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Chapter four: Integrals.

A great achievement of classical geometry was obtaining formulas
for the areas and volumes of triangles, spheres, and cones. In this chapter
we develop a method, called integration, to calculate the areas and volumes
of more general shapes. The definite integral is the key tool in calculus for
defining and calculating areas and volumes. We also use it to compute
quantities such as the lengths of curved paths, probabilities, and averages.

We show that the process of computing these definite integrals is
closely connected to finding antiderivatives. This is one of the most
important relationships in calculus; it gives us an efficient way to compute
definite integrals, providing a simple and powerful method that eliminates
the difficulty of directly computing limits of approximations. This
connection is captured in the Fundamental Theorem of Calculus.

4.1 The Meaning of the Definite Integral:

The definite integral of the function f(x) between x =aandx = b
IS written: ff f(x)dx . Hy=e
Geometrically it equals area A between

the curve y = f(x) and the x-axis
between the vertical lines x = a and

x =b.

More precisely, assuming a < b,
the definite integral is the net sum of the
signed areas between the curve y = | |
f(x) and the x-axis where areas below | =

i
A fix) :
I
i
|

the x-axis (i.e. where f(x) dips below T
the x-axis) are counted negatively. T

The notation used for definite integral, ff f(x)dx, is elegant and intuitive.

We are | umming ( [dA) the (infinitesimally) small differential
rectangular areas dA = f(x) - dx of height f(x) and width dx at each
value x between x = a and x = b.
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Definition:

If y = f(x) isnonnegative and integrable over a closed interval [a, b],

then the area under the curve y = f(x) over [a, b] is the integral of f from
. b

atobie. A= [ f(x)dx.

Remark:

An easy way to evaluate definite integrals is due to the Fundamental
Theorem of Calculus which relates the calculation of a definite integral
with the evaluation of the antiderivative F(x) of f(x):

Theorem (The Fundamental Theorem of Calculus):
If £ is continuous on [a, b] and F is any antiderivative of f on [a, b]

, then f:f(x)dx = F(b) — F(a) for any F an antiderivative of f, i.e.

F'(x) = f(x).

Notational, we write F(b) — F(a) with shorthand F(x)|2, i.e.
F(x)|% = F(b) — F(a), where, unlike the integral sign, the bar is placed
on the right.

Table 1. Rules satisfied by definite integrals
1. Order of Integration: fbaf(x) dx = — f;f(x)dx A definition,a < b

2. Zero Width Interval: fabf(x)dx =0 A definition when
f(x) exists (a = b)
. Constant Multiple: [} kf (x) dx = k [, f(x)dx Any constantk
7 kdx = k(b — a)
. Sum and Difference: f:(f(x) + g(x)dx = f:f(x)dx + ffg(x)dx
- Additivity: [ f(O)dx = [ f()dx + [ f()dx [a,b] = [a,c] U, b]

. Max-Min Inequality: If f has maximum value max f and minimum
value min f on [a, b] , then

(minf)-(b — @) < [ f(x)dx < (maxf)- (b — a).
. Domination: If f(x) = g(x)on[a, b]then fff(x)dx > ffg(x)dx
If f(x) = 0on [a,b] then f;f(x)dx > 0. Special case
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4.2 indefinite integrals and the Substitution method:

Because of the intimate relationship between the antiderivative and
the definite integral, we define the indefinite integral of f(x) (with no
limits a or b) to just be the antiderivative, i.e.

[ f(x)dx = F(x) +C,
where F(x) is an antiderivate of f(x) (so F'(x) = f(x)) and C is an
arbitrary constant. The latter is required since the antiderivative of a
function is not unique as d% C = 0 implies we can always add a constant to
an antiderivative to get another antiderivative of the same function.

If u is a differentiable function of x and n is any number different from
-1, then [u"du = u™ .

Example:

Find the integral [(x3 + x)°>(3x% + 1)dx

Solution:
We set u = x> 4+ x. Then du = Zdx = (3x*+ 1) dx, so that by
substitution we have
J(x3+x)°Bx?+ Ddx = [uddu  Letu=x*+xdu = (3x* +1)dx.
= ”—66 +C Integrate with respect to u.

3 6 .
=& ’6"‘) + C  Substitute x3 + x for u. m

n+1

Example:
Find the integral [ v2x + 1dx

Solution:

The integral does not fit the formula [ u"du with u = 2x + 1 and
n = 1/2, because du = &dx = 2 dx.

which is not precisely dx. The constant factor 2 is missing from the
integral. However, we can introduce this factor after the integral sign if we
compensate for it by introducing a factor of 1/2 in front of the integral
sign. So, we write
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JV2x+1dx =3[ [2x+1-2dx

u du

%ful/zdu Letu=2x+1,du = 2 dx.
1u3/2
23/2

= W +C Substitute 2x + 1 foru. m

+C Integrate with respect to u.

Remark:

The substitutions in previous Examples are instances of the following
general rule.
Theorem (The Substitution rule):

If u = g(x) is a differentiable function whose range is an interval I,
and f is continuous on I, then

Jfg(x) - g'x)dx = [ f(wdu.

Remark (The Substitution method to evaluate [ f(g(x)) - g’ (x)dx):
1. Substitute u = g(x) and du = 2dx = g'(x)dx to obtain [ f(w)du.
2. Integrate with respect to u.

3. Replace u by g(x).

Example:
Evaluate [ xv2x + ldx
Solution:

The substitution u = 2x + 1 with du = 2 dx. Then
V2x + 1dx = %x/ﬂdu.

However, in this example the integrand contains an extra factor of x that

multiplies the term +/2x + 1. To adjust for this, we solve the substitution
equation u = 2x + 1 for x to obtain x = u — 1)/2, and find that

xV2x + 1dx = 2(u — 1).2Vu du.

The integration now becomes




1
Jav2x+1ldx =1 f(u—1)Vudu=2f(u—1)uzdu  Substitute.
3

1

% [ (ui — uE) du Multiply terms.
5 3
(gui — gui) +C Integrate.
5 3
. (%(Zx + 1)z —2(2x + 1)5) + C Replaceuby2x + 1. m

Example:

Evaluate [ jZTﬁ
z°+1

Solution:

We will use the substitution method of integration as an exploratory
tool: We substitute for the most troublesome part of the integrand and see
how things work out. For the integral here, we might try u = z? + 1 or we
might even press our luck and take u to be the entire cube root. In this
example both substitutions turn out to be successful, but that is not always
the case. If one substitution does not help, a different substitution may
work instead.

Method 1: Substitute u = z2% + 1.

3zzdz zfd_tlt Letu=2%+1,du=2zdz.
z2+1 u3
1
— fu_E du In the form [ u"™ du
u2/3

=S +C Integrate.

=323 +C

2

=3z +1)*BP+cC Replace u by z2 + 1.
Method 2: Substitute u = V22 + 1

R
™
o
]
]
]
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
|
sie
sie
sie
s
1
™
1
™
1
™
1
™
1
™
1
™
1
S
1
™
1
™
1
S
1
S
1
N
1
S
1
S
1
S
1
i
1
]
o
o

2
2zdz =f% Letu = V72 + 1,u3 = 7% + 1,3u? du = 2z dz.

z2+41

_ 3u2_2 +C Integrate.
=322+ 1?3+ C Replace u by (z2 + 1)/%. m




Using our notation for indefinite integrals and our knowledge of
derivatives gives the following.

Table of Indefinite Integrals for trigonometric functions

. _ - 1,

L. [sinax =7 cosax+C 2.fcosax=;smax+(]

3. [sec? ax = =tan ax + C 4. [esc? ax = =cotax + C
a a

1 -1
5. fsec axtanax = —sec ax +C 6. fcsc axcotax = —cscax +C
Example:

Find [ sec?(5x + 1) - 5dx
Solution:
We substitute u = 5x + 1and du = 5 dx. Then,
[sec?(5x + 1) -5dx = [ sec’u du Letu = 5x + 1,du = 5dx.
=tanu + C %tanu = sec?

=tan(5x + 1)+ C Substitute 5x + 1foru. m

u

Example:

Find [ cos(76 + 3)d6
Solution:

We letu = 76 + 3 sothat du = 7 d6. The constant factor 7 is
missing from the du term in the integral. We can compensate for it by
multiplying and dividing by 7,

[ cos(76 + 3)do = %f cos(70 +3)-7d0O  Place factor L in front of integral.
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=%fcosu du Letu=7u + 3,du=7do.

~sinu+C Integrate.

= -sin(760 +3) + C Substitute 760 + 3 for wu.

There is another approach to this problem. With u = 76 + 3 and
du = 7 d@ as before, we solve for du to obtain d8 = (1/7) du. Then
the integral becomes
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1
Jcos(70 +3)d8 = [cosu--du  Letu =76 +3 du = 7d6,and
do =  du.

=>sinu+C Integrate.
=>sin(76 +3) + C Substitute 70 + 3 for wu.

We can verify this solution by differentiating and checking that we obtain
the original function cos(76 + 3). =

Remark:

Sometimes we observe that a power of x appears in the integrand that is
one less than the power of x appearing in the argument of a function we want
to integrate. This observation immediately suggests we try a substitution for
the higher power of x. This situation occurs in the following integration.

[ x%cos x3dx = [ cos x3 - x* dx
= [cosu '%du Letu = x3,du = 3x? dx,
(1/3) du = x* dx.

= if cos udu
%sin u+C Integrate with respect to u.
%sin x3+C Replace u by x3. m
Example:

Sometimes we can use trigonometric identities to transform integrals
we do not know how to evaluate into ones we can evaluate using the
Substitution Rule.

in 2 — [ 1—cos2x , 2 1-cos2x
a) [sin® xdx = [ 122 dx sin® x = —

=2 J(1 = cos2x) dx

b) [ cos? x dx — . reos
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¢) (1 =2 sin? x)sin 2x dx = [(cos? x — sin® x)sin 2x dx
= [ cos 2x sin 2x dx cos 2x = cos* x — sin’® x

=f%sin4xdx=f%sinudu u = 4x,du = 4x dx
= —cosd4x+C.m

Exercises:
1. Evaluate the indefinite integrals in following by using the given
substitutions to reduce the integrals to standard form.
a) [2(2x +4)°dx,u =2x+ 4 b)f7(7x—1)5dx u=7x-1
2 —4 — 42
) J2x(x*+5)"*dx,u=x*+5 d)f(4+1)2dx u=x*+1
e) [(Bx 4+ 2)(3x? + 4x)*dx,u = 3x* + 4x
f) f(1+‘/f_)1/3dx,u=1+\/§ 0) [sin3xdx,u = 3x
h) [ x sin(2x?) dx,u = 2x? i) fsec 2tdt,u = 2t
- t " _ _ E _ _
) f(l—cos;)smfdt,u— 1 — cos k)fmdx u=1-1r3
) [12(y* + 4y + D?(y> + Zy)dx u=y*+4y2+1
m) [ Vx sin?(x3/2 — 1) dx,u =x3% -1 n) [ cos?(D) dx,u=—=
J csc? 26 cot 26 d D) [ =i dx ’ ’
0) | csc _r
: V5x+8
I. US'ngu - COtZH I USlngu — 5x+8

Il. Usin = 20
ngu = cse Il.Usingu = v5x+ 8
2. Evaluate the integrals in following Exercises

1. [V3=2sds 2. [ =xds 3. foV1—62d0
4. [3y7 —3y%dy 5. J marmrdx 6. [Vsinx cos3 x dx

7. [sec*(3x +2)dx 8. [tan*xsec®xdx 0. fsin5§cos§dx

x x 5 3

10. ftan” Zsec?Zdx  qq. rA(L-1)dr  127%(7-%) dr
13.f xY2sin(x3%2 + 1) dx 14, f Csc(ﬂ) COt(?) dv

15 f sin(2t+1) dt 16. fsecztanZdZ 17. f COS( - 1) dt

cos2(2t+1)
18. f _cos(ve+3)dt  19.[ ;singcoszdf 20 f\/f;’;*é_rdg




2L 22.f |[tdx 23. [ 4 |2 —1dx

24. [ L [P dx 25.f [PRtdx 26. [ | dx
27. [x(x — 1DP0dx 28_fx\/m dx 29.f(x + 1)?(1 — x)°dx
30. f(x +5)(x = 5)"3dx 31 [x3VxZ + 1dx  32.[3x°Vx3 + 1dx
33f Gz dx 34.[mdx
. If you do not know what substitution to make, try reducing the integral
step by step, using a trial substitution to simplify the integral a bit and
then another to simplify it some more. You will see what we mean if

you try the sequences of substitutions in the following Exercises
a) fls(;ifiarf;z;zxdx I. u = tan x, followed by v = u3, then by w =
2 +v
Il. u = tan3 x, followed by v =2 +u
Il.u =2+ tan3x
b) [ /1 4+ sin2(x — 1) sin(x — 1) cos(x — 1) dx
I. u= x—1, followed by v = sinu, then by
w =1+ v?
Il. u = sin (x — 1), followed by v = 1 + u?
1. u =1+ sin?(x — 1)
4. Evaluate the integrals in following Exercises

(2r-1)- cos [3(2r-1)2+6
) [

/3(2r—1)2+6

D)) Focoriva @6

dr
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4.3 Definite integral Substitutions and the Area Between Curves:

There are two methods for evaluating a definite integral by substitution.
One method is to find an antiderivative using substitution and then to
evaluate the definite integral by applying the Evaluation Theorem. The
other method extends the process of substitution directly to definite
integrals by changing the limits of integration. We will use the new
formula that we introduce here to compute the area between two curves.

4.3.1 The Substitution Formula:

The following formula shows how the limits of integration change
when we apply a substitution to an integral.

Theorem (Substitution in Definite integrals):
If g’ is continuous on the interval [a, b] and f is continuous on the
range of g(x) = u, then

i g - g Gdx = [ fwdu

Remark:

To use Theorem, make the same u-substitution u = g(x) and du =
g'(x) dx that you would use to evaluate the corresponding indefinite
integral. Then integrate the transformed integral with respect to u from the
value g(a) (the value of u at x = a) to the value g(b) (the value of u at
x = b).

Example (*):
Evaluate f_ll 3x%Vx3 + 1dx.
Solution:

We will show how to evaluate the integral using Theorem (Substitution
in Definite integrals), and how to evaluate it using the original limits of
integration.

Method 1: Transform the integral and evaluate the transformed integral
with the transformed limits given in Theorem.
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f_ll 3x%Vx3 + 1dx Letu = x3 + 1, du = 3x2 dx.

Whenx =-1u=(-1)3 + 1 = 0.
Whenx =1,u = (1)3 + 1= 2.

foz Vudu
§u3/2](2) Evaluate the new definite integral
3 3
=2[22 - 02| = 2[2v2] =42,
Method 2: Transform the integral as an indefinite integral, integrate,
change back to x, and use the original x-limits.

f3x2\/x3+1 —f\/ﬂdu Letu = x3 +1,du = 3x2 dx.

2udlz 4 ¢ Integrate with respect to u.
2P+ 132+ Replace u by x3 + 1.
1
f_ll 3x*Vx3 4+ 1dx =2(x* + 1)3/2]_1 Use the integral just found, with
limits of integration for x.

= 2[((1)* + D¥2 - ((-1)° + 1)*/?]
— ;[23 - 03] =2[2V2

Remark:

Which method is better - evaluating the transformed definite integral
with transformed limits using Theorem, or transforming the integral,
integrating, and transforming back to use the original limits of integration?
In Example (*), the first method seems easier, but that is not always the
case. Generally, it is best to know both methods and to use Whichever one
seems better at the time.

Example:
We use the method of transforming the limits of integration

/2 0 Letu = cot0,du = —csc* 0 do
cotOcsc?60do = u-(—du ’ ’
m/4 fl ( ) —du = csc? u du.

= 1.




= — flou du
u2
—[£13
0?2  @?

__[___ -

2 2
b) 7-"-/ZZSinxcosxd _ (14 Letu=1+sin?x,du =
zsinxcosxdy = | L du ’
fo (1+sin? x)3 fo u3 2 sin x cos x dx.
Whenx = 0,u = 1.
Whenx =m/2,u = 2.

2
= 1P =i (=) =%.m
2u?lq 8 2 8

4.3.2 Definite Integrals of Symmetric Functions:

The Substitution Formula in Theorem (Substitution in Definite
integrals) simplifies the calculation of definite integrals of even and odd
functions over a symmetric interval [—a, a].

}Z‘

+

> 1

—a ] a

For f an even function, the integral | For f an odd function, the integral
from —a to a is twice the integral | from —a to a equal 0.

from 0 to a.
Theorem:

Let f be continuous on the symmetric interval [—a, a].
a) If fiseven, then [ f(x)dx = 2 [ ' f(x)dx.
b) If f is odd, then[" f(x)dx = 0.

Example:
Evaluate [° (x* — 4x? + 6) dx.
Solution:




Since f(x) = x* — 4x? + 6 satisfies f(—x) = f(x), it is even on the
symmetric interval [—2, 2], so
2 . 4 2 — 9 (2 4 2
Jo,(x* —4x? + 6)dx =2 [/ (x* — 4x* + 6) dx
2
=2[§—§x3+6x]0 .
= 2(% - % + 12) ] Upper curve
_ 232 y = fix)
=15 |

4.3.3 Areas Between Curves:

Definition:
If f and g are continuous with f(x) >
Lower curve
g(x) throughout [a, b], then the area of the y = 2(@)
region between the curves y = f (x) and  The region between the curves y =
y = g(x) fromato b istheintegral of (f — f(x)and y = g(x) and the lines
g) from a to b: x = aandx = b.

A= [JIF @) - g()] dx.

Remark:

When applying this definition, it is usually helpful to graph the curves.
The graph reveals which curve is the upper curve f and which is the lower
curve g. It also helps you find the limits of integration if they are not given.
You may need to find where the curves intersect to determine the limits of
integration, and this may involve solving the equation f(x) = g(x) for
values of x. Then you can integrate the function f — g for the area between
the intersections. -

Example:
Find the area of the region enclosed by the
parabolay = 2 — x? and the line y = —x. (=L 1)

Solution: |
-1
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First, we sketch the two curves. The limits of
integration are found by solving y = 2 — x? and
y = —x simultaneously for x.
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2 —x2 = —x Equate f(x) and g(x).

x2 —x—2=0 Rewrite.

x+1D(x—-2)=0 Factor.

x=-1x=2 Solve.
The region runs from x = —1 to x = 2. The limits of integration are a =
—1,b = 2. The area between the curves is

A= [IIf(x) — g()]dx = [*[(2 - x?) — (—x)] dx
= f_21(2 +x —x%)dx = [2x + "2—2 — 22,

3
=(4+2-9) - (-2+1+)=2.m
Remark:

If the formula for a bounding curve change at one or more points, we
subdivide the region into subregions that correspond to the formula
changes and apply the formula for the area between curves to each
subregion.

Example (**): |

Find the area of the region in the first A=~ 3{.‘{"—? —x+2)dx

quadrant that is bounded above by y = v/x 1 ff \ y=vx
0

~ .\
and below by the x - axis and the line [ Ara=[Vrdr | (n/&)
y=x — 2. (x. flx))

Solution: -

The sketch shows that the region’s
o

upper boundary is the graph of f(x) = / ¥y=02

Vx. The lower boundary changes from @ gx))

gx)=0 for 0<x< 2 to gx)=x—-2 for 2 < x< 4 (both
formulas agree at x = 2). We subdivide the region at x = 2 into
subregions A and B.

The limits of integration for region Aarea = 0and b = 2. The left-
hand limit for region B is a = 2. To find the right-hand limit, we solve
the equations y =+x andy = x — 2 simultaneously for x:

Vx=x—=2 Equate f(x) and g(x).
x=(x—2)>=x%—4x+4  Square both sides.
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x2 —5x+4=0 Rewrite.
x—1D(x—-4)=0 Factor.
x=1x=4 Solve.
Only the value x = 4 satisfies the equation vx = x — 2. The value
x = 1 is an extraneous root introduced by squaring. The right-hand limit
iIsb = 4.
Foro<x<2 f(x)— g =+vx — 0 =+x
For2<x<4 f(x) —gkx) =vx—(x —2) =vx—x + 2

We add the areas of subregions A and B to find the total area:

Total area = f02 Vxdx + f:(\/E —x + 2)dx
area of A area of B
= [ + [ - S 24
=2(2)¥2 — 0+ (2(4)7 —8+8) — (207 — 2 +4)
=i -2=2.n
4.3.4 integration with respect to y:
If a region’s bounding curves are described by functions of y, the

approximating rectangles are horizontal instead of vertical and the basic
formula has y in place of x. For regions like these:

¥ / ¥
“ . i

/@_
: x = fiy) / ) _-TZQV/
[ ]

/ !
'. | ¢ — AW
\ x = gy L |
— ——
"II—_ = I|

x =gy ° J

X

c

X

0

use the formula A = ff[f(x) — g(x)]dx. In this equation f always

denotes the right-hand curve and g the left-hand curve, so f(y) — g(y) is
nonnegative.




Example(***):

Find the area of the region in
Example (**) by integrating with ey, v _
respect to y. \ X=y+2
Solution: 0 LAY +qu':|~_ﬁ
=1y — 19(}'1—14

We first sketch the region and a
typical horizontal rectangle based on a o y=0 2
partition of an interval of y-values. The region’s right-hand boundary is
the linex = y + 2,50 f(y) = y + 2. The left-hand boundary is the
curve x = y%,s0 g(y) = y2. The lower limit of integration is y = 0.
We find the upper limit by solving x = y + 2 and x = y?
simultaneously fory:
y+ 2 =y? Equate f(x) = y + 2 and g(x) = y2.
y2 —y—2=0 Rewrite.
(y + 1)(y —-2)=0 Factor.
y=-1y=2 Solve.
The upper limit of integrationis b = 2. (The value y = —1 gives a point
of intersection below the x-axis.). The area of the region is
A= [0 - gOldx = [[ly +2-y*ldy
= [[2+y-y*ldy = [2y + 2 - 23
=(4+1-9=".
This is the result of Example (*), found with less work. m
Remark: y
Although it was easier to find the ’
area in Example (**) by integrating with
respect to y rather than x (just as we did
in Example (***)), there is an easier way
yet. The area we want is the area <~ 5

between the curve y =+/x and the x- o y=0 2 4

axis for 0 < x < 4, minus the area of The area of the blue region is the area under
the parabola y = +/x minus the area of the
triangle.
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an isosceles triangle of base and height equal to 2. So by combining

calculus with some geometry, we find
4

4 1 . 3 2 10
Area=f0\/§dx—5(2)(2)=§xz] —4=2(8)-0-2=2"

0
Example:
Find the area of the region bounded

below by the line y = 2 — x and above !

by the curve y =V 2x — x2.

Solution:

A sketch of the region is displayed in g
Figure, and we see that the line and curve intersect at the points (1, 1) and
(2, 0). Using vertical rectangles, the area of the region is given by

A =f12(\/ 2x — x%+x—2)dx.
However, we don’t know how to find an antiderivative for the term
involving the radical, and no simple substitution is apparent.

To use horizontal rectangles, we first need to express each bounding
curve as a function of the variable y. The line on the left is easily found

tobe x =2 — y. For the curve y = v 2x — x2 on the right-hand side we
have
y? = 2x — x?

= —(x2—-2x+1)+1 Complete the square.

=—(x-1%*+1
Solving for x,

(x—1)2=1-y?
x=1+.1—y? x>1,0<y<1

The area of the region is then given by
A=[A+{1-y2)-@-y]ldx=[,(JT-y2+y-1)dx

Again, we don’t know yet how to integrate the radical term. We conclude
that neither vertical nor horizontal rectangles lead to an integral we
currently can evaluate.
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Nevertheless, as we found with Example (***), sometimes a little
observation proves to be helpful. If we look again at the algebra for

expressing the right-hand side curve y = v 2x — x? as a function of y, we
see that (x — 1)% + y2 = 1, which is the equation of the unit circle with
center shifted to the point (1, 0). From Figure, we can then see that the area
of the region we want is the area of the upper right quarter of the unit circle
minus the area of the triangle with vertices (1, 1), (1, 0), and (2, 0). That
IS, the area is given by

A= %— =”T‘2zo.285.-

Exercises:

1. Use the Substitution Formula in Theorem (Substitution in Definite
integrals) to evaluate the integrals in following Exercises

1) a) f03,/y + 1dy 2)  a) fol rv1 —ridr
b) f_ol,/y + 1dy b) f_llr\/1 — r2dr
3) a) fO”M tan x sec? x dx 4) a) f:S cos? x sin x dx

b) f_on/4 tan x sec® x dx b) f;: 3 cos? x sinx dx

°) a) [ t3(1+tY)3de %) a f(;ﬁ £t + 1)V3 dt
b) [2, 31+ t*)3dt b) [° \/—t(tz + 1)1/3 dt
8) ) fo 10Vv

(1+v3/2)2

10y

9) ) fo J% doc 10) q) fo ﬁ

VB 4
b) f_ﬁﬁdx b) J° 1de
a) fol tv4 + 5tdt 12) a) f (1 — cos 3t)sin 3tdt
b) [, tV& +5tdt b) f (1 — cos 3t)sin 3tdt

)f 052z 14) Qq) f_ﬂ/z(Z + tan D)sec® Ldt

1
7) a) f 1 (4_+5:2)2 dr




B R R T 7 R T "
e e

T Z
b) S, Tz b) f_n7:/22(2 + tan $)sec? Ldt

15) (1£5 F 2c(4t 16) [*
) fy VS + 2t (4t* + 2)dt O [ iren

17) fon/6 cos™3 26 sin 20 d6 18) fﬂ3n/2 cot>(%) sec?(2) db
19) fon 5(5—4cott)Y*sintdt 20) f:/4(1 — sin 2¢)3/2 cos 2t dt
21) f01(4y —y% +4y3 + 1)72/3(12y% — 2y + 4)dy

1 -
2) [, +6y* =12y + 9)7V2(y? + 4y — A)dy

3 -1/2 , _5 .
23) fom\/gcosz(es/z) do 24) J_ Tt sin? (1 + D dt

2. Find the total areas of the shaded regions in the following Exercises:
1 b)

-'II_Z‘

~

y={(1 —cosx)sinx
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(3, —5)

3. Find the areas of the regions enclosed by the lines and curves in the
following Exercises:

1)y=x?—2andy = 2. 2)y =2x—x*andy = 3.

3)y =x*and y = 8x. 4)y =x?—2xandy = x.

5 y=x?andy = —x? + 4x. 6)y=7-—2x%andy = x? + 4.

y=x*—4x?*+4andy = x2. 8) y =xVaz —x2,a>0andy = 0.

9) y = +/Ix| and 5y = x + 6 (How many intersection points are there?)

10) y = [x? — 4| andy = (x2/2) + 4

11)x =2y%,x=0andy = 3. 12) x =y?andx =y + 2.

13)y? —4x =4and4x —y =16. 14) x —y? =0and x + 2y? = 3.

15)x + y? = 0and x + 3y? = 2. 16) x —y?/3 = 0and x + y* = 2.

17)x =y2 —1and x = |y|/1— y2. 18) x =y*—y?andx = 2y.

19)4x?>+y=4andx*—y=1. 20) x> —y=0and3x%? —y = 4.

21)x +4y* =4andx +y* =1forx 2 0. 22) x + y2 = 3 and 4x + y? = 0.

23) y = 2sinxandy = sin2x,0 < x <.

24) y = 8cosxandy = sec?x,—n/3 < x< m/3.

25)y = cos (mx/2)andy =1 — x? 26) y = sin (mx/2) andy = x

27) y = sec?x,y = tan*x,x = —n/4,andx = w/4

28) x = tan*y,x = —tan®*y, —n/4 <y <m/4.

29) x = 3siny,/cosyandx = 0,0 < y <m/2

30) y = sec? (mx/3)andy = x¥/3,-1 < x < 1.

4. Find the area of the propeller-shaped region enclosed by the curve x —
y3 = Oandthelinex — y = 0.
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. Find the area of the propeller-shaped region enclosed by the curves x —
y/3 = 0and x —y'/5 = 0.

. Find the area of the region in the first quadrant bounded by the line y =
x,the linex = 2,thecurvey = 1/x2, and the x-axis.

. Find the area of the “triangular” region in the first quadrant bounded on
the left by the y-axis and on the right by the curves y = sinx andy =
COS X.

. The region bounded below by the parabola y = x? and above by the
line y = 4 is to be partitioned into two subsections of equal area by
cutting across it with the horizontal line y = c.

a) Sketch the regionand draw aline y = c across it that looks about right.
In terms of ¢, what are the coordinates of the points where the line and
parabola intersect? Add them to your figure.

b) Find ¢ by integrating with respect to y. (This puts ¢ in the limits of
integration.)

c) Find ¢ by integrating with respect to x. (This puts c into the integrand
as well.)

9. Find the area of the region between the curve y = 3 — x? and the line
y = —1 by integrating with respecttoa) x, b) v.

10. Find the area of the region in the first quadrant bounded on the left by
the y-axis, below by the line y = x/4, above left by the curve y =
1 ++/x, and above right by the curve y = 2/+/x.

11. Find the area of the region in the first y

quadrant bounded on the left by the y- ’

axis, below by the curve x =2,[y,

above left by the curve x = (y — 1)?,
and above right by the linex = 3 — y.
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12. The figure here shows triangle AOC
inscribed in the region cut from the
parabola y = x? by the line y = a2 \A
Find the limit of the ratio of the area of the (~@.a%
triangle to the area of the parabolic region

as a approaches Zero. |
—d )

13.Suppose the area of the region between the graph of a positive
continuous function f and the x-axis from x = a to x = b is 4 square
units. Find the area between the curves y = f(x) and y = 2f(x) from
x = atox = b.

14. Which of the following integrals, if either,
calculates the area of the shaded region
shown here? Give reasons for your answer.

a) f_ll(x — (=x))dx = f_ll 2x dx.
b) f_ll(—x — (x))dx = f_ll —2x dx.

_]_

15. True, sometimes true, or never true? The area of the region between the
graphs of the continuous functions y = f(x) and y = g(x) and the
vertical linesx = aandx = b(a < b)is

LPIf () — g(0)] dx.

Give reasons for your answer.




Calculus I1
Second Semester
Lecturer 2
Dr. Ban Jaffar AL-Taiy
Taghreed Hussein Abed




4.4 Integrals and Transcendental Functions:

Our treatment of the logarithmic and exponential functions has been
rather informal. In this chapter, we give a rigorous analytic approach to the
definitions and properties of these functions. We also introduce hyperbolic
functions and their inverses. Like trigonometric functions, these functions
belong to the class of transcendental functions.

4.4.1 The Logarithm Defined as an Inteqral:

In section 1.4, we introduced the natural logarithm function ln x as the
inverse of the exponential function e*. The function e* was chosen as that
function in the family of general exponential functions a* ,a > 0, whose
graph has slope 1 as it crosses the y-axis. The function a* was presented
intuitively, however, based on its graph at rational values of x.

In this section we recreate the theory of logarithmic and exponential
functions from an entirely different point of view. Here we define these
functions analytically and derive their behaviors. To begin, we use the
Fundamental Theorem of Calculus to define the natural logarithm function
In x as an integral. We quickly develop its properties, including the
algebraic, geometric, and analytic properties with which we are already
familiar. Next, we introduce the function e* as the inverse function of in x,
and establish its properties.

Defining In x as an integral and e* as its inverse is an indirect
approach that gives an elegant and powerful way to obtain and validate the
key properties of logarithmic and exponential functions.

Definition: '|I IF0 < x = I, then Inx -'[ la- -'[.}m

The natural logarithm is the function given by | s e o i }
}' ."l Fx= 1 tenmx=| ddr
X :lll\ "II eives this ara 1 _J___.--.-""
Inx=1[ dat, x>0. i&“‘ i -
| |
|
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From the Fundamental Theorem of Calculus,
In x is a continuous function. Geometrically, if
x > 1,then In x is the area under the curve

Ifx-].lb:nlr.x-fj;




y=1/tfromt=1tot =x.For0 < x < 1,In x gives the negative of
the area under the curve from x to 1, and the function is not defined for
x < 0. From the Zero Width Interval Rule for definite integrals, we also

1
haveIn1 = [ ;at = 0.
Notice that the graph shows y = 1/ x but use y = 1/ t in the integral.

Using x for everything would have us writing Inx = ff%dx, with x
meaning two different things. So, we change the variable of integration to t.

Definition:
The number e is the number in the domain of the natural logarithm

that satisfies In(e) = J; Lar = 1.

Remark:
If u is a differentiable function that is never zero, then

Jidu=Inlu| +C.

This equation applies anywhere on the domain of % which is the set of

points where u # 0. It says that integrals that have the form [ ‘L—“ lead to

logarithms. Whenever u = f (x) is a differentiable function that is never
zero, we have that du = f'(x) dx and

f%du =In|f(x)| + C.

Example:
We rewrite an integral in the form [ <.
f”/z 4cos 6 =f53du u=3+2sin0,du = 2 cos 6 de,
—m/23+2sin@ 1u u(—-m/2) = 1,u(m/2) =5
=2Inlu|]} =21In|5| - 2In|5| =2In5
Note that u = 3 + 2 sin 8 is always positive on [—-r /2,7 /2]. =
Remark:
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e*, then [ e*dx = e* + C.
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Example:
a) f;nze3de — f;ngeug du u = Sx%du = dx,u(0) =0,
u(In2) =3In2=1In23 =1n8.

_lglns o1 g8 1o
—f e du—ge]o =-(8-1) =]

b) fn/ eS"¥ cos x dx = esmx]n/2 el—e’=e—1.m
Remark:
If f(x) = a*, then [ a*dx = %+ C.

Example:
a) [2%dx = 2 + C.

ln2
u -
b) [25" ¥ cosxdx = [2%du=2_+C u = sinx,du = cos x dx,
»sinx

= +C.m

In2

4.4.2 Derivatives and Integrals Involving log, x
To find derivatives or integrals involving base a logarithm, we convert
them to natural Iogarithms Ifuisa positive differentiable function of x, then

d _ d dnuy _ 1 1 du
(loga u) (m ln a1d (113 u) ln a u dx
u

d%aoga w) = L

Ina udx’

Example:
1
a) _loglo Bx+1) = m 3x+1  dx (3x +1) = (In 10)323x+1)

b) flo*‘izx dx = —flnTxdx log,x = :n;

wdu u=Inx, du—ldx

1 u? __ (lnx)Z (In x)?
1n2 2+C In2 2 +0= 21n2+C.

4.4.3 The Inteqgrals of tan x, cot x, sec x, and csc x:

The integration of trigonometric functions is

[tanx dx = fz:;’;dx = f%““ u=cosx> 0on (-m/2,m/2),
du = —sinxdx

—In|u| + C = —1In|cosx| + C

1n| | + C =In|secx| + C Reciprocal Rule

COS x

3




For the cotangent,

fcotxdx:fcosxdxzf% u=sinx,du = cosxdx

= In|u| + C = In|sinx| + C = —In|csc x| + C.
To integrate sec x, we multiply and divide by (sec x + tan x) as an
algebraic form of 1.

2
secx+tanx sec” x+secx tanx
secxttand dx = | dx
(secx+tanx) secx+tanx

[secxdx = [secx

= %”zln|u|+(] u = secx + tanx,

= In |secx + tanx| + C du = (secxtan x + sec2 x)dx

For csc x, we multiply and divide by (csc x + cot x).

2

cscx+cotx — [ csc*x+cscx cotx

x {sexteott gy = | dx
(cscx+cotx) cscx+cotx

[escxdx = [ csc

=f—d7“=—ln|u|+C u = cscx + cotx,

= —In|cscx + cotx| + C du = (—csc x cot x — csc? x)dx

In summary, we have the following results.

Integrals of the tangent, cotangent, secant, and cosecant functions
[tanudu =In|secu| +C [secudu = In|secu+tanu|+ C
[cotudu = —In|cscu| +C [cscudu = —In|cscu+ cotu|+C
Example:

/6 /3 du _ 1 (T/3 Substitute u = 2x
tan 2x dx = tanu s == tanu du ’
fO fO 2 2f0 dx =du/2,u(0) = 0,

u(m/6) = >3
= %lnlsecuﬂg/3 = % (In2-1In1) = %ln 2.m
4.5.4 The Integrals of inverse trigonometric functions:
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The derivative formulas in section 3.8.5 yield three useful integration
formulas in Table 1. The formulas are readily verified by differentiating the
functions on the right-hand sides. Since two notations are regularly used to
represent the inverse sine function, we state these formulas using both
notations, sin~! x as well as arcsin x, and similarly for the other inverse
trigonometric functions.




TABLE 1. Integrals evaluated with inverse trigonometric functions
The following formulas hold for any constant a > 0.
Ty +C (Valid for u? < a?)
2. [ A —laan- L@ +C (Valid for all u)
a

a?+u?
du _1 - i
3. fm_zsec 1|E|+C (Valid for |[u| > a > 0)
The derivative formulas in section 3.8.5 have a = 1, but in most integrations
a # 1, and the formulas in Table 1. are more useful.

Example:
V3/2

\/_/2 dx . o .
a) f V2)2 JiaZ = sin™ x]\/—/z a=1,u= xinTablel., Formulal

=sin"1(v3/2) —sin"}(v2/2) =Z-Z =T

3 4 12

b)fm IJT a=\/§,u 2x,and du/2 =
= sm_l(—) + C Table 1., Formula 1

== sm_l(\/_) + C
C) f dx =f du u = e*,du = e*,
Ve2X—¢ uvu2-a? dx =du/e* = du/u,a = V6
= Lsec! g| 4+ C Table 1., Formula 3

_1le*
= Llsecl|=

N
Example:
dx dx
Evaluate a) fﬁ’ b) [ 2.
Solution:

a) The expression v4x — x? does not match any of the formulas in Table 1.,
so we first rewrite 4x — x? by completing the square:
4x —x2=—(x?—4x)=—(x?—4x+4)+4=4—(x—2)2

dx

dx _
f\/4x—x2 B f 4—(x—2)2

=fd—“ a=2u=x-—2and du = dx

N
=sin™' (%) + C Table 1., Formula 1

= sin~ 1 (*=2
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b) We complete the square on the binomial 4x2 + 4x:
Ax° +4x +2 =4(x%* +x) + 2 =4(x2+x+%)+2—§
=4(x+§)2+1 =(2x+1)* +1.
Then,
f o = a=1lu=2x+1anddu/2 =dx

4x%+ax+2

(a) +C Table 1., Formula 2

1 ax+1) + C. a=1lu=2x+1.m

Exercises:
1. Evaluate the integrals in following Exercises

a)f de b) J‘O 3dx C) ;%’_‘123;

13x—

d) f:z‘ﬂ e) [T ZSICr:)’;tdt f) (73 ssino_gg

1—4cos @

2 4 . 4
g) f zlnxdx h) f x‘llrfx I) fZ x(lngzc)2
i) [, k) [ 2=t dt ) S dy

2xVInx 6+3 tant

m) J, "2 tan 3 dx n) f cott dt 0) fn/z 2cot2d6
p) fon/lz 6tan3xdx 9) f2f+2x r) me(Zzzﬁffanx)

2. In the following Exercises, use logarithmic differentiation to find the
derivative of y with respect to the given independent variable.

a)y=+Jx(x+1) b y = . _\/T
JOZ+ D(x — 1)2 Y=
dy= [—= e) y=+v60 + 3sin6 f) y = (tan8)V260 + 1

t(t+1)

9 y=t(t+1D(t+ h)yzm i)y= 0+5

OcosfO
— 6sin6 _ xx2+1 ’x 10
Vsec @ k)y - )23 |) y = %
3 [x(x-2) - 3 ’ x(x+1)(x—2)
m) y x2 +i n) y (x2+1)(2x+3)
3. Evaluate the integrals in the following Exercises:
1) J(e* +5e™)dx  2) [(2e* —3e7*F)dx 3 flln3
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5) [8e™*Ddx
8) fln16 x/4 gy
11) f2te‘t2dt
14) [

16) f, (1 + e'"9) sec? 0 do
18) fese”” secTt - tan 7t dt

20)f 2 2¢7 cos e? dv 2 f

In(%)
23)f5xdx 24) f3 < d
27)f 2("2) dx

26)[° 57 d6
29) [ 705t sint dt 30) [*(E)Antsec? ¢ dt
33) [ 3x‘/_ dx

32)f x2x
36) [ xUnD-1qx

1+2x2
35) [ (VZ + 1)xﬁ dx
38) f4' logox dx 39) f4 In 2-log2x dx
41)f2 loga(x+2) 42) fl/olomd
44) [Prlogze=n gy 45) [ xloglox

1
47)[1“"% dt,x >1  48) ff Lt
SO)fol dt,x > 0

53)f 17+x2
56) [

4) fol ,e dx
7) fllng x/2x

1/x 1/x
7'[/4-

17) f

x

/4,4

) I
54) f 9+3x2

4ds

57) [} i
2
59 )f 8+C;tt2 60) f 24+31:2

\/_/3 dy 63)f 3dr

2/3 y ’9y2—1 /1—4(r—1)2
dx dx

xVsz 4

62) .

/2

cos(e”* )dx 22“‘

6) [2e*~Ddx
9) [ <= dr
12) [t3e®dt
15) flir dr

(1 + e°%) csc? 0 do
19) fecsc(””) csc(m + t) - cot(m + t) dt

1+e*
25) [ 279 de
28) [[22 d
31) [ x%* (1 + Inx)dx
34) [ xV2=1 gy

37) [ e9a0x gy
40)fe 21n 1o-log10x dx
43) [} 2log10e+n) gy

x+1

)fx(loggx)z
49) [+ dt,x > 0

R
dx
55) J.x\/ZSxZ 2

3W2/4 4
58) f \/9f452
61) J_,
6dr

64) f [4—(r+1)2
67) [ dx

(2x—1) /(zx—1)2—4

V2/2

dy

yj4y2—1
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68) [

71)f
74) [

77 [°

80) [ —etrs
83)
86) [

89) [ £ e
92) [

sec?(sec
95) f\/_ a(c\/xz—l

98) J;

dx

(x+3) /(x+3)2—25
In \/§ eXdx
1+e2X

sec? ydy

/1—tan2 y

6 dt

1\/3 2t t2

y2+6y+10

x+4
2+4dx

3_,42

£-2t243t-4 74
t2+1

esm

NE x2
Vtan—1x dx

1+x2

~1x)dx

1 tan™
1+x2

69) fn'/Z 2 cos 0d6

/2 1+(sin )2

/4
72) fle 4 dt

t(1+1nZ¢t)
75
) f\/ x2+4x 3

6 dt
/8) f1/2 V3+at—at2
81) fl 8 dx

x2—2x+2

84) ftz 6t+10

87) f (x+1)\/ x2+2x

90) fJ__xz
93) J

(tan—1 y)(1+y2)
“1x)adx

06) 7 gt
99) fl/‘/_ cos (tan~13x) dx

1+9x2

/4 csc2 xdx
70) f /6 1+(cotx)2
73) [ 22

fl—y4

76) f 2x— x2

d
79) ITJ;,_,_S
82) J‘Z 2dx

x2—6x+10

85) fx +2x— 1dx

2+9

88) f (x—2)V x2—4x+3

sin™ xz X
o1) [ n-Lefe

94) &y

(sin~1ly) [1—-y2

97) J I dx
100 L dx
) f«/%(x+1)((tan—1\/§)2+9) x I




4.5 Hyperbolic Functions:

The hyperbolic functions are formed by taking combinations of the
two exponential functions e*and e™*. The hyperbolic functions simplify
many mathematical expressions and occur frequently in mathematical
and engineering applications.

Definition:
The hyperbolic sine and hyperbolic cosine functions are defined by
the equations

eX—e™X eX+e™X

sinhx = and coshx =

We pronounce sinh x as “cinch x,” rhyming with “pinch x,” and cosh x
as “kosh x,” rhyming with “gosh x.” From this basic pair, we define the
hyperbolic tangent, cotangent, secant, and cosecant functions. The
defining equations and graphs of these functions are shown in Table 2. We
will see that the hyperbolic functions bear many similarities to the
trigonometric functions after which they are named.

TABLE 2. The six basic hyperbolic functions

Yy =coshx
A
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Hyperbolic sine: Hyperbolic cosine: Hyperbolic tangent:

_ X1 o—x __ sinhx _ e*—e~”
e coshx = £*° tanhx = Sy T erre
2 Hyperbolic cotangent:

coshx _ e*+e™*

X

sinh x =

cothx = sinhx  eX—e~X
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v =cschx
N

—

(e)

Hyperbolic secant: | Hyperbolic cosecant:
1

cosh x
2

~ Tye X
Remark:
Hyperbolic functions satisfy the following identities in Table 3.

sechx =

TABLE 3. Identities for hyperbolic functions
1. cosh? x — sinh?x = 1 5.sinh?x =

cosh2x—1
2

2. sinh 2x = 2 sinh x cosh x 6. tanh®? x = 1 — sech? x
3. cosh 2x = cosh? x + sinh®*x 7.coth?x = 1 + csch? x
4,

coshzx — cosh§x+1

These identities are proved directly from the definitions, as we show
here for the second one:

2 sinh x coshx = 2 (ex_:_x) (exze_x) =2 (er_:—Zx) = ezx_ze_zx = sinh 2x.

The other identities are obtained similarly, by substituting in the
definitions of the hyperbolic functions and using algebra.
Remark:

For any real number u, we know the point with coordinates
(cos u, sin u) lies on the unit circle x2 + y? = 1. So, the trigonometric
functions are sometimes called circular functions. Because of the first
identity cosh? x — sinh? x = 1,with u substituted for x in Table 3, the
point having coordinates (cosh u, sinh u) lies on the right-hand branch of
the hyperbola x2 — y2 = 1. This is where hyperbolic functions get their
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4.5.1 Derivatives and Integrals of Hyperbolic Functions:

The six hyperbolic functions, being rational combinations of the
differentiable functions e* and e™*, have derivatives at every point at
which they are defined (Table 4.). Again, there are similarities with
trigonometric functions.

TABLE 4. Derivatives of hyperbolic functions
du
X

d , . du d .
1— (sinhu) = coshua 2. a(cosh u) = smhud—

d d d d
3. — (tanhu) = sech? u=— 4. = (cothu) = — csch? u=—
dx dx dx dx

5, 2 (sechu) = —sechutanhu du g L (cschu) = —cschu cothu du
dx dx __ dx dx

The derivative formulas are derived from the derivative of e¥;
d , . d et—e o ]
— (sinhu) = — (——) Definition of sinh u
dx dx 2
du  _ydu o
_Sax ° dx Derivative of e*
2
du e
= cosh ud— Definition of cosh u
X

This gives the first derivative formula. From the definition, we can

calculate the derivative of the hyperbolic cosecant function, as follows:

d d 1 L
—(cschu) = —(—) Definition of cschu
dx dx 51r}11hg
cosnhuau . . .
- Quotient Rule for derivatives
sinh? udx

- —_— Rearrange terms.
sinhu sinh udx

—csch u coth u% Definitions of csch u and coth u

The other formulas in Table 4. are obtained similarly.
The derivative formulas lead to the integral formulas in Table 5.

TABLE 5. Integral formulas for hyperbolic functions

1. [ sinhudu = coshu + C 2. [ coshudu = sinhu + C

3. [sech?udu = tanhu + C 4. [ csch®* udu = —cothu + C

5. [ sechutanhudu = —sechu + C 6. [ cschucothudu = —cschu + C




Example:
We illustrate the derivative and integral formulas
a) %(tanhm) = SeCh2 \/1 + t2 %\/1 T2 = M

1+t2
b) [cothSxdx = [ dx =2 [ & u = sinh 5z,
du = 5cosh 5xdx

= ZIn|u| + € = in|sinh 5x| + C
c) fol sinh? x dx = fol cosh2x—1;y Table 3.

2
: 1
%fol(cosh 2x — Ddx = %[Sm: X _ x]

0
inh2 1 .
= Slr; — ==~ 0.40672 Evaluate with a calculator

d) f;n24e" sinh x dx = flnz Xee Ty = fan(Z 2X — 2)dx
= [e** — Zx]},r12 = (e?2!m2-2In2) - (1-0)
=4—-2In2—-1=1.6137.m

4.5.2 Inverse Hyperbolic Functions:

The inverses of the six basic hyperbolic functions are very useful in

d(sinh x)

integration. Since = cosh x > 0, the hyperbolic sine is an

increasing function of x. We denote its inverse by y = sinh™! x. For every
value of x in the interval —oo < x < oo, the value of y = sinh™1 x is the
number whose hyperbolic sine is x.

¥ y=sinhx y=x
4

Fa

e

i -
¥= sinh~1 x
(x = sinh y)
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J— . vy =sechx
y=cosh™ " x o

o i 4 -
—,f// (x =coshy, y=10)
L1 L 7

ol 12345678 0
FIGURE. The graphs of the inverse hyperbolic sine, cosine, and secant
of x. Notice the symmetry about the liney =

— b ed f= LA TN =] O

X

)
I
3

B R R T 7 R T "
f ok b o ol s sl s s b o sl s sl s s i sl sl s s st




R
™
o
]
]
]
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
sie
i
sie
sie
sie
s
1
™
1
™
1
™
1
™
1
™
1
™
1
S
1
™
1
™
1
S
1
S
1
N
1
S
1
S
1
S
1
i
1
]
o
o

Remark:

The function y = cosh x is not one-to-one because of its graph in
Table 2. does not pass the horizontal line test. The restricted function y =
cosh x,x = 0, however, is one to - one and therefore has an inverse,
denoted by y = cosh™! x. For every value of x > 1,y = cosh ! x is
the number in the interval 0 < y < oo whose hyperbolic cosine is x.

Like y = cosh x, the function y = sech x = 1/cosh x fails to be
one-to-one, but its restriction to nonnegative values of x does have an
inverse, denoted by y = sech™! x. For every value of x in the interval
(0,1],y = sech™lx is the nonnegative number whose hyperbolic secant
IS X.

The hyperbolic tangent, cotangent, and cosecant are one-to-one on
their domains and therefore have inverses, denoted by

y=tanh™'x, y=coth™*x, y=csch™!x.

| [ 1 - .

X =Ilanh ¥ /1 . x =csch 1|

¥ =jtanh~1x / y=esch™'x
|

-1 1

<

—

/

FIGURE. The graphs of the inverse hyperbolic tangent, cotangent, and
cosecant of x.

TABLE 6. Identities for inverse hyperbolic functions

1. sech™1lx = cosh‘li 2. csch™1x = Sinh‘li 3. coth™lx = tanh‘li

Remark:

We use the identities in Table 6. to calculate the values of
sech™'x, csch™ x, and coth™'x on calculators that give only cosh™'x,
sinh~1x, and tanh~1x. These identities are direct consequences of the
definitions. For example, if 0 < x < 1, then
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sech(cosh™1(})) = - -5 x
( (x)) cosh(cosh_l(%)) &

We also know that sech (sech ™ x) = x, so because the hyperbolic
secant is one-to-one on (0, 1], we have cosh™'1 = sech 'x.

4.5.3 Derivatives of Inverse Hyperbolic Functions:

An important use of inverse hyperbolic functions lies in antiderivatives
that reverse the derivative formulas in Table 7.

1 d(sinh™*u) | du

TABLE?Y. Derivatives of inverse hyperbolic functions
du 5 d(cosh™*u) | du
© J1+uz dx ' dx  Juz—idx’

1 du d(coth™tu) ;| du

— 1_uza ) |u| < 1 4 dx - 1_u2 dx ) |U| > 1
_ 1 du d(csch™tu) 1 du U
uvi-u? dx dx lulvV1+u? dx’

u>1

+

—,0<u<1 6.

The restrictions |u| < 1 and |u| > 1 on the derivative formulas for
tanh™! u and coth™! u come from the natural restrictions on the values of
these functions. The distinction between |u| < 1 and |u| > 1 becomes
important when we convert the derivative formulas into integral formulas.

We illustrate how the derivatives of the inverse hyperbolic functions

d(cosh™?

are found in following Example, where we calculate u). The other

derivatives are obtained by similar calculations.

Example:
Show that if u is a differentiable function of x whose values are

a -1 _ 1 du
greater than 1, then -~ (cosh™ u) = ———~

Solution:

First, we find the derivative of y = cosh™ x for x > 1 by applying
Theorem (The Derivative Rule for Inverses) of Section 3.7.1 with f(x) =
coshx and f~1(x) = cosh™!x. Theorem (The Derivative Rule for
Inverses) can be applied because the derivative of cosh x is positive when




(f HHx = Theorem (The Derivative Rule for
ra- 1(x)) Inverses)
1

== = f'(u) = sinhu

sinh(cosh™1(x))
1

cosh?u — sinh*>u =1

~ JeoshZ(cosh™Tx)-1 sinhu = Vcosh?u — 1
1
= cosh(cosh™1x) = x

Vx2-1
The Chain Rule gives the final result:

d -1 1 du
—(cosh™u)=——.m
dx( ) Ju2—1 dx

Remark:

With appropriate substitutions, the derivative formulas in Table 7.
lead to the integration formulas in Table 8. Each of the formulas in Table
8. can be verified by differentiating the expression on the right-hand side.

TABLE 8. Integrals leading to inverse hyperbolic functions
1.f%=sinh‘1(g)+& a>0
2.f%=cosh‘1(%)+(l, u>a>0

itanh‘l(g) +C, u?<a?

3. [, =
@ = 2coth‘1(%) +C, u?®>a?

= —isech"l(%) +C,0<u<a

e

1 u
5. [—% __ = _—-¢sch™1 |—
fu\/a2+u2 a a

Example:

1
Evaluate |, Jﬁxz
3+4x

Solution:
The indefinite integral is

2dx u
] —— = — = 2x,du = 2dx,a =3
sinh™ (%) +C Formula from Table 8.

; -1/ 2x
sinh (3—§)+C

Therefore, [/! 2l = sinh™(2 )] = sinh™1(

2) - sinh~1(0)




= sinh™*(2) — 0 ~ 0.98665. m

EXxercises:

1. Each of following Exercises gives a value of sinh x or cosh x. Use
the definitions and the identity cosh? x — sinh? x = 1 to find the
values of the remaining five hyperbolic functions.

a) sinhx = —%. b) sinhx = g C) coshx =2 x>0 d)coshx=2,x>0

2. Rewrite the expressions in following Exercises in terms of exponentials
and simplify the results as much as you can.

a) 2 cosh(ln x) b) sinh(2 In x) c) cosh 5x + sinh 5x

d) cosh3x + sinh 3x €) (sinhx + cosh x)*

f) In(cosh x + sinh x) + In(cosh x — sinh x)

3. Prove the identities
sinh(x + y) = sinh x cosh y + cosh x sinh y,
cosh(x + y) = coshx coshy + sinh x sinh y .

Then use them to show that a) sinh 2x = 2 sinh x cosh x

b) cosh 2x = cosh 2x sinh 2x
4. Use the definitions of cosh x and sinh x to show that

cosh?x —sinh?x =1

5. In following Exercises, find the derivative of y with respect to the
appropriate variable.

a) y = 6sinh? b)y =>sinh(2x + 1) c¢) y = 2+/ttanh+t

d) y = t*tanh? e) y = In(sinh 2) f) y = In(cosh z)

g) y = (sech8)(1 — Insech 8) h) y = (csch8)(1 —Incsch 0)

) ¥ =Incoshv — ltanh® v J) ¥ =1Insinhv — lcoth? v

K)y = (x? + 1) sech(Inx) ) v = (4x% — 1) csch(In 2x)

m) sinh~!v/x n)y =cosh™2vx+1

0)y=(1-6)tanh™16 p)y = (6% + 20) tanh™1(6 + 1)

q)y = (1—t)coth 1+t r)y=(1-—t?)coth 1t

s) y = cos™'x —xsech™ x t) y=Inx++vV1—xZsech™1x

u)y = csch™t()° v) y = csch™1 2° w)y = sinh™1(tan x)
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X)y = cosh™!(secx),0 < x <m/2
6. Verify the integration formulas in following Exercises.
a) 1) [sechx dx =tan"(sinhx) + C
I1) [sechx dx = sin™! (tanhx) + C
b) [xsech™ x dx =< sech™lx —W1—x2+C
c) [ xcoth™tx dx "22‘1 coth™' x + g +C
d) ftanh™'x dx = xtahh ™' x +1In(1 = x*) + C
7. Evaluate the integrals in following Exercises
a) [sinh2dx b) [sinhzdx c) [6cosh(E—1In3)dx
d) [4cosh(3x —In2)dx e) [tanhZdx f) [ cothZdo

) [sech®(x —2)dx h) [esch?(5—x)dx i) fsech\/f’f;nh\/fdt
In 4

K) J,, cothx dx ) folnztanth dx

n2
m) f__llr?j 2e% cosh 6 d6 n) folnz 4e=%sinh 0 dO o) f::;: cosh(tan 8) sec? 6 d@
P) fon/z 2 sinh(sin®) cos8d6 Q) flz coshn® d¢ r ffw dx
s) J°,.,cosh?() dx t) f,"""4sinh?E) dx
8. Since the hyperbolic functions can be written in terms of exponential
functions, it is possible to express the inverse hyperbolic functions in
terms of logarithms, as shown in the following table

1. sinh™1x = ln(x +Vx2 + 1), —o<x <00

2.cosh™1x = ln(x + Vx? — 1), x>1

3.tanh™'x = In2%, |x| <1

4.sech™x =1n (1*— “;"“2), 0<x<1

5.csch™lx =1n (%+ %), x#+ 0
6.coth™'x =2InZ1 | x| > 1

Use these formulas to express-the numbers in following Exercises in
terms of natural logarithms.

a) sinh™1(=5/12) b) cosh™1(5/3) ¢) tanh™1(-1/2)

d) coth™1(5/4) e) sech™1(3/5) f) csch™1(=1/v/3)
9. Evaluate the integrals in following Exercises in terms of

: csch(lnt) coth(Int) dt
N rind
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a) inverse hyperbolic functions.
b) natural logarithms.
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Chapter five: Techniques of Integration.

The Fundamental Theorem tells us how to evaluate a definite integral
once we have an antiderivative for the integrand function. However,
finding anti-derivatives (or indefinite integrals) is not as straightforward as
finding derivatives. In this chapter we study several important techniques
that apply to finding integrals for specialized classes of functions such as
trigonometric functions, products of certain functions, and rational
functions. Since we cannot always find an antiderivative, we develop
numerical methods for calculating definite integrals. We also study
integrals whose domain or range are infinite, called improper integrals.
5.1 Using Basic Integration Formulas:

Table 1. summarizes the indefinite integrals of many of the functions
we have studied so far are summarized in the following Table and the
substitution method helps us use the table to evaluate more complicated
functions involving these basic ones. In this section we combine the
Substitution Rules with algebraic methods and trigonometric identities to
help us use Table
TABLE (1) Basic integration formulas

| k dx = kx + C (any number k) | 12. [ tan x dx = In|secx| + C
[ x"dx = ML C (= —1) 13. [ cotx dx = In|sin x| + C

n+1
& =In|x|+C 14. [ secx dx = In|secx + tanx| + C
Je*dx=e*+C 15. [ cscx dx = —In|cscx + cotx| + C

1
2
3
4
5.faxdx=%+(](a>0,a¢1) 16. [ sinhx dx = coshx + C
6
7
8
9

[ sinx dx = —cosx + C 17. [ coshx dx = sinhx + C
Jcosx dx =sinx + C
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dx — . x
18. fﬁ = arcsin (£) + C

[sec*x dx =tanx + C 19. [
Jesc?x dx = —cotx + C 20. [

— 1
= -arctan (%) + C

dx
dx
e a?
10. [secx-tanx dx = secx + C |21. [ =%_ = sinh™" (%) + C(a > 0)

Va?+x?

11.f cscx - cotx dx = —cscx + C 22.f\[% =cosh™ &)+ C(x>a > 0)

X
= larcsec |—| +C
a a




Sometimes we must rewrite an integral to match it to a standard form
of the type displayed in Table (1).

Example:

Complete the square to evaluate [ —2~

Vex-x2
Solution:
We completed the square to simplify the denominator:
8x —x?=—x?+8x+16—16 = (—x? —8x —16) + 16
=—(x?-8x+16)+16)=—(x —4)*> + 16
Then

dx

dx _
J‘st‘xz B J- 16—(x—4)2

f_dx a=4u=(x—4),du=dx
Jaz—uz

arcsin(3) + C Table 1, Formula 18
arcsin(=) + C.m

Example:
Evaluate the integral [(cos x - sin 2x + sin x - cos 2x) dx .

Solution:

We can replace the integrand with an equivalent trigonometric
expression using the Sine Addition Formula to obtain a simple
substitution:

[(cosx - sin2x + sinx - cos 2x) dx = [(sin(x + 2x)) dx

= [ sin3x dx
%fsinudu u=3x,du = 3dx
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—3cos3x + C. Table 1, Formula6. m

Example:
Find f”/4 dx

0 1-sinx *
Solution:
We multiply the numerator and denominator of the integrand by 1 +

sin x.This procedure transforms the integral into one we can evaluate:
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f"/4 dx f”/4 1L 1sinx g Multiply and divide
0 1-sinx _ Jo 1-sinx 1+4sinx by conjugate.

— J'TC/4 1+sinx

0 1-sin? x

dx Simplify

= X 1 —sin?x = cos? x

J'TC/4 1+sinx d
0 cos? x

_ f(;r/4( 1 n sinx)dx

cos?x  cos?x

4
= f:/ (sec?x + secx - tanx)dx Use Table 1, Formulas 8 and 10

[tanx+secx]g/4 = (1 +vV2-(0+ 1)) =2.m

Example:

Evaluate the integral f35 % dx .
x“—=3x+1

Solution:
We rewrite the integral and apply the Substitution Rule for Definite
Integrals, to find

f5 223 _ gy = (lau u=x?>—-3x+1,du = (2x — 3) dx;
3 Vx2-3x+1 1 Vu u=1whenx=3,u=11whenx =75

= flllu_l/z du
= Zx/ﬂ]il = 2(\/5 — 1) = 4.63. Tablel Formula2. =

Example:
2_
Evaluate [ 3 —"*dx .

3x+2
Solution:

The integrand is an improper fraction
since the degree of the numerator is greater
than the degree of the denominator. To
integrate it, we perform long division to obtain
a quotient plus a remainder that is a proper

fraction: 327% = (y_3) + —©

3x+2 3x+2

Therefore,
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3’3‘9{;;" dx = [(x-3) +
Remark:
Reducing an improper fraction by long division does not always lead

to an expression we can integrate directly.

Example:

Evaluate [ jﬂdx
1-x2

* Ydx =% —3x+2In3x+2|+C.m

3x+2

Solution:
We first separate the integrand to get
f3x+2dx—3f dx+2f dx.

Ji-x2
In the first of these new integrals, we substltute u=1-x?du=—2xdx,
s0 xdx = — du. Then we obtain

d _ - du _ _ .
2t 23 [ [ = 3 = NTTF 4G,

The second of the new integrals is a standard form,
2 [ Jli—xzdx =2sin"'x+C,.  Table 1, Formula 18

Combining these results and renaming C, + C, as C gives

3x+2 — _ —
fmdx 3V1—x2+2sin"lx+C.m

Remark:

The question of what to substitute for in an integrand is not always
quite so clear. Sometimes we simply proceed by trial-and-error, and if
nothing works out, we then try another method altogether. The next several
sections of the text present some of these new methods, but substitution
works in the following example.

Example:

Evaluate f f) ~dx
1+

Solution:

We might try substituting for the term +/x, but the derivative factor
1/+/x is missing from the integrand, so this substitution will not help. The
other possibility is to substitute for (1 + \/E) and it turns out this works:
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— 2(u-1 1
f(1+\F) dx = f( ) du u:1+\/§,du:ﬁdx;
dx = 2v/x.du = 2(u— 1)du
= [(& —3)du
=—2+5+C
=1—2u+C

— 1- 2(1+\/_)
(Vo2 tC
_ 1+42vx

D

Remark:
When evaluating definite integrals, a property of the integrand may
help us in calculating the result.

Example:
Evaluate f—n/z x3cos x dx.

Solution:
No substitution or algebraic manipulation is clearly helpful here. But
we observe that the interval of integration is the symmetric interval

[—% —] Moreover, the factor x3 is an odd function, and cos x is an even
function, so their product is odd. Therefore,
1'[/2 3 _
f_n/zx cosxdx=0.m
Exercises:
The integrals in following are in no particular order. Evaluate each
integral using any algebraic method or trigonometric identity you think is

appropriate. When necessary, use a substitution to reduce it to a standard
form.

1. fo 18X dx 2. [ x” dx 3. [(secx — tanx)%dx

8x2+42 x2+1
dx

/3 1-x 1
4. f/4 coszxtanxdx . f\/l xdx 6. fx—\/E
cotz 1

7. f sz . 9. er+e_ZdZ

10. f; dx Y O N, 12. [ ax’=7 gy

x2-2x+2 1 2x+3
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\‘i{t
1
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¥

¥

13. [——dt

1-—- sect

16. [z 6

1
'fsec9+tan9
22 fx+2\/x—1
' 2x\/ -1

25. f\/ery

dx

1
8. J G2V aes dx

31. f\/— -dx

34. [e?*¢" dz

do

14. f csct - sin 3t dt

Iny
. fy+4yln2 y dy

1
23. [*NT = cos 6 df

6
5 I Fam®
29 j-tan9+3

sin @

32.f_1\/1 + x2 sin x dx

7

5. & Dzes dx
38. [——

41, [

cosH 1

X+1

n/4 1+sin 6 de

cos2 7]

15f

3_42
21 f4t t +16tdt

t2+4
24. [ (sect + cott)* dt

2f dx

1- 41n2
30. 3 sinh(Z + In 5) dx

33. f 1+y

dx
36'f(2x+1)\/4x+4x2
39. [ ——dx

1+eX
21

A4 [ (cscx — secx)(sinx + cos x) dx
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5.2 Integration by Parts:

Integration by parts is a technique for simplifying integrals of the form
[u(x)v'(x)dx. Itis useful when u can be differentiated repeatedly and v’
can be integrated repeatedly without difficulty.

The integrals [xcosxdx and [ x?e*dx are such integrals because
u(x) = x or u(x) = x? can be differentiated repeatedly to become zero,
and v'(x) = cos x or v'(x) = e* can be integrated repeatedly without
difficulty.

Integration by parts also applies to integrals like [Inxdx and
[ e*cosx dx. In the first case, the integrand In x can be rewritten as
(In x)(1), and u(x) = In x is easy to differentiate while v'(x) = 1 easily
integrates to x. In the second case, each part of the integrand appears again
after repeated differentiation or integration.

5.2.1 Product Rule in Integral Form:

If u and v are differentiable functions of x, the Product Rule says that
%[u(x)v(x) = u'(x)v(x) + ulx)v'(x). In terms of indefinite integrals,
this equation becomes

J £ u)vx) = [[u' ()vx) + ul)v'(x)]dx
or [ Zu()v(x) = [u'vx)dx + [u()v'(x) dx.
Rearranging the terms of this last equation, we get
Ju@v'(x) dx = [ Lu()v(x) — [v)u' (x)dx,

leading to the integration by parts formula.

Integration by Parts Formula:
[ux)v'(x)dx = u(x)v(x) — [ v(x)u'(x)dx
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This formula allows us to exchange the problem of computing the
integral [ u(x)v'(x) dx with the problem of computing a different
integral, [ v(x)u'(x)dx. In many cases, we can choose the functions u
and v so that the second integral is easier to compute than the first. There
can be many choices for u and v, and it is not always clear which choice
works best, so sometimes we need to try several.

The formula is often given in differential form. With v'(x)dx = dv
and u'(x) dx = du, the integration by parts formula becomes

Integration by Parts Formula - Differential VVersion:

[udv = uv — [vdu

Example:
Find [ xcosxdx.

Solution:

There is no obvious antiderivative of x cos x, SO we use the integration
by parts formula [ u(x)v'(x) dx = u(x)v(x) — [ v(x)u'(x)dx to change
this expression to one that is easier to integrate. We first decide how to
choose the functions u(x) and v(x). In this case we factor the expression
x cos x Into

u(x) =x and v'(x) = cosx.
Next, we differentiate u(x) and find an antiderivative of v'(x),
u'(x) =1 and v(x) = sinx.

When finding an antiderivative for v'(x) we have a choice of how to pick
a constant of integration C. We choose the constant C = 0, since that
makes this antiderivative as simple as possible. We now apply the
integration by parts formula:

fx cosxdx = xsinx — fsinx (1‘)dx Integration by parts formula
ux)v'(x) ulx) vix) vx) u(x)

= xsinx + cosx + C Integrate and simplify. m




Remark:

There are four apparent choices available for u(x) and v'(x) in

previous Example:
1. Letu(x) =1 and v'(x) = xcosx
2. Letu(x) =x and v'(x) = cosx
3. Letu(x) =xcosx and v'(x) =1
4. Letu(x) =cosx and v'(x)=x

Choice 2 was used in previous Example. The other three choices lead
to integrals we don’t know how to integrate. For instance, Choice 3, with
u'® = —xsin x + cosx , leads to the integral [ (x cos x — x?sin x)dx.
The goal of integration by parts is to go from an integral [ u(x)v'(x) dx
that we don’t see how to evaluate to an integral [ v(x)u'(x)dx that we
can evaluate. Generally, you choose v'(x) first to be as much of the
integrand as we can readily integrate; u(x) is the leftover part. When
finding v(x) from v'(x), any antiderivative will work, and we usually pick
the simplest one; no arbitrary constant of integration is needed in v(x)
because it would simply cancel out of the right-hand side of Equation (2).
Example:

Find [Inxdx.

Solution:

We have not yet seen how to find an antiderivative for (n x. If we set
u(x) = Inx, then u'(x) is the simpler function 1/x. It may not appear
that a second function v'(x) is multiplying In x, but we can choose v'(x)
to be the constant functionv’(x) = 1. We use the integration by parts
formula Equation (1) with

u(x) =Inx and v'(x) =1.
We differentiate u(x) and find an antiderivative of v'(x),
u'(x) =2 and v(x) = x.
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Then [Inx-1dx = (Inx)x — fxidx Integration by parts formula

| I T

u(x)v'(x) ulx) v(x) vix) u'(x)
=xinx—x+C Simplify and integrate. m




Remark:

In the following examples we use the differential form to indicate the
process of integration by parts. The computations are the same, with du
and dv providing shorter expressions for u'(x)dx and v'(x) dx.
Sometimes we have to use integration by parts more than once, as in the
next example.

Example:
Evaluate [ x%e*dx.

Solution:
We use the integration by parts formula Equation (1) with
u(x) =x? and v'(x) = e”*.
We differentiate u(x) and find an antiderivative of v'(x),
u'(x) =2x and v(x) = e”*.

We summarize this choice by setting du = u'(x) dx and dv = v'(x) dx,
S0 du = 2x dx and dv = e*dx. We then have

2,x 2,x X ;
x4e*dx = x“e* — | e*2xdx Integration by parts formula
J | , | | J | —1

u dv u v v du

The new integral is less complicated than the original because the exponent
on X is reduced by one. To evaluate the integral on the right, we integrate
by parts again with u = x, dv = e*dx. Then du = dx,v = e*, and

[ xe*dx = xe* — [ e¥dx = xe* —e* 4+ C Integration by parts Equation (2)
[ |\ I

u v

Using this last evaluation, we then obtain

[x%e*dx = x?e* — 2 [ xe*dx = x*e* — 2xe* + 2e* + C.
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where the constant of integration is renamed after substituting for the
integral on the right. m
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Remark:

The technique of previous Example works for any integral [ x™e*dx in
which n is a positive integer, because differentiating x™ will eventually
lead to zero and integrating e* is easy.

Integrals like the one in the next example occur in electrical
engineering. Their evaluation requires two integrations by parts, followed
by solving for the unknown integral.

Example:
Evaluate [ e* cosx dx.
Solution:
Let u = e* and dv = cos x dx. Then du = e*dx, v = sin x, and
[e*cosxdx =e*sinx — [ e*sinx dx. u(x) = e*, v(x) = sinx
The second integral is like the first except that it has sin x in place of
cos x. To evaluate it, we use integration by parts with
u=-e* dv=sinxdx, v=-—cosx, du=e*dx.
Then
[e*cosxdx = e*sinx — (—e* cosx — [(— cos x)(e*dx))
u(x) = e*,v(x) = —cos x
= e*sinx + e* cosx — [ e* cos x dx.

The unknown integral now appears on both sides of the equation, but with
opposite signs. Adding the integral to both sides and adding the constant
of integration give

2 [e*cosxdx =e*sinx + e*cosx + C;.
Dividing by 2 and renaming the constant of integration give

e*sinx+e* cosx
[e*cosxdx = . +C.m
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Example:
Obtain a formula that expresses the integral [ cos™xdx in terms of an

integral of a lower power of cos x.
Solution:
We may think of cos™x as cos™ 1x - cos x. Then we let
u = cos™ 1x and dv = cos x dx,
sothatdu = (n — 1) cos™ 2x(—sin x dx) and v = sin x. Integration
by parts then gives

[ cos™xdx = cos n-z

n-1 xdx

x sinx + (n— 1) [ sin® x cos
cos™ x sinx + (n—1) [(1 — cos? x)cos™ %xdx
cos™ x sinx + (n— 1) [ cos™ 2xdx — (n — 1) [ cos™xdx.

If we add (n — 1) [ cos™xdx to both sides of this equation, we obtain

n—2

n [ cos™xdx = cos" 'x sinx + (n — 1) [ cos™ *xdx.

We then divide through by n, and the final result is

cos™ 1x sinx

[ cos™xdx = + (n;l) [ cos™?xdx. m

n

Remark:

The formula found in previous Example is called a reduction formula
because it replaces an integral containing some power of a function with an
integral of the same form having the power reduced. When n is a positive
integer, we may apply the formula repeatedly until the remaining integral is
easy to evaluate. For example, the result in previous Example tells us that

2

coszx sin x cos“x sinx

2
+= [ cosxdx =
3 3

2
[ cos3xdx = +2sinx + C.

5.2.2 Evaluating Definite Integrals by Parts:

The integration by parts formula in Equation (1) can be combined with
Part 2 of the Fundamental Theorem in order to evaluate definite integrals
by parts. Assuming that both u" and v are continuous over the interval
[a, b] , Part 2 of the Fundamental Theorem gives
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Integration by Parts Formula for Definite Integrals:
fnbu(x)v’(x)dx = u(x)v(x)]? - fnbv(x)u’(x)dx (3)

Example:
Find the area of the region bounded by the curve y = xe™ and the

x-axis fromx = 0 to x = 4.
Solution:
The region is shaded in Figure. Its area is
f: xe *dx.
Letu = x,dv = e ¥*dx,v = —e™*, and du = dx. |
Then, /!
f04 xe *dx = —xe | — f:(—e"x)dx Integration by parts Formula (3)
= [—4e ™ - (0e )] + f04e"xdx
= —4e * —e ]}
=—4e ™t —(e*-e%)=1-5e*~091. =

Exercises:

1. Evaluate the integrals in following using integration by parts.

a) [ xsinZax b) [ 6 cosmh db c) [ t%cos tdt

d) [ x? sin xdx e) flz x1nx dx f) fle x31Inxdx

0) [xe*dx h) [ xe3*dx ) [ x%e *dx

i) [(x? =2x+1)e**dx k) [tan"lydy ) [sin~tydy

m) [ xsec? x dx n) [4x-sec?2xdx 0) [ x3e*dx

p) [p*te %dp q) [(x?=5x)e*dx 1) [(r®+r+1e"dr

s) [ x°e*dx t) [t2e*dt u) [ e%sin 6 do

v) [e Y cosydy w) [ e?* cos 3x dx X) [ e sin 2x dx

2. Evaluate the integrals in following by using a substitution prior to
integration by parts.

a) [ eV35¥9ds b) fol xV1 — xdx c) fon/3 x tan? x dx
d) [In(x + x?) dx e) [ sin(Inx) dx f) [z(Inz)?dz
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3. Evaluate the integrals in the following. Some integrals do not require

integration by parts.
a) [xsecx?dx

d) fmdx
g) [x3e*" dx
i) [ x?%sinx3dx

m) [VxInx dx

p) JVxeV* dx
s) fzz/\/gtsec"1 tdt
v) [x*tan"'Zdx

y) [Vx(sin~Vx) dx

b) J <% dx

e) [ rdx

h) [ x5e*” dx

K) [ sin3x - cos2x dx
n) f%dx

a) /7?62 sin26 do

t) fol/ﬁ 2x tan~1(x?) dx
w) [(1 + 2x2)e*” dx

(sin_lx)2
Y4 22 dx
) f V1-x2

¢) [x(Inx)?dx

f) f O dy

) [x3Vx? 4+ 1dx

) [ sin2x - cos4xdx
0) [ cosvx dx

r) fon/z x3 cos 2x dx
u) [ xtan™t x dx

xeX
X) D2 dx




