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Chapter Two

Creating New Topological Spaces

2.1 The Subspace Topology

Let (X, t) be atopological space, A be a proper subset of X. Let
T ={G"=GNA:GET} jie. GFeET"IGET,G"=GNA. The following
theorem shows that 7* is a topology on A called the Relative Topology (or Induced

Topology) and (A, ) is called the Subspace Topology of topological space (X, 7).

2.1.1 Theorem:

Let (X, 7) be atopological space A be a proper subset of X. Then
" ={G" =G NA:G € 1} isatopology on A.

Proof:
1)0=0nNnA=> Qe

A=XNA= Aet".
2) Let G{,G, € T° then 3G1,G, ETs.t. G = G; NA,G5;= G, N A then

GinG, = (GLNA)N(G,NA) =(G,NG,)NAET since (GLNG,) ET.
3) Let {G;:i €I} S t*then3G; ETs.t. G = G; N A, ViEl So

U; G = U;(G;nA) =U;G;nAET",since U; G; €.

So T*is a topology on A.0

2.1.2 Example:

Let (X, 7) be atopological space where X = {a,b,c,d,e}, t={X,0,{a},{c,d},
{a,c,d},{b,c,d,e}} .Find 74,75,7c ,A = {a,d},B={a,b,c},C = {a}.
Solution:
XNA=A4 ,0nA=0¢ f{a}nA={a} ,{cd}nA={d} ,{acd}nA=A ,b,cde}nA={d}
So 1, = {A,0,{a},{d}} . Similar t53 = {B,0,{a},{c}.{a,c},{b,c}}, 7, = {C,0}.




2.1.3 Remark:
In example 2.1.2, 74 is the discrete topology on A, 7. is the indiscrete
topology on C but tis not discrete or indiscrete topology on X. Also we can find

{d}et, but {d}¢T.

2.1.4 Example:

The subspace of discrete topology (indiscrete topology) is also a discrete
topology (indiscrete topology).

2.1.5 Example:

Let (X, 7) be a co-finite topology and let A # @ be a subset of X the 14 is
the discrete topology.

Solution:

Let p be any point in A then the set X\{A\{p}} is open in X and their intersect
with Ais {p}i.e. AN (X\{A\{p}}) = {p}is openin A .Since p be any point in A
then the subspace topology on A is the discrete topology.

2.1.6 Example:

Let (R, D) be the usual topology on R then the subspace topology (N,Dy)
is the discrete topology.
Solution:

1 1, . . :
Letn € N then (n — Smn+ E) is an open interval containnand NN (n —

%,n + %) ={n}.So every {n} contain a natural number in the subspace (N,Dy)

,50 every subset of N is an open set i.e. Dy is the discrete topology.
2.1.7 Example:

Let (IR, D) be the usual topology on R then the subspace topology (Z,D7) is
the discrete topology.

=




2.1.8 Example:

In R3, let C be the circle of radius 1 in the xy-plane with center at the point
(2,0,0).Consider the subspace of R3swept out as C is rotated about the z-axis the
resulting space is called the torus and denoted by T which is a subspace of R3.

2.1.9 Theorem:
Let (4,74) be a subspace of (X, 7) then the subset E of A is closed in (4,t,) iff
there exist a closed set F in (X, 7) suchthat E = F N A.
Proof:
=

Let E be a closed in (4,74) the E€is an open set in (4,7,) .By definition of

subspace 3G €ETsL.EC=ANG = A\E .So
E=A\E‘=A\ANG)=An(ANG) =ANnG".

Put E€ = F which is the closed set we want to find.
P

Assume there exist a closed set F in (X, ) such that E = F N A we want to
prove that E is closed in (4,74) i.e. E€ is an open set in (4,7,)

EC=A\E=A\ANF)=An(ANF)=AN(A°UF)=(ANA)U(ANFS) =ANFC.

So E€isan opensetin (4,74).0

2.1.10 Corollary:
If A'is a non-empty open (closed) subset of (X, 7) then the subset B of A is
open (closed) in (A,74) iff B an open set F in (X, 7).

2.1.11 Theorem:

Let (Y,7y) be a subspace of (X, 7). If B = {B;};¢; is a base for (X, 7) then
B* = {B; N Y} is a base for (Y,ty).
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Assume B = {B,}i¢; is a base for (X, t) then VU € 7, y eU=>3B€B,y eBCU.
From definition of subspace the family {B; N Y},¢; is openin (Y,7y).If y €Y then

y EBNYCSUNY where UnY€ETy then {B; N Y};c; is a base for (Y,ty).0
2.1.12 Example:

Let the circle ST € R? with the usual topology. Since the class of open balls
form a basis for the usual topology on R?then their intersection with St are class
of open intervals in the circle consisting of all points between two angles in the
circle .This class form a base for the usual topology on S.

RZ

2.1.13 Example:

If S is a surface in R3 then the collection of open patches in S obtained by
intersecting open balls in R3with S is a basis for the standard topology on S.
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2.1.14 Remark:

The following theorem gives the relation between the limit and interior points
and the closure of sets in subspaces and spaces .we denote d(4),4°,4 for limit
,interior ,closure for a set A in subspace.

2.1.15 Theorem:

Let (Y,ty) be a subspace of (X, 7).I1fA € Y then:
1) d(Ay) =d(A) NY.
2) A=Ay NnY°, A°NY =A4y.
3) Ay, =ANnY.
Proof:

1) Assume x €d(Ay) then VUE€ErT,,x €U ,UNA#Q then 3IW €T,xE
U ,U=WnY. So for any W € T s.t. x € W we find WnYz0 therefore we get
(WNY)NnA=WnAzD i.e. x € d(4) ,SO

d(Ay) < d(4)
Let x € d(A) then VU € 1,x € U ,UnA#£Q.Its clear that W=UNY € 1y is an
opensetin (Y,7y),SOWNA=UNY)NA=YNUNA+Qiexed(Ay)

d(A) € d(Ay) 2)
From (1) and (2) we get d(4y) = d(A) NY.
2) Letp € A'them 3H € 1s.t. pEHCACY ,sopEY NAC A, peEY° > p € Ay,
pEY =>p€EY NA},s0
A C A, NY°
let xEY NAy >3H H, €T st.x€EH, CY,xEYNH, S A,SO
x€EH, NH,CA> x€A,s0
Ay NY° C A°
From (1) and (2) we get A° = Ay NY°.
3) d(Ay) =d(Ay) UA=({dA)NY)UA,ACY
=dA)NYUANY)=dA)NAUY=ANnY.O

4
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2.1.16 Example:

Show that if d(4) = @ in a topological space (X, 7) then 1, is the discrete
topology.

Solution:

In order to prove that 7,4 is the discrete topology we shall show that every
subset of A is closed.

If B<S Athend(B) € d(A),sod(B) € @ (since d(4) = @),so0 Bis a closed set in
X and then Bis closed in A (since B = B N A).

(AUB)N (CUB) = (AUC)N B

K
;
:%
o
o
o
o
Iy
o
o
o
o
Iy
o
o
o
o
Iy
Iy
Iy
3
o
0
0
3
3
o
0
3
3
0
o
3
3
3
3
o
o
o
o
3
3
0
3
o
3
3
0
3
o
3
0
i
:%
:%
:%
:%
:%
]
A
:‘a
:‘z
3
z%
3

)

B T i g ]



2.2 The Product Topology

Given two topological spaces X and Y ,we would like to generate a natural
topology on the product X X Y. Our first inclination might be to take as the
topology on X x Y the collection C of sets of the form U X V where U is open in
X and V isopen in Y. But C is not a topology since the union of two sets U; X V;
and U, X V, need not be in the form U x V for some U ¢ X and V c Y.
However, if we use C as a basis, rather than as the whole topology, we can proceed.

y

2.2.1 Definition:
Let (X,7x) and (Y,zy) be topological spaces and X X Y be their product.
The product topology on X X Y is the topology generated by the basis

B ={U X V: UisopeninX andV isopeninY}.
2.2.2 Remark:

We shall verify that B actually is a basis for a topology on the product, X X Y.
2.2.3 Theorem:

The collection B ={U x V : Uisopenin X and V isopeninY} is a basis
for atopologyon X x Y.

Proof:

1- Every point (x,y) isin X X Y,and X X Y e B. Therefore, the first condition
for a basis is satisfied.

2- Assume that (x,y) is in the intersection of two elements of B. That is,
(x, y)e(Uy x V;) N (U, x V,) where U; and U, are open sets in X, and V; and

6
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V, areopensetsinY.LetU; =U; n U, and V3 =V; n V,. Then U; is open
in X, and V5 is open in Y, and therefore U; X V5 € B. Also,

U3 X V3=(U; N U)XV N V)= (U X Vi)n (U, X V)
and thus (x, y)eUs; x V3 c (Uy X V) n (U, xV,) . It follows that the second
condition for a basis is satisfied.

Therefore B is a basis for a topologyon X X Y.o

2.2.4 Example: -
Let X = {a, b,c}and Y = {1, 2} with topologies , |—

{8,{b},{c}.{a,b},{b,c}, X} and {g, {1}, Y} respectively.
A basis for the product topology on X x Y. Each |

nonempty open set in the product topology on X X Y ‘ ‘

IS a union of the basis elements.
2.2.5 Remark:

As with open sets, products of closed sets are closed sets in the product
topology. But here too, this does not account for all of the closed sets because there
are closed sets in the product topology that cannot be expressed as a product of
closed sets. For instance, the set {(a, 2), (c, 1), (c, 2)} is a closed set in the product
topology in Example 2.2.4, but it is not a product of closed sets.

2.2.6 Remark:

In Definition 2.2.1, the basis B that we use to define the product topology is
relatively large since we obtain it by pairing up every open set U in X with every
open set V in Y. Fortunately, as the next theorem indicates, we can find a smaller
basis for the product topology by using bases for the topologies on X and Y, rather
than using the whole topologies themselves.

2.2.7 Theorem:

If By is a basis for X and By is a basis for Y, then

B={C X D: Ce€By and D € By}
IS a basis that generates the product topologyon X X Y.
7




Proof:

Each set C X D € B is an open set in the product topology; therefore, by
definition 1.6.1, it suffices to show that for every open set W in X X Y and every
point (x,y) € W, thereisaset C X D € B such that (x,y) € C xD c W. But
since W is open in X, we know that there are open sets U in X and V in Y such that
(x,y)EU XV cW.Sox € Uandy € V.Since U isopen in X, there is a basis
element C € By suchthatx € C < U. Similarly, since V isopen in Y, there is a
basis element D € By suchthaty € D c V. Thus (x,y) € C X D < W. Hence,
by definition 1.6.1, it follows that B = {C x D : C € By and D € By} isabasis
for the product topology on X X Y.oo

2.2.8 Example:

Let | = [0, 1] have the slandered topology as a subspace of R.

The product space I X I is called the unit square. The product

topology on I X I is the same as the standard topology on I x [ -

as a subspace of R3.
2.2.9 Example:

Let ST be the circle, and let | = [0, 1]

have the standard topology.Then St x I
can think of it as a circle with intervals
perpendicular at each point of the circle.
Seen this way, it is a circle's worth of intervals. Or it can be thought of as an interval
with perpendicular circles at each point. Thus it is an interval's worth of circles.
The resulting topological space is called the annulus.

The product space S x (0, 1) is the annulus with the inner most and outermost

circles removed. We refer to it as the open annulus.
8
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2.2.10 Example:

Consider the product space S* x S, where St is the circle. For each point in
the first S1. there is a circle corresponding to the second S*.Since each S has a
topology generated by open intervals in the circle, it follows by Theorem 2.2.7 that
S1 x S has a basis consisting of rectangular open patches. The resulting space
resembles the torus introduced in Example 2.1.8; in fact, they are topologically

equivalent.

~—=—_basis
—elements

2.2.11 Example:
Let D be the disk as a subspace of the

plane. The product space S* x D is called
the solid torus. If we think of the torus as
the surface of a doughnut, then the solid
torus is the whole doughnut itself.

2.2.12 Remark:

Let A and B be subsets of topological spaces X and Y, respectively. We now
have two natural ways to put a topology on A x B. On the one hand, we can view
A X B as a subspace of the product X x Y. On the other hand, we can view A X
B as the product of subspaces, A ¢ X and B c Y. The next theorem indicates

that both approaches result in the same topology.
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2.2.13 Theorem:

Let (X,7x) and (Y,ty) be topological spaces, and assume that A < X and
B c Y. Then the topology on A X B as a subspace of the product X X Y is the
same as the product topology on A X B, where A has the subspace topology

inherited from X, and B has the subspace topology inherited from Y.

Proof: Left as exercise.
2.2.14 Remark:

The approach used to define a product of two spaces extends to a product
X; X -+ X X, of ntopological spaces. It is straightforward to see that the collection
B={U; X ---XUp,: U;openinX; foreachi} is a basis for a topology on
X; X -+ X X,.The resulting topology is called the product topology on X; X -+ X
X,,. We have an analog to Theorem 2.2.7 for this case. Specifically, if B; is a basis
for X; foreachi = 1, --- , n, then the collection
B'"={B; X “XB,: B;€B; fori =1, -+ ,n}

Is a basis for X; X -+ X X,,.

2.2.15 Remark:

We note that the standard topology on R is the topology generated by the basis
of open balls defined by the Euclidean distance formula on We also pointed that
the same topology results from taking a basis made up of products of open intervals
in R It follows that the standard topology on R™ is the same as the product topology
that results from taking the product of n copies of R with the standard topology.

2.2.16 Example:
The n-torus, T™" is the topological space obtained by taking the product of n

copies of the circle, S?.
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2.2.17 Remark:

The next theorem indicates that the interior of a product is the product of the
interiors.

2.2.13 Theorem:

Let A and B be subsets of topological spaces X and Y, respectively. Then

(A X B)° = A° X B°.

Proof: =

Since A° is an open set contained in A, and B° is an open set contained in B,
it follows that A° X B° is an open set in the product topology and is contained in
A X B.ThusA° x B°c (A X B)°

L

Now suppose (x,y) € (A X B)°. We will prove that (x,y) € A° X B".
Since (x,y) € (A x B)°, it follows that (x, y) is contained in an open set
contained in A X B and therefore is also contained in a basis element contained
iInA X B. So there existsa U and VV open in X and Y, respectively, such that
(x,y) e Ux V € A x B.Thus, x isinan open set U contained in A, and y is
in an open set V contained in B, implying that x € A° and y € B°. Therefore

(x,y) € A° x B°.Itfollowsthat (A X B)° c A° X B°.

Since we have both A° X B°c (A X B)°and (A X B)° € A° X B°then
(A X B)’ = A° X B°.o
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2.3 The Quotient Topology

The concept of a quotient topology allows us to construct a variety of
additional topological spaces from the ones that we have already introduced. Put
simply, we create a topological model that mimics the process of gluing together
or collapsing parts of one or more objects. One of the most well-known examples

Is the torus, as obtained from a square sheet by gluing together the opposite

edges.

2.3.1 Definition:
Let X be a topological space and A be a set (that is not necessarily a subset of

X). Let p: X — A be a surjective map. Define a subset U of A to be openin A if and
only if p~1(U) is open in X. The resultant collection of open sets in A is called the
quotient topology induced by p, and the function p is called a quotient map. The
topological space A is called a quotient space.

2.3.2 Theorem:
Let p: X — A be a quotient map. The quotient topology on A induced by p is a
topology.

Proof:
We verify each of the three conditions for a topology.

1- The set p~1(@) = @, which is open in X. The set p~1(4) = X, which is open in
X. So @ and A are open in the quotient topology.
12
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2- Suppose each of the sets U; ,i = 1, -+, n, is open in the quotient topology on
A. Thenp~ (N~ L U;) = Nt p~1(U;), which is a finite intersection of open
sets in X, and therefore is open in X. Hence, N/ ; U; is open in the quotient
topology, and it follows that the finite intersection of open sets in the quotient
topology is an open set in the quotient topology.

3- Suppose each of the sets in the collection {U;},¢; is open in the quotient topology
on A. Then p~1(U; U;) = U; p~1(U;), which is a union of open sets in X, and
therefore is open in X. Thus, U; U; is open in the quotient topology, implying that
the arbitrary union of open sets in the quotient topology is an open set in the
quotient topology.

Hence, the quotient topology is a topology on A.

2.3.3 Example:

Give R the standard topology, and define p: R — {a,b,c} by
a ifx<0
p(x) =<b ifx=0
c ifx>0
The resulting quotient topology on {a,b,c} is {{a},{c}.{a,c},{a,b,c}}. The

subsets {a}, {c}, and {a,c} are all open since their preimages are open in R.
But {b} is not open since its preimage is {0}, which is not open in R.

P
R

)

p (a) /,fl(b) p_l(c‘)

a
2.3.4 Example:

Let R have the standard topology, and define p: R — Z by p(x) = x if x is an
integer, and p(x) = nifx € (n—1,n + 1) and nis an odd integer. So p is the
identity on the integers, and p maps non integer values to the nearest odd integer.
In the resulting quotient topology on Z, if n is an odd integer, then {n} is an open
set since p~1({n}) = (n—1,n + 1), an open set in R. If n is an even integer,
then {n} is not an open set since p~1({n}) is not open in R. In the quotient
topology, the smallest open set containing an even integer n is the set
{n — 1,n,n + 1}. It follows that the quotient topology induced by p on Z is the
digital line topology.




2.3.5 Remark:
Let (X,t) be a topological space. We are particularly interested in quotient

spaces defined on partitions of X. Specifically, let X* be a collection of mutually
disjoint subsets of X whose unionis X, and let p: X — X™ be the surjective map that
takes each point in X to the corresponding element of X* that contains it. Then p
induces a quotient topology on X*. We think of the process of going from the
topology on X to the quotient topology on as taking each subset S in the partition
and identifying all of the points in S with one another, thereby collapsing S to a
single point in the quotient space. A set U of points in is open in the quotient
topology on exactly when the union of the subsets of X, corresponding to the points
in U, is an open subset in X.
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|
X
A

2.3.6 Example:

Let X ={a, b,c,d, e) with topology {®,{a},{a, b}, {a, b, c},{a,b,c, d}, X}.
With A = {a,b}and B = {c,d, e}, let X* be the partition of X given by
X* = {A, B}. Note that X" is a two-point set. Since {a, b} is open in X and {c, d, e}
Is not, the only open sets in the quotient topology on are @, {4}, and X* itself.




2.3.7 Example:

Let X = [0, 1], and consider the partition X* that is made up of the single-
point sets {x}, for 0 < x < 1, and the double-point set D = {0, 1}. Then, in the
quotient topology on we think of D as a single point, as if we had glued the two
endpoints of [0, 1] together. A subset of X* that does not contain D is a collection
of single-point subsets, and it is open in X* exactly when the union of those single-
point sets is an open subset of (0, 1). A subset of X* that contains D is open in X*
when the union of all the sets making up the subset is an open subset of [0, 1]. Such
an open subset must contain 0 and 1, and therefore must contain intervals [0, a) and
(b, 1], which are open in the subspace topology on [0, 1]. The resulting space is
topologically equivalent to the circle, St.

2.3.8 Example:

In the previous example 2.3.7, we glued the endpoints of an interval together
to obtain a single point. That is an example of a more general construction that
results in a space known as a topological graph. Specifically, a topological graph
G is a quotient space constructed by taking a finite set of points, called the vertices
of G, along with a finite set of mutually disjoint closed bounded intervals in R. and
gluing the endpoints of the intervals to the vertices in some fashion. The glued
intervals are called the edges of G.
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2.3.9 Example:

In Example 2.3.7 we obtained a circle by identifying endpoints of an interval
in the real line. We describe a similar process here, using the digital line, that
yields spaces we call digital circles. Specifically, a digital interval is a subset
{m,m + 1,--- ,n} of Z with the subspace topology inherited from the digital
line topology. Let I,, be the digital interval in the form {1, 2,---. n— 1,n}. If
n = 5 is an odd integer, then the topological space C,,_; resulting from
identifying the endpoints 1 and n in [, is called a digital circle. The digital circle
C,—1 1S a quotient space of the digital interval I,.The following Figure we
illustrate I, and C, along with a basis for each. By definition, a digital circle
contains an even number of points.

2.3.10 Remark: @ Co

The following examples 2.3.11 and 2.3.12 gives two different quotient spaces
definedon I x I.
2.3.11 Example:
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Define a partition on I X I by taking subsets of the following form:
i) Ay, ={(xy)}foreveryxandysuchthat0 <x<land0<y<1.
i) B, ={(0,y),(1,y)} foreveryy suchthat 0 <y <1.

In the quotient topology, the subsets B,, cause the left and right edges of the

square to be glued. The result is a space that is topologically equivalent to the
annulus.
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2.3.12 Example:

Define a partition on I x I by taking subsets of the following form:

i) Ay, ={(xy)}foreveryxandysuchthat0 <x<land0<y<1.
i) By, ={(0,y),(1,1-y)} foreveryy suchthat 0 <y <1.

Here the subsets By also cause the left and right edges of the square to be glued.
But in order to accomplish the gluing, we need to perform a half twist so that the
identified points on the edges can be properly brought together. The result is the
well-known Mdbius band.

By

AN

2.3.13 Example:

Define a partition of I X I by taking subsets of the following form:

i) Ay, ={(x)y)}foreveryxandysuchthat0 <x <land0<y<1.

i) B, ={(0,y),(1,y)} foreveryy suchthat 0 <y < 1.

i)  C, = {(x,0),(x,1)} forevery x suchthat 0 <x <1.

iv) D ={(0,0),(0,1),(1,0),(1,1)} .
In the quotient topology, the two-point subsets in (ii) cause the gluing of the left
edge of the square to the right edge, and the two-point subsets in (iii) cause the
gluing of the top edge of the square to the bottom edge. Furthermore, the four-
point subset causes the gluing of the four corners of the square to a single point.
The topological space we obtain is therefore the result of taking a square and
gluing together its opposite edges. Such a construction results in a torus.
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