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Chapter 3 

Wave equation 

2.0 Introduction examples of waves equations: a caustic wave, 

electromagnetic wave, seismic Wave, violin Wave equation 

Vibrations of an elastic string violin string or one dimension wave eq. 

 

𝛼2𝑢𝑥𝑥 = 𝑢𝑡𝑡                               (2.1) 

𝑢𝑡𝑡 = 𝛼2𝑢𝑥𝑥 + 𝐹(𝑥, 𝑡), 𝑥 = 𝑙 

𝑢𝑡𝑡 = 𝛼2𝑢𝑥𝑥 − 𝛽𝑢𝑡 − 𝜆𝑢 + 𝐹(𝑥, 𝑡) 

𝑢(𝑥, 𝑡) is displacement of the string from equilibrium 

𝛼2 =
𝑇

𝜌
≠ 0,                                       (2.2) 

𝑇 : is the tension (force) in the string 

𝜌: is the mass per unit length of the string martial  

Boundary Conditions  

𝑢(0, 𝑡) = 0,   𝑢(𝑙, 𝑡) = 0,   0 ⩽ 𝑡 < ∞.         (2.3) 

Initial conditions 

𝑢(𝑥, 0) = 𝑓(𝑥),         0 ⩽ 𝑥 ⩽ 𝑙.                      (2.4) 

Initial velocity 

𝑢𝑡(𝑥, 0) = 𝑔(𝑥),        0 ≤ 𝑥 ≤ 𝑙                     (2.5) 

𝑓, 𝑔 are given function 

ثابتة و متجانسة فتكونالازاحة  و السرعة بالاطراف   اذا كانت 

𝑓(0) = 𝑓(𝑙) = 0, 𝑔(0) = 𝑔(𝑙) = 0         (2.6) 

 عشر واول من درسحل معادله الموجه كانت من المسائل الرياضيه الرئيسيه في منتصف القرن الثامن 

 نجاركلا 1759لي و وبرن 1753اويلر ثم  1748رت وبعده دي الامب 1746معادله الموجه عام 

Euler 17480 m, 𝐷′ Alembert 1746of, L, S, m, O, N lagrange 1759 . Bernoulli 

1753 
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This problem is initial value problem of 𝑡 and Boundary value problem of 

𝑥. 

 

𝛼2(𝑢𝑥𝑥 + 𝑢𝑦𝑦) = 𝑢𝑡𝑡 

Is Two dimensions wave eq. 

𝛼2(𝑢𝑥𝑥 + 𝑢𝑦𝑦 + 𝑢𝑧𝑧) = 𝑢𝑡𝑡 

Three dimensions wave eq. 

2.1: Case 1 

B.C.   𝑢(0, 𝑡) = 0, 𝑢(𝑙, 0) = 0, 0 < 𝑥 < 𝑙,   0 < 𝑡 < ∞.         (2.7) 

I.C.    𝑢(𝑥, 0) = 𝑓(𝑥),   𝑢𝑡(𝑥, 0) = 0.                                          (2.8) 

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡)                                          (2.9) 

𝑢𝑥𝑥 = 𝑋′′𝑇, 𝑢𝑡𝑡 = 𝑋𝑇′′ 

𝑋′′

𝑋
=

𝑇′′

𝛼2𝑇
= −𝜆 

𝑋′′(𝑥) + 𝜆𝑋(𝑥) = 0.               (2.10) 

𝑇′′(𝑡) + 𝜆𝑇(𝑡) = 0,                 (2.11) 

𝑋(𝑥) ≠ 0,   𝑇(𝑡) ≠ 0.                

By (2.7),(2.8)                      ⟹ 𝑋(0) = 0, 𝑋(𝑙) = 0.                        (2.12) 

𝑢𝑡(𝑥, 0) = 0 ⇒ 𝑋(𝑥)𝑇′(0)) = 0,   𝑋(𝑥) ≠ 0  

𝑇′(0) = 0,                                             (2.13)              

to solve (2.10), (2.12)  

 for  𝜆 = 0, &  𝜆 < 0   ⟹trivial (no solution) 

 𝜆 > 0 ⇒ 𝜆 = 𝛿2,   𝑋′′ + 𝛿2𝑋 = 0 

𝑚2 = −𝛿2 ⇒ 𝑚 = ±𝛿𝑖 

𝑋1 = sin 𝛿𝑥,   𝑋2 = cos 𝛿𝑥 

𝑋(𝑥) = 𝑐1sin 𝛿𝑥 + 𝑐2cos 𝛿𝑥 
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𝑋(0) = 𝑐2 = 0 

𝑋(𝑥) = 𝑐1sin 𝛿𝑥 ⟹ 𝑋(𝑙) = 𝑐1sin 𝛿𝑙 = 0 

sin 𝛿𝑙 = 0  iff  𝛿𝑙 = 𝑛𝜋,       𝑛 = 0,1,2, ⋯ 

𝛿𝑛 =
𝑛𝜋

𝑙
  ⇒   𝜆𝑛 =

𝑛2𝜋2

𝑙2
,                            (2.14) 

𝑋𝑛(𝑡) = 𝑐𝑛 sin
𝑛𝜋

𝑙
𝑥 ,                                     (2.15) 

Use (2.14) into eq.(2.11) we get 

𝑇𝑛
′′(𝑡) +

𝛼2𝑛2𝜋2

𝑙2
𝑇𝑛 = 0,                             (2.16) 

𝑚2 = −
𝛼2𝑛2𝜋2

𝑙2
⇒ 𝑚 = ±

𝛼𝑛𝜋

𝑙
𝑖 

𝑇𝑛(𝑡) = 𝑘𝑛 sin
𝑛𝜋𝛼

𝑙
𝑡 + 𝐽𝑛 cos

𝑛𝜋𝛼

𝑙
𝑡    (2.16 − a) 

by Cond. (2.13)    𝑇′(0) = 0 

𝑇𝑛
′(𝑡) = 𝑘𝑛

𝑛𝜋𝛼

𝑙
cos 

𝑛𝜋𝛼

𝑙
𝑡 − 𝑗𝑛

𝑛𝜋𝛼

𝑙
sin 

𝑛𝜋𝛼

𝑙
𝑡 

𝑇𝑛
′(0) = 𝑘𝑛

𝑛𝜋𝛼

𝑙
= 0 ⟹ 𝑘𝑛 = 0 

 ∴ 𝑇𝑛(𝑡) = 𝑗𝑛 cos
𝑛𝜋𝛼

𝑙
𝑡                                (2.17) 

 ∴ 𝑢𝑛(𝑥, 𝑡) = 𝑐𝑛 sin
𝑛𝜋𝑥

𝑙
𝑗𝑛 cos

𝑛𝜋𝛼𝑡

𝑙
  

 = 𝑏𝑛 sin
𝑛𝜋

𝑙
𝑥 cos

𝑛𝜋𝛼

𝑙
𝑡 ,    𝑏𝑛 = 𝑐𝑛𝑗𝑛      (218) 

The general solution 

𝑢(𝑥, 𝑡) = ∑ 𝑢𝑛(𝑥, 𝑡)
∞

𝑛=1
= ∑ 𝑏𝑛 sin

𝑛𝜋𝑥

𝑙
cos

𝑛𝜋𝛼𝑡

𝑙

∞

𝑛=1
     (2.19) 

𝑢(𝑥, 0) = 𝑓(𝑥) ⟹ 𝑢(𝑥, 0) = ∑ 𝑏𝑛 sin
𝑛𝜋𝑥

𝑙

∞

𝑛=1
= 𝑓(𝑥) 

              𝑏𝑛 =
2

𝑙
∫  

𝑙

0

 𝑓(𝑥) sin
𝑛𝜋𝑥

𝑙
𝑑𝑥, 𝑛 = 1,2, …                   (2.20) 
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Frequency≡ 𝛿𝑛𝛼 =
𝑛𝜋𝛼

𝑙
,   Wave length =

2𝑙

𝑛
 

(a) Freq.: 
2𝜋𝛼

𝑙
, Wave length:  

2𝑙

2
= 𝑙.  (b) Freq.: 

𝜋𝛼

𝑙
, Wave length: 2𝑙. 

(c) Freq.: 
3𝜋𝛼

𝑙
, Wave length:  

2𝑙

3
.   

Example: A vibrating string of length 30 cm satisfies the wave equation 

4𝑢𝑥𝑥 = 𝑢𝑡𝑡Assume the end of the string are fixed and initial displacement 

is given by  

4𝑢𝑥𝑥 معادلة الموجة حققسم ي 30مهتز طوله سلك  = 𝑢𝑡𝑡 , 0 < 𝑥 < 30, 𝑡 > افرض ان  0

 معطى بالدالة ةالابتدائيزاحة طرفي السلك ثابتة وان الا

𝑢(𝑥, 0) = {

𝑥

10
0 ⩽ 𝑥 ⩽ 10

30 − 𝑥

20
10 < 𝑥 ⩽ 30

 , 𝑢𝑡(𝑥, 0) = 0              (2.21) 

Find the displacement 𝑢(𝑥, 𝑡) ? 

Sol: 𝛼2 = 4 → 𝛼 = 2, 𝑙 = 30, from (2.19) and  (2.20) we get 

𝑢(𝑥, 𝑡) = ∑  

∞

1

  𝑏𝑛 sin
𝑛𝜋𝑥

30
cos 

2𝑛𝜋𝑡

30
 

𝑏𝑛 =
2

30
∫  

30

0

 𝑓(𝑥) sin
𝑛𝜋𝑥

30
𝑑𝑥 

=
1

150
∫  

10

0

 𝑥 sin
𝑛𝜋𝑥

30
𝑑𝑥 +

1

300
∫ (30 − 𝑥) sin

𝑛𝜋𝑥

30
𝑑𝑥

30

10

  

 𝑢 = 𝑥, 𝑑𝑢 = 𝑑𝑥, 𝑑𝑣 = sin
𝑛𝜋𝑥

30
𝑑𝑥 , 𝑣 = −

30

𝑛𝜋
cos 

𝑛𝜋𝑥

30
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=
1

150
[[

−30

𝑛𝜋
𝑥cos 

𝑛𝜋

30
𝑥 + (

30

𝑛𝜋
)

2

sin 
𝑛𝜋𝑥

30
]

0

10

]

+
1

300
[[−(30 − 𝑥)

30

𝑛𝜋
cos 

𝑛𝜋

30
𝑥 − (

30

𝑛𝜋
)

2

sin 
𝑛𝜋𝑥

30
]

10

30

] 

=
−2

𝑛𝜋
cos 

𝑛𝜋

3
+

6

(𝑛𝜋)2
sin 

𝑛𝜋

3
+

2

𝑛𝜋
cos 

𝑛𝜋

3
+

3

(𝑛𝜋)2
sin 

𝑛𝜋

3
 

                   =
9

𝑛2𝜋2
sin 

𝑛𝜋

3
 

𝑢(𝑥, 𝑡) = ∑  

∞

1

 
9

𝑛2𝜋2
sin 

𝑛𝜋

3
sin 

𝑛𝜋𝑥

30
cos 

2𝑛𝜋𝑡

30
 

 Freq.: 
2𝑛𝜋

30
=

𝑛𝜋

15
 ,  Wave length =

60

𝑛
 

Justification of the Solution: to insure that 

𝑢(𝑥, 𝑡) = ∑  

∞

1

  𝑏𝑛 sin
𝑛𝜋

𝑙
𝑥 cos

𝑛𝜋𝛼

𝑙
𝑡                      (2.22) 

is a solution of wave equation  

𝑢𝑥(𝑥, 𝑡) = ∑  

∞

𝑛=1

  𝑏𝑛

𝑛𝜋

𝑙
cos 

𝑛𝜋

𝑙
𝑥cos 

𝑛𝜋𝛼

𝑙
𝑡 

𝑢𝑥𝑥(𝑥, 𝑡) = − ∑  

∞

𝑛=1

  𝑏𝑛 (
𝑛𝜋

𝑙
)

2

sin
𝑛𝜋

𝑙
𝑥 cos

𝑛𝜋𝛼

𝑙
𝑡   

𝑢𝑡𝑡 = −𝛼2 ∑ (
𝑛𝜋

𝑙
)

2

sin 
𝑛𝜋𝑥

𝑙
cos 

𝑛𝜋𝛼𝑡

𝑙

∞

𝑛=1
  

First: we will show that (2.22) equivalent to  

𝑢(𝑥, 𝑡) =
ℎ(𝑥 − 𝛼𝑡) + ℎ(𝑥 + 𝛼𝑡)

2
 

where ℎ is periodic of period 2𝑙 s.t. 

ℎ(𝑥) = {
𝑓(𝑥) 0 ⩽ 𝑥 ⩽ 𝑙
−𝑓(−𝑥) −𝑙 < 𝑥 < 0

ℎ(𝑥 + 2𝑙) = ℎ(𝑥)
              (2.23) 
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And ℎ has a Fourier series 

ℎ(𝑥) = ∑  

∞

1

 𝑏𝑛 sin
𝑛𝜋𝑥

𝑙
                          (2.24) 

ℎ(𝑥 − 𝛼𝑡) = ∑  

∞

1

 𝑏𝑛 (sin 
𝑛𝜋

𝑙
(𝑥 − 𝛼𝑡)) 

= ∑  

∞

1

 𝑏𝑛 (sin 
𝑛𝜋

𝑙
𝑥cos 

𝑛𝜋𝛼

𝑙
𝑡 − cos 

𝑛𝜋

𝑙
𝑥sin 

𝑛𝜋𝛼

𝑙
𝑡) 

ℎ(𝑥 + 𝛼𝑡) = ∑  

∞

1

 𝑏𝑛sin 
𝑛𝜋

𝑙
(𝑥 + 𝛼𝑡) 

= ∑  

∞

1

 𝑏𝑛 (sin 
𝑛𝜋

𝑙
𝑥cos 

𝑛𝜋𝛼

𝑙
𝑡 + cos 

𝑛𝜋

𝑙
𝑥sin 

𝑛𝜋𝛼

𝑙
𝑡) 

ℎ(𝑥 − 𝛼𝑡) + ℎ(𝑥 + 𝛼𝑡)

2
= ∑ 𝑏𝑛sin 

𝑛𝜋

𝑙
𝑥cos 

𝑛𝜋𝛼

𝑙
𝑡

∞

𝑛=1
 

2.2 Case 2: General problem for elastic string: 

𝛼2𝑢𝑥𝑥 = 𝑢𝑡𝑡 ,   0 < 𝑥 < 𝑙, 𝑡 > 0 

B.C.   𝑢(0, 𝑡) = 0, 𝑢(𝑙, 0) = 0, 0 < 𝑥 < 𝑙,   0 < 𝑡 < ∞.         (2.7) 

I.C.    𝑢(𝑥, 0) = 0, 𝑢𝑡(𝑥, 0) = 𝑔(𝑥),   0 ⩽ 𝑥 ⩽ 𝑙                     (2.25) 

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡), 

𝑋𝑛(𝑥) = 𝑐𝑛 sin
𝑛𝜋𝑥

𝑙
  

𝑇𝑛(𝑡) = 𝑘𝑛 sin
𝑛𝜋𝛼

𝑙
𝑡 + 𝑗𝑛 cos

𝑛𝜋𝛼

𝑙
𝑡            (2.16 − 𝑎) 

now from first part (2.25) we have 𝑇𝑛(0) = 0   

⟹ 𝐽𝑛 = 0,   𝑛 = 1,2, ⋯ 

𝑇𝑛(𝑡) = 𝑘𝑛 sin
𝑛𝜋𝛼

𝑙
𝑡 ,                             (2.26) 

𝑢𝑛(𝑥, 𝑡) = 𝑐𝑛 sin
𝑛𝜋𝑥

𝑙
𝑘𝑛 sin

𝑛𝜋𝛼𝑡

𝑙
 

𝑢𝑛(𝑥, 𝑡) = 𝑏𝑛 sin
𝑛𝜋

𝑙
𝑥 sin

𝑛𝜋𝛼

𝑙
𝑡 ,   𝑛 = 1,2,3, …     (2.27) 
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𝑢(𝑥, 𝑡) = ∑  

∞

𝑛=1

𝑏𝑛 sin
𝑛𝜋𝑥

𝑙
sin

𝑛𝜋𝛼𝑡

𝑙
                (2.28) 

second part of (2.25)   𝑢𝑡(𝑥, 0) = 𝑔(𝑥) 

𝑢𝑡(𝑥, 𝑡) = ∑  

∞

𝑛=1

 𝑏𝑛

𝑛𝜋𝛼

𝑙
sin 

𝑛𝜋𝑥

𝑙
cos 

𝑛𝜋𝛼𝑡

𝑙
 

𝑢𝑡(𝑥, 0) = ∑  

𝑛

 𝑏𝑛

𝑛𝜋𝛼

𝑙
sin 

𝑛𝜋𝑥

𝑙
= 𝑔(𝑥) 

𝑏𝑛
𝑛𝜋𝛼

𝑙
 are the coefficients in the Fourier Series then: 

𝑏𝑛

𝑛𝜋𝛼

𝑙
=

2

𝑙
∫  

𝑙

0

 𝑔(𝑥) sin
𝑛𝜋

𝑙
𝑥𝑑𝑥 𝑛 = 1,2, …    (2.29) 

So the solution is by (2.28), (2.29) 

Example A vibrating string of length 40 cm satisfy the equation 16𝑢𝑥𝑥 = 𝑢𝑡𝑡, 

Fixed at the ends with condition 𝑢(𝑥, 0) = 0, 𝑢𝑡(𝑥, 0) = {
2 0 ⩽ 𝑥 < 10
4𝑥 10 ⩽ 𝑥 ⩽ 40

 

Find the displacement of the string 

 Ans: 𝑙 = 40, 𝛼 = 4, 𝑔(𝑥) = {
2 0 ⩽ 𝑥 < 10
4𝑥 10 ⩽ 𝑥 ⩽ 40

     from   (Case 2)  

The general solution (2.28) 

𝑢(𝑥, 𝑡) = ∑  

∞

𝑛=1

𝑏𝑛sin 
𝑛𝜋𝑥

40
sin 

𝑛𝜋𝑡

10
 

from (2.29) 

𝑏𝑛

𝑛𝜋

10
=

2

40
∫  

40

0

𝑔(𝑥)sin 
𝑛𝜋𝑥

40
𝑑𝑥 

=
1

20
∫  

10

0

2sin 
𝑛𝜋𝑥

40
𝑑𝑥 +

1

20
∫  

40

10

4𝑥sin 
𝑛𝜋𝑥

40
𝑑𝑥 

=
1

10
[−

40

𝑛𝜋
cos 

𝑛𝜋𝑥

40
]

0

10

+
1

5
[−

40

𝑛𝜋
cos 

𝑛𝜋𝑥

40
+ (

40

𝑛𝜋
)

2

sin 
𝑛𝜋𝑥

40
]

10

 

=
1

10
[−

40

𝑛𝜋
cos 

𝑛𝜋

4
+

40

𝑛𝜋
] +

1

5
[−

40

𝑛𝜋
cos 𝑛𝜋 +

40

𝑛𝜋
cos 

𝑛𝜋

4
− (

40

𝑛𝜋
)

2

 



 
 

 

Dr. Hussain Ali Mohamed              PDE.  Wave Equation             2nd Course    Ch 3 
    

= −
4

𝑛𝜋
cos 

𝑛𝜋

4
+

4

𝑛𝜋
−

8

𝑛𝜋
(−1)𝑛 +

40

𝑛𝜋
cos 

𝑛𝜋

4
− (

40

𝑛𝜋
)

2

sin 
𝑛𝜋

4

𝑛𝜋

4
] 

=
36

𝑛𝜋
cos 

𝑛𝜋

4
+

4

𝑛𝜋
−

8

𝑛𝜋
(−1)𝑛 − (

40

𝑛𝜋
)

2

sin 
𝑛𝜋

4
 

𝑏𝑛 =
360

(𝑛𝜋)2
cos 

𝑛𝜋

4
+

40

(𝑛𝜋)2
−

80

(𝑛𝜋)2
(−1)𝑛 −

16000

(𝑛𝜋)3
sin 

𝑛𝜋

4
 

⇒ 𝑢(𝑥, 𝑡) = ∑ (
360

(𝑛𝜋)2
cos 

𝑛𝜋

4
+

40

(𝑛𝜋)2
−

80

(𝑛𝜋)2
(−1)𝑛

∞

𝑛=1

−
16000

(𝑛𝜋)3
sin 

𝑛𝜋

4
) sin 

𝑛𝜋𝑥

40
sin 

𝑛𝜋𝑡

10
 

2.3 Case 3: More general problem for elastic string: 

𝛼2𝑢𝑥𝑥 = 𝑢𝑡𝑡 0 < 𝑥 < 𝑙, 𝑡 > 0 

B.C.   𝑢(0, 𝑡) = 0, 𝑢(𝑙, 0) = 0, 0 < 𝑥 < 𝑙,   0 < 𝑡 < ∞.         (2.7) 

I.C.    𝑢(𝑥, 0) = 𝑓(𝑥), 𝑢𝑡(𝑥, 0) = 𝑔(𝑥),   0 ⩽ 𝑥 ⩽ 𝑙              (2.30) 

where 𝑓(𝑥) initial position  𝑔(𝑥) initial velocity 

 

Case 1:      𝛼2𝑉𝑥𝑥 = 𝑉𝑡𝑡 Case 2:       𝛼2𝑤𝑥𝑥 = 𝑤𝑡𝑡 

𝑉(0, 𝑡) = 0 𝑉(𝑥, 0) = 𝑓(𝑥) 𝑊(0, 𝑡) = 0 

 

𝑊(𝑥, 0) = 0 

 

𝑉(𝑙, 𝑡) = 0 𝑉𝑡(𝑥, 0) = 0 𝑊(𝑙, 𝑡) = 0 

 

𝑊𝑡(𝑥, 0) = 𝑔(𝑥) 

(2.7) (2.8) (2.7) (2.25) 

 

Case 3:       𝛼2𝑢𝑥𝑥 = 𝑢𝑡𝑡 

𝑢(0, 𝑡) = 0 𝑢(𝑥, 0) = 𝑓(𝑥) 

𝑢(𝑙, 𝑡) = 0 𝑢𝑡(𝑥, 0) = 𝑔(𝑥) 

(2.7) (2.30) 

𝑉(𝑥, 𝑡) = ∑  

∞

𝑛=1

𝑏𝑛 sin
𝑛𝜋

𝑙
𝑥 𝑐𝑜𝑠

𝑛𝜋𝛼𝑡

𝑙
                 (2.31)  

𝑏𝑛 =
2

𝑙
∫  

𝑙

0

𝑓(𝑥) sin
𝑛𝜋𝑥

𝑙
𝑑𝑥                            (2.32) 
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𝑊(𝑥, 𝑡) = ∑ 𝑑𝑛

𝑛𝜋𝛼

𝑙
sin

𝑛𝜋𝑥

𝑙
sin

𝑛𝜋𝛼𝑡

𝑙

∞

𝑛=1
     (2.33) 

𝑑𝑛

𝑛𝜋𝛼

𝑙
=

2

𝑙
∫  

𝑙

0

𝑔(𝑥) sin
𝑛𝜋𝑥

𝑙
𝑑𝑥                   (2.34) 

let     𝑢(𝑥, 𝑡) = 𝑉(𝑥, 𝑡) + 𝑊(𝑥, 𝑡)              (∗) 

∴ 𝑢𝑥𝑥 = 𝑉𝑥𝑥 + 𝑊𝑥𝑥,   𝑢𝑡𝑡 = 𝑉𝑡𝑡 + 𝑊𝑡𝑡 

𝛼2𝑢𝑥𝑥
−𝑢𝑡𝑡 = 𝛼2𝑉𝑥𝑥 + 𝛼2𝑊𝑥𝑥 − 𝑉𝑡𝑡 − 𝑊𝑡𝑡 = 𝛼2𝑉𝑥𝑥 − 𝑉𝑡𝑡 + 𝛼2𝑊𝑥𝑥 − 𝑊𝑡𝑡 

= 0 + 0 = 0 so 𝑢(𝑥, 𝑡) satisfy (1)  

𝑢(0, 𝑡) = 𝑉(0, 𝑡) + 𝑊(0, 𝑡) = 0 + 0 = 0 

𝑢(𝑙, 𝑡) = 𝑉(𝑙, 𝑡) + 𝑊(𝑙, 𝑡) = 0 

then 𝑢(𝑥, 𝑡) satisfy boundary. Condition 

𝑢(𝑥, 0) = 𝑉(𝑥, 0) + 𝑊(𝑥, 0) = 𝑓(𝑥) + 0 = 𝑓(𝑥) 

𝑢𝑡(𝑥, 0) = 𝑉𝑡(𝑥, 0) + 𝑊𝑡(𝑥, 0) = 0 + 𝑔(𝑥) = 𝑔(𝑥) 

Thus 𝑢(𝑥, 𝑡) satisfy Condition (2.31) 

Conclusion To solve case 3 we first solve case1 and case 2 and using (*) to get 

the solution 

2.4 Derivation of the wave equation 

Consider a perfectly flexible elastic string 
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هايات عنصر تساوي حاصل ضرب كتله العنصر في القوه الخارجيه الصافيه والناتجه من الشد في ن

 تعجيل كتله مركزه

Newton's law as it applies to the element Δ𝑥 of the string 𝜌 mass per unit Force 

difference  ∆𝐹 = 𝜌Δ𝑥𝑢𝑡𝑡. 

There is no horizontal acceleration then 

Horizontal Component فقي  لايوجد فرق في القوة الا  

                     𝑇(𝑥 + Δ𝑥, 𝑡) cos(𝜃 + Δ𝜃) − 𝑇(𝑥, 𝑡) cos 𝜃 = 0               (1) 

,𝐻(𝑥 اي ان المركب  الافقي   𝑡) بالنسب  الى  ثابت𝑥 فان  ولهذا𝐻𝑥(𝑥, 𝑡) = 0 

Vertical Components satisfy من ناحي  اخرى 

𝑇(𝑥 + Δ𝑥, 𝑡) sin(𝜃 + Δ𝜃) − 𝑇(𝑥, 𝑡) sin 𝜃 = ∆𝐹 = 𝜌Δ𝑥𝑢𝑡𝑡(𝑥‾, 𝑡)      (2) 

𝑥‾ : is the coordinate of the Center of mass of the element of the string 

𝑥 < 𝑥‾ < 𝑥 + Δ𝑥 

𝑉(𝑥, 𝑡) = 𝑇(𝑥, 𝑡) sin 𝜃   

𝑉(𝑥 + Δ𝑥, 𝑡) = 𝑇(𝑥 + Δ𝑥, 𝑡)sin (𝜃 + Δ𝜃) 

𝑥 < 𝑥‾ < 𝑥 + Δ𝑥 

𝐻(𝑥, 𝑡) = 𝑇(𝑥, 𝑡) cos 𝜃  ⟹ 𝑇(𝑥, 𝑡) =
𝐻(𝑥, 𝑡)

cos 𝜃
 

from (2) we get 

𝑉(𝑥 + Δ𝑥, 𝑡) − 𝑉(𝑥, 𝑡)

Δ𝑥
= 𝜌𝑢𝑡𝑡(𝑥‾, 𝑡) 



 
 

 

Dr. Hussain Ali Mohamed              PDE.  Wave Equation             2nd Course    Ch 3 
    

lim
∆𝑥→0

𝑉(𝑥 + Δ𝑥, 𝑡) − 𝑉(𝑥, 𝑡)

Δ𝑥
= 𝜌𝑢𝑡𝑡(𝑥‾, 𝑡),   Δ𝑥 → 0 ⇒ 𝑥‾ → 𝑥 

 𝑉𝑥(𝑥, 𝑡) = 𝜌𝑢𝑡𝑡(𝑥, 𝑡)           (3) 

𝑉(𝑥, 𝑡) = 𝑇(𝑥, 𝑡) sin 𝜃 = 𝐻(𝑥, 𝑡)
sin 𝜃

cos 𝜃
= 𝐻(𝑥, 𝑡) tan 𝜃 = 𝐻(𝑥, 𝑡)𝑢𝑥(𝑥, 𝑡) 

𝐻𝑥(𝑥, 𝑡) = 0, then (3) will be 

∴ 𝑉𝑥(𝑥, 𝑡) = (𝐻(𝑥, 𝑡)𝑢𝑥(𝑥, 𝑡))𝑥 = 𝜌𝑢𝑡𝑡(𝑥, 𝑡) 

⟹  𝐻(𝑥, 𝑡)𝑢𝑥𝑥 = 𝜌𝑢𝑡𝑡 .                     (4) 

If  𝜃 ≈ 0, 𝐻(𝑥, 𝑡) = 𝑇(𝑥, 𝑡) cos 𝜃 = 𝑇(𝑥, 𝑡), 𝐻 = 𝑇 cos 𝜃 = 𝑇 

⟹ 𝑢𝑡𝑡 =
𝑇

𝜌
𝑢𝑥𝑥 = 𝛼2𝑢𝑥𝑥 , 𝛼2 =

𝑇

𝜌
             (5) 

 

 

 


