elastic string

V=Tsin(@ + A8)
[//M;

H="Tcos(6 + A8)

[
4 = |
H Hﬂ\ ,'I ¥+ Ax B
(7]
L/\/‘VTsinG
= -n /‘\ . —

H=Tcos(6 ) V=T sin(6 + A6)

0+ A0

V=Tsin(g)

%

— H=1cos(g + r8)
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(o8 mial] AL i uim b 5 s i e (g8 3201 (ye 4Tl cdloal) Aum A o il
o )S o 4liS Jaans
Newton's law as it applies to the element Ax of the string p mass per unit Force
difference AF = pAxuy.
There is no horizontal acceleration then
Horizontal Component 4.:&Y) 3 &l 8 (3 3 2 oY
T(x + Ax,t)cos(0 + AB) —T(x,t)cosfd =0 (D)
H,(x,t) =0 08135 x A Aol A0 H (x, t) 4@ 48 jall o)) !
Vertical Components satisfy 3 4l (3
T(x + Ax,t)sin(0 + A8) — T(x,t) sin8 = AF = pAxu;(x,t) (2)
X : is the coordinate of the Center of mass of the element of the string
x<x<x+Ax
V(x,t) =T(x,t)sin6
V(x+ Ax,t) = T(x + Ax, t)sin(0 + AH)
x<x<x+Ax

H(x,t)
H(x,t) =T(x,t)cos® = T(x,t) =
cos 6
from (2) we get
V(ix + Ax,t) = V(x,t) )
= pug (%, t)

Ax
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- V(ix+Ax,t) = V(x,t) _ _
lim o = pu,(x,t), Ax > 0=>x > x
Ve(x, t) = pug(x, t) 3)
_ sin 6
V(x,t) =T(x,t)sinf = H(x,t) 050 H(x,t)tan 8 = H(x, t)u,(x,t)
H,(x,t) = 0, then (3) will be
“ Ve t) = (H(x Ouy (x,8)) 5 = puee (%, £)

= H(x: t)uxx = PUg¢- (4)
If 6 ~0, H(x,t) =T(x,t)cos6 =T(x,t), H=Tcos0 =T
— T 2 2 T
=>utt_;uxx:aux)m a :; (5)
T(x+ Ax, O)
WERY
I '?
~X ,{ V= TSINO
| /,._’ \ () |
A { = | z
)\/ b H= Tcos0
:’1\ {)
X \ \ AR

(c)

(a) An elastic string under tension. () An element of the displaced string.

FIGURE 10.B.1
(¢) Resolution of the tension 7 into components.



