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Chapter 2
Separation of variable: Heat conduction in a Rod
Three type of distinct physical phenomena

1- diffusive processes chive
2- oscillatory processes
3- time independent (steady processes)

linear of second order best form Classify into Three Categories:
1- heat conduction equation
2 - Wave equation
3-potential equation bid
let u be aheat conduction for a straight bar of uniform cross section
2.1 Heat Conduction equation
The equation
Uy, =u, 0<x<Lt>0
is called heat conduction equation where

a?: thermal diffusivity constant depend on the material from which the

k

bar is made and. a? = pe

p: density
s: specific heat of the material in the bar

initial temperature distribution in the bar

a? cm? /sec
Silver 1.71
plumper 0.86
Alumina 0.14
Gastiron 0.12
Granite 0.011
water 0.000144
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Air, TAir =20°C
h = 32.1 W/(m? K)

/ QConv

/ﬁ
pP= 7800 kg/l’]’"I:3 Tlnit =20 °C
k=802W/Km) c =447 JIKg/K

|

L=20cm

A

u(x,t)

a’uy, =u, 0<x<l t>0 (1D

2
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First The ends of the bar are held at fixed temperature, at x = 0is T; and x = [
iIsT,,when x <0 & x>1, T, =T, =0, so the Boundary conditions:
u(0,t) =T, u(lL,t)=T, (2)
Initial condition u(x,0) =f(x), 0<x<lI (3)
f (x) Given function, we will assume homogeneous boundary conditions
u(0,t) =0,u(l,t) =0, t>0 4
(1),(3), (4) is said linear BVP
Separation of variable: The assumption is that u(x, t) is product of two
separated functions
ulx,t) = X(x)T(t) (5)
Uy = x")T(@), ue =x@®T' () (6)
Substituting (6) in (1) we get
a?X"()T() = X)T' ()] ~ a?X()T()  (7)
X'(x) 1T'(t)
X(x) N ?m
X" (x 1 T'(t
Yo~ @ = A ©
X'"(x)+2X(x)=0 (9)
T'(t) + a?AT(t) =0 (10)
Using boundary conditions (4)
u(0,t) = 0= u(0,t) =x(0)T(t) =0 (11)
if T(t)=0 - u(x,t)=0Iistrivial. So T(t) # 0 for some t
= x(0) =0(12)
Similarly u(l,t) =0 = u(,t) =x(DTt)=0= x() =0 (13)

eg. (9) with (12) & (13) which have solution
nmx
xXn(x) = sinT ? n=123,.. (14)
Sle Jaani (9) Aalaal (go JaaY @b mpa il
m*+1=0= m=+v-1
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(A Y dae Ll oda Jag
1-1=0= x; =e® =1,x, = xe® = x The general solution
X(x) =c1x1 +c3xy, =¢1 +Cx
X0)=0->¢=0X{1)=0—>¢c;=0
= X = 0 trivial solution (neglect) J«g
2.ifA<0letA=—-6%-1=8%28#0=>m; =V—-21=6, my =6

=>x =% x, =e % = X(x) = c;e% + e
X(0)=c,+c, =0, x() =c,e® +c,e ¥ =0
c1+c; =0 1 1 [cl] 0 1 1 _sl sl
= — = =e — e =0
DY N ] Y Y SN

= ¢; =0, ¢, =0 istheonlysolution
= X = 0 trivial solution (neglect)
3-1f 1>0,letA=6%m =6i,my,=—6i, &§=+2
X, =sindx X, = cosdx sl J Al
X(x) = ¢y sinbx + ¢, cos 6x  plall Ja)
X(0)=c, =0, X(I) =¢;sindl =0 (12),(13) L&l alasiuly
sin@ =0 iff 6=ntn=0,+1,+2,...

sinél =0 iff 8, ="
nmx
X,(x) =¢c, sinT, n=123,.. (14)
n?m?
A, =62 = n=1223,.. (15)

l2
Substitute (15) in (10) we get

2.2 n27.[2
a’T,(t) = 0= InT,(t) = —

I n 2
T,(t) + a‘t + ay

[2 [2
n?m?

T.(t) =k,e Z %5,k =e™ (16)

nmx _nfma’t
u, (x,t) = c k, sinTe 2, n=123,.. (17)
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Is a homogenous solution of eq. (1) and (4) vn.
The function wu,, is called fundamental Solution of the heat Conduction problem
(1), (3), (4), let b, = j,c,k, then The general solution

nx _nzn-ZaZt
u(x, t) = Z Jnun (x, t) = Z b, sinTe 7, (19
n=1 n=1

to see Condition (3) u(x,0) = f(x)
4l a0l (e dad @ ge ) (A Jeagall e b Sisall ol all 4aS ()

> nmix
u(x, 0) = Z by sin = £ (), (20)
1
which is a sine series so
=0,n=0,1,2,..
nmix
.[ f(x) sm—dx (21)

Hence the solution of the heat conduction problem (1), (3), (4) is given by (19)
and (21). of granite and marble a piece of tiles made

Example 1: Find the temperature u(x, t) at any time of a 50 cm long piece of tile
made of granite and marble («? = 1) insulated on the sides, which initially has
uniform temperature of 20°C. Whose ends are maintained at 0°C for all t > 0.

2 _ 1
i y
| |
x=0 x=50
Ans: [ =50cm, a® =1, f(x)=20 0<x<50
nwx _(ﬂ)zt
u(x,t) = 2 b,, sm—e 50/ 7, (22)
where
. _40[ nnxd _ 40 nm ]50
" =50, sin oo = COSSOxO
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0 80 i
=—(-cosnm)=—(1 - (DD ={mz T " °
nm nm 0 if n even

(23)

Then

@ 80 @ nmx _(ﬂ)zt
u(x, t) = Z —sin——e \50/ 7, (24)
n=135,7,.. N 50

Ex. Find the equ. of Separation of variable of 1. u,, + te™ u; =0
U=X)T(t) = Uy, =X"'T, u = XT'
XII TI

X'"T(t) = —te™™XT' = e*—=—-t—=-1
X T

e*X"(x)+ AX(x) =0, tT'—AT(t) =0
H. W. 1-8 579
2.2 Nonhomogeneous Boundary conditions
Uy =u, (1), ulx0)=f(x) (3)
u(0,t) =T, ulLt) =T, t >0 (8)
steady state temperature distribution will be v(x)
u(x,t) =v(x), t— oo forlarget
a?u, (x,t) =u, » a?v"(x) =0->v"(x) =0 (9)
v(0)=T, v(D=T, (10)
The solution of (9) with (10) yields

ooy < 2=

; x+T; 11D

Let
ulx,t) =v(x) + w(x,t) (12)
w is transient distribution
fromeq. (1) a?(v+ W)y, = (v + w),
azwxx = Wt (13)
w(x,t) =u(x,t) —v(x)
w(0,t) =u(0,t) —v(0)=T, - T, =0
wll,t) =ul,t)—-v()=T,—-T, =0

6

(14)
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fromeq.(3) u(x,0) = f(x)
w(x,0) = u(x,0) —v(x) = f(x) —v(x) (15)
eq. (13),(14) and (15) is similar to (1), (3),(4)

- nmx _(@)zt N (T, - Ty)

u(x,t) = b,, sin e x+T; (16)

where

T, —-T, . nmx
x—Tl)sdex, (17)

) l
=1 (reo-
0
Example u,, =u;, 0<x<30, u(0,t) =20, u(30,t) =50

u(x,0) =60—2x, 0 <x <30
1- Find the steady state temperature, 2. Transient distribution, 3. u(x, t)
Ans.:1. V(0) = 20,V (30) =50
V(x) =x+ 20,
2. Transient distribution w,, = w,, a®> =1,f(x) =40 —3x,l = 30
w(0,t) =0, w(30,t) =0,
w(x,0)=fi(x) =f(x) —v(x) =60—2x —x —20=40—3x

oo . nmx _(nna)zt
w, = b, sin——e \ 30
n=1 30

30

nx 1 nmwx
f fi(x) sm—dx =1z \ (40 — 3x) sinﬁdx

20
= —(5cosnm + 4)
nm

© 20 nmx _(E)Zt
Wn=z — (5cosnrt + 4)sin——e \30/ "
n=1NT 30

3.ulx, t) = v(x) + w(x, t)
nmx _(E) "
—20+x+z —(5cosnn+4)sm—e 30/ ",
-1 NTT 30
Example u,, =u;, 0<x<30,u(0,t) =30, u(30,t) =0,
x(60 — x)

u(x,0) = 30
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1. Find the steady state

2. Transient temperature

3. u(x,t)
2.3 Bar with insulated ends
If the bar are insulated at ends then the rate of flow of heat across section (is
proportional) the rate of change of temperature in the x direction.

flx+Ax) = f(x)

fe) = Alalcrgo Ax
o u(x+Ax,t) —u(x,t)
e 0) = Jim, =
u(x,t)
x=0 x=1
u,(0,t) =0, u,(l,t) =0, (18)
u(x, t) = X(x)T(t) (19)
X" 1T
—_— = = —/1
X a?T

X"+2X=0,= m?+1=0= m=+V/—-1 (20) Characteristic
equation
T'+ a?AT =0, (21)

From (18)

u,(0,t) = X,’(O)T(t) =0= ){’(0) = 0} 22)

w (L) =X (DT)=0=X'() =0
To solve (20)
1-if A< 0letd=—62 m =68,m,=-6 8+0

X, =e% X, =e % = X(x) = c e + e
X'(x) = ¢;6e% — c,6e7%% = ¢, sinh 6x + c,cos 8x

X'(0)=c¢b6—c6=0—>¢; —c, =0,¢; = cy.

X'(D)=c 6% —c,6e ' =0= (e —e%) =0
el % 0l o8l _ =8l 4
— ¢ =0, ¢, =0

8



Dr. Hussain Ali Mohamed  Partial Differential Equations  2nd Course Ch 2

u is trivial. (neglect)
2-IfA=0=2X"x)=0=>x, =1,x, =x
X =c¢; + c,x from (22)
X0)=¢c>c=0=>Xx)=¢
T'®)=0=T(t) =c3
= u(x,t) =cc3 =c, (23) Constant.
3-1f1>0,let 2=6% &§+0
X"(x)+6%X(x) =0, m=+6i, X; =sindx, X, = cos bx
X(x) = ¢4sin 6x + cycos 6x
X'(x) = ¢;8cos 6x — c,8sin 8x
X'0)=¢6d=0=>¢ =0
X'() = —c,6sin6l =0, c,6 #0 (24)
From (24) we get sin8 =0 iff 6, =nm, n=0,+1,+2,43,--

2
Sl =nm = 8, =" = 1, = (%) useitin (20)

T'(t) + (?)2 T(t)=0

2
T(8) = ke (1) ¢
nm

X, (x) = cpcos Tx

nm _(w)zt
s~ up(x,t) = ¢y cos Tx ckpe V1 , n=1,23,--
The fundamental Solution

L]

u, (x,t) = ¢k, cos Txe ! (25)

Let a, = j,c,k, The general Solution is

- _ nix _(ﬂ)zt
u(x, t) = Z Jn Un(x, t) = Z an COS——€ ! (26)
n=1

By using u(x,0) = f(x) in (26)
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a - nmx
u(x,0) = 7+ Z ancosT = f(x)
i

2 (! nmx
a, = Tj f(x) cosde (27)
0

Example: Find the temperature u(x, t) in ametal rod of length 25 cm that
is insulated on the ends whose initial temperature distribution is
u(x,0) =x, 0<x <25
Sol:
from (18), (26), (27)
u,(0,t) = 0, u,(25,t) =0

nwx _(m)zt
u(x, t) = _+Z ancos—e 25

B 2 25 i fZS " 2 (25)2
G =75 ) Jdx=5g]  xdx =507

25 nmwx
an, l,[ f(x)cos—dx _25_[ xcos—dx

0 if neven
(D" —-1) ={-100
(nm)?

_ 50
~ (n)?

The general sol.

_ 1 —
(cosnm —1) = if nodd

()2

u(x,t) =—-— oS e \25

25 z“’ 100 nmwx _(m)zt
2 1,3,5, (TlT[)Z 25

Letn=2m-1

25 © 100 (Zm — Dmx _<M) ¢
u(x,t) = ——Z co e 25 (28)
2 m=1((2m — 1)m)? 25
(nonhomogeneous)

2.4. More general Case
one end of the bar be at a fixed temperature while the other insulted so the

boundary Condition have some cases:

10
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u(0,t) =T, u,(£,t)=0 (29)
u,(0,t) =0, u(f,t)=T (30)
u,(0,t) —5,u(0,t) =0, u, (L) + s ull,t) =0 (29—a)
u,(0,t) + 6; u(0,t) =0, u,([,t) =5 u(l,t)=0 (30—a))
61, 8, are positive constant.

Ex. a’u,, =u;, u(0,t) =10, u,(50,t) =0
The derivation of (29) leads to The derivation of (29-a) Leads
u(x,t) = X(x)T(t)
U (x,8) = X"()T (1)
u,(0,t) — 8;u(0,t) = X'(0)T(t) — 6, X(0)T(t) = 0.
- T(t)[X'(0)—6;X(0)]=0
- X'(0)—6,X(0)=0
u,(L,t) + 6u(l,t) =0
0=X'(DTX)+&XDTH) =>TH[X'D+6,X(D]=0
X'(D+6,XDH=0
X"+ 2X(x)=0
T'(t) + Aa?T(t) = 0
Example Special Case problem 20 page 590
Uy, =u, 0<x <, 0<t <o
Boundary conditions:
u(0,t) =0
u,(Lt) + Su(l,t) =0
Initial Cond. u(x,0) = f(x) 0<x<I
From first condition = x(0) = 0
From second condition = X'(I) + 6,X() = 0
X"+2AX=0ifA<0,let 1 =—h?
T'+a?AT =0

dT
— = a’h®dt
T

11



Dr. Hussain Ali Mohamed  Partial Differential Equations  2nd Course Ch 2

T(t) = ke® 't ast - 00 = T(t) » 00 = u(x,t) — ®
which is impossible (Neglect)

fFA=0=X"=0= X(x) =c¢; +cx
X(0)=0=¢ =0
X)) =cx=>X'D+6XD=0
C, +6,0,l =0=c,(1+6,1) =0
1+6,l#0=>¢,=0

~ X =0= u=0 trivial (Neglect)
IfA>0let A =62

X"+68°X=0
T'+ a?8°T =0
X = ¢ sin(6x) + ¢, cos(8x), X(0)=0,2c¢,=0
X(x) = ¢ysin(6x)
T = cze @0t
c,0cos(61) + 6,¢4sin(6l) =0
10 + 6,c4tan(6x) = 0
)
tan(6x) = —5—2

w, (x, ) = b, sin(8,x)e 0"t

(0]

. 2.2

u(x,t) = z b,, sin &, x e %n®"t
n=1

2 l
b,, =7J f(x) sin 6, x dx
0

2.5 Derivation of the heat Conduction equation

13
T

L : ]
T T T I
| 1 i
| 1
I
l

I
1

I | !
I

! xo + OAx |

0

|
x=0

Xo xXo + Ax

it 305 U0 5 al) 2eS Amount of heat per unit time = <4277l (D

12
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k : Thermal conductivity, u(xy,t) = Ty, u(xq + Ax, t) =T,
A: Area of cross section
rod uniform thin and homogenous one material
Craddl (A bl e cu (g, t) Bl adl 8 (558l Jamall=(" xp 2ie H 4:88Y) 5 ) all 45 50 )
Horizontal heat H(x,,t) =The instantaneous rate of heat transfer u(x,,t) from

GW
x=0, x Alx l_\‘ !

w(xo+5,t) —u(xo - 5.t)
d
u(xo +%,t)—u(x0—%,t)

= —kA lli_r)r(l) 7 = —kAu,(xq,t) (2)

left to right is

H(xo,t) = — gg}) kA

Then
H(xg+ Ax,t) = —kAu, (xy, + Ax,t) (3)
The net rate of heat flow between x, and x, + Ax is
92 X + Ax s xgow 3)aY 338 Jamae ila
Q = H(xy,t) —H(xy + Ax, t) = kA(ux(xO + Ax,t) — ux(xo,t)) (4)
The amount of heat entering the bar element in time
Caiall gl & Jaasall juaic Jax5 Al 3 ) all 408
QAt = kA(ux(xO + Ax, t) — u, (xo, t))At (5)
The average change in temperature u, in the time interval t, is proportional to the
amount of heat Q t introduced and inversely proportional to the mass m of the
element
QAL A2 o)) jall 4aS e byl iy Ay 1 sall A AE el urdl Ay o)) pal) (8 st Jasa
SAmM paiallae Al aBSl & il ae LuuSe
QAt QAt

“ sAm  spAAx a (6)

13
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Xo < x < xg+ Ax on x @sll Gadll il 3 all s
Au = u(x,t + At) —u(x, t)
letx =x5+0Ax, 0<O0<1, xp < x<xp+ Ax
At
S,[?AAX 7
QAt = [u(xy + 0Ax, t + At) — u(xy + 6Ax, t)|spAAx, (8)
from (5) & (8) we get
kA[u, (xg + Ax, t) — u,(xq, t)]AL
= spAlu(xy + 0Ax,t + At)—u(xy + 6Ax, t)]Ax. (9)
dividing (9) by AxAt and let Ax — 0,At - 0
Uy (X9 + Ax, t) — u, (X, t)

Au = u(xg + 0Ax,t + At) — u(xy + 0Ax, t) =

kA lim

Ax—0 Ax
o ul(xg + 0Ax, t + At) —u(xg + 6Ax,t)
= spA lim
At—0 At
kA , k 5
SPTAuxx—ut, a =§=>a Uy = Ug

Example 1. Let a?uy, = uy, 0 < x <1

u(0,t) =0, u, (L, t) +yu(l,t) =0, u(x,0) = f(x)
(@) Show that X" + AX = 0,

X(0)=0 X'"(D+yx() =0, T'(t) + Aa’T =0
(b) if A < 0, there is no solution
(c) if 2 > 0. has asolution satisfy § cosél + ysinél =0
Example 2. (10 page (601)) Elastic string of length [, Fixed at x = 0 while the
end x = [ Free, u(0,t) = 0,u,(,,t) = 0,u(x,0) = f(x) u(x,0) =0,

[

l
f(X): 1 E—1<X<E+1,l>2

0 otherwise

14
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Find u(x, t)?

ANns: u(x,t) = Yo odd bnsinnz—?cos nz—nlat

Q1 Find the steady state of a?u,, = u, where:

a. u(0,t) = 10,u(50,t) = 40, b. u(0,t) = 30,u(40,t) = —20
C.u,(0,t) =0,u(,t) =T, d. u(0,t) =T, u,(,t) =0

e. u,(0,t) —u(0,t) =0,u(l,t) =T

f.u(0,6) =T, u,(Lt) +u(l,t) =0

Sol: (a) V.(x) = 2 x + Ty Ty = 10,T; = 40,1 = 50
—3 + 10
T,-T; , T,-T; ,
) V(x) = l x+T; =2V (x) = l =V (0)=0
T,-T;
l =O_)T2=T1V(l):T2:T
“V@X) =Ty =T
T,-T,
e. V(x) = i x+T,VI)=T,=T
T, — T T, — T T, — T, —IT-
V' (x) = 2 1 12 1—T1=O—> 2 1 1_)
l l l
T T IT. T =T 1+ DT T r
—_ = = = = = = —
2 1 1 2 = ( )Ty 1710
T
14 e . N +1
= = = =
(%) AT I Y R T A B LG

Q2 Can we use the separation of variable for each PDE:
& XUyy U =0, D Upy + U + U =0, CoUyy + (X +Y)Uy, =0
d. (F Q) = G =0 € Uy + Uy +xu =0

(@) u(x,t) = X(x)T(t) = xX"()T(@) + X(x)T'(t) =0

xX"(x)  T'(O)
X(x)  T@®

xX"()T() = —X(x)T'(t) = X(x)T(t) =

15
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xX"(x) = —2AX(x) = X" (x) +f—CX(x) =0
T'(t)
T
B X")TH)+ X' )T')+ Xx)T'(t) =0
X"(x) X'()T'(t) T'(t)
X0 X T@® T TE
X" (x) T'(t) (X'(x)
Z X0 T <X<x) * 1)
X" (x) T'(t)
TX )+ X)) T@)
= X" (%) + AX' (%) + AX(x) = 0
T'(t) = AT(£) = 0
fr X"@OY) +(x+ XY (y)=0
X")Y () =—(x+ XYY" ]+ XY ()
X" (x v
N X(Eo) -y Y<(yy>)
Oy 13 (6 gia (Al o)) jall adalas asend (S

H H 2 —
Two dimension  a®(uy, + uyy) = u,

=A1=>T'(t)-AT(t) =0

not separable

or Three dimension bzl 4536 <l (5 sise I )

a? (Uyy + Uyy +Upy) = U

16



