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2.6 Continuity
2.6.1 Continuity at a Point

Definition:

A function f(x) is continuous at a point x = c if and only if it meets
the following three conditions.

1. f(c) exists. (c lies in the domain of f).
2. lim f(x) exists. (fhasalimitas x — c).
X—C
3. lim f(x) = f(¢) (The limit equals the function value).

Example:

At which numbers does the function f in Figure
appear to be not continuous? Explain why. What
occurs at other numbers in the domain?

Solution: o

First, we observe that the domain of the function is the closed interval
[0, 4], so we will be considering the numbers x within that interval. From
the figure, we notice right away that there are breaks in the graph at the
numbers x = 1, x = 2, and x = 4.

At the interior point x = 1, the function is not continuous.

Since the function fails to have a limit. It does have both a left-hand limit,
1inll_f(x) = 0, as well as a right-hand limit, lir%_f(x) =1, but the limit
x— x—

values are different, resulting in a jump in the graph. The function is not
continuous at x = 1.However, the function value f(1) = 1 is equal to the
limit from the right.

At the interior point x = 2, the function is not continuous.

At x = 2, the function does have a limit, lirr% f(x) = 1, but the value of the
X—

function is f(2) = 2. The limit and function values are not the same, so
there is a break in the graph and f is not continuous at x = 2.




N
™
X
o
]
™
]
™
]
™
]
™
]
™
]
™
]
sie
]
sie
]
sie
]
sie
N
sie
N
sie
]
sie
]
sie
]
sie
]
sie
N
sie
]
sie
]
sie
]
sie
]
sie
]
sie
i
sie
N
sie
N
sie
N
s
1
™
1
™
1
™
1
™
1
™
1
™
1
S
1
™
1
™
1
S
1
S
1
N
1
S
1
S
1
S
1
i
1
]
o
o

At the interior point x = 4, the function is not continuous.

At x = 4, the function does have a left-hand limit at this right endpoint,
liT_f(x) = 1,but again the value of the function f(4) = 1/2 differs from

the value of the limit. We see again a break in the graph of the function at
this endpoint and the function is not continuous from the left.

Numbers at which the graph of f has no breaks:

At x = 3, the function has a limit, lirré f(x) = 2. Moreover, the limit is the
X—

same value as the function there, f(3) = 2. The function is continuous at
x = 3.

At x = 0, the function has a right-hand limit at this left endpoint,
lir(r)1+f(x) = 1 and the value of the function is the same, f(0) = 1. The

function is continuous from the right at x = 0. Because x = 0 is a left
endpoint of the function’s domain, we have thatlirrcl) f(x)=1 and so fis
X—

continuous at x = 0.

At all other numbers x = c in the domain, the function has a limit equal to
the value of the function, so lim f(x) = f(c). For example, lirsr}zf(x) =
xX—c x—

f(5/2) =5/2. No breaks appear in the graph of the function at any of
these numbers and the function is continuous at each of them.

The function f is continuous at every x in [0, 4] except x = 1, 2, and 4.
Remark:

The following definitions capture the continuity ideas we observed in
previous example.

Definition:

Let ¢ be a real number that is either an interior point or an endpoint

of an interval in the domain of f.
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«» The function f is continuous at ¢ if lim f(x) = f(¢).
«» The function f is right-continuous at ¢ (or continuous from the
right) if lim f(x) = f(c).
X—C
«+ The function f is left-continuous at ¢ (or continuous from the left)
if im f(x) = f(c).
X—C
Example:

The function f(x) = V4 — x2 is continuous over its
domain [-2, 2]. It is continuous at all points of this interval,

including the endpoints x = —2andx = 2.
Example:

At which numbers does the function U(x) = {1 ifx=0

0 ifx<0
IS not continuous?

Solution:

The unit step function U(x) is right-continuous at x = 0, but is neither
left-continuous nor continuous there. It has a jump discontinuity at x = 0.
Example:

At which numbers does the function y = |x] is
not continuous?

Solution:

The function y = |x]. Is discontinuous at every

integer n, because the left-hand and right-hand

limits are not equal as x — n:

lim|x]=n—-—1 and lim |x] = n.
x-n~ x-nt

Since |n] = n, the greatest integer function is right-continuous at every
integer n (but not left-continuous).

The greatest integer function is continuous at every real number other
than the integers. For example, liqlslxj = [1.5] = 1.
X—1.

In general, if n — 1 < ¢ < n,n an integer, thenlim|x| = |c]| =n — 1.
X—C
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Remark:
We define a continuous function to be one that is continuous at

every point in its domain. A function always has a specified domain, so if
we change the domain, then we change the function, and this may change
its continuity property as well. If a function is discontinuous at one or
more points of its domain, we say it is a discontinuous function.

Example:

a) The function f(x) =§ is a continuous function

because it is continuous at every point of its
domain. The point x = 0 is not in the domain of
the function f, so f is not continuous on any interval

containing x = 0. Moreover, there is no way to
extend f to a new function that is defined and
continuous at x = 0. The function f does not have
a removable discontinuity at x = 0.

b) The identity function f(x) = x and constant functions are continuous
everywhere.

Theorem (Properties of Continuous Functions):

If the functions f and g are continuous at x = c, then the following
algebraic combinations are continuous at x = c.

1. Sums: f+g
. Differences: f—g
. Constant multiples:  k - f, for any number k
. Products: f-g
. Quotients: f/g, provided g(c) # 0
. Powers: f™,n a positive integer
. Roots: '\‘/7 provided it is defined on an interval
containing c, where n is a positive integer
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Example:

a) Every polynomial P(x) = a,x™ + a,_;x" 1 + .- + a, is continuous
because lim P(x) = P(c).
X—C

b) If P(x) and Q(x) are polynomials, then the rational function
P(x)/Q(x) is continuous wherever it is defined (Q(c) # 0).

c) The function f(x) = | x| is continuous. If x > 0, we have f(x) = x,
a polynomial. If x < 0, we have f(x) = —x, another polynomial.
Finally, at the origin, }Ciir(l)| x| =10|=0.

d) The functions y = sin x and y = cos x are continuous at x = 0 . Both
functions are continuous everywhere.

e) All six trigonometric functions are continuous wherever they are
defined. For example, y = tan x is continuous on ---uU (—m/2,m/2) U
(m/2,3m/2) U -,

Theorem (Compositions of Continuous Functions):

If f is continuous at c, and g is continuous at f(c), then the

composition g o f is continuous at c.
g-f

~ Continuous ate

/,-'__:'.f..-___ PR ..--"'--1_ - --_"'--. l‘\“-\
/ Continuous ™. Continuous \
g at ¢ o at fic)

c flc el fic))

Example:
Show that the following functions are continuous on their natural

domains.
a)y=\/x2_2x_5 b)y=x2/3 C)y=|icz_—_22 d)yzxsinx|

2
1+x4- x“+2

Solution:

a) The square root function is continuous on [ 0, o) because it is a root of
the continuous identity function f(x) = x. The given function is then
the composition of the polynomial f(x) = x* — 2x — 5 with the square

root function g(t) =+/t, and is continuous on its natural domain.




b) The numerator is the cube root of the identity function squared; the
denominator is an everywhere-positive polynomial. Therefore, the
quotient is continuous.

c) The quotient x — 2/x* — 2 is continuous for all x = ++/2, and the
function is the composition of this quotient with the continuous absolute
value function.

d) Because the sine function is everywhere-
continuous, the numerator term x sinx is the
product of continuous functions, and the
denominator term x%+2 is an everywhere-
positive polynomial. The given function is the
composition of a quotient of continuous |
functions with the continuous absolute value
function.

Theorem (Limits of Continuous Functions):

If lxincl f(x) = b and g is continuous at the point b, then
lim g(f(x)) = g(b).

Example:
As an application of Theorem Limits of Continuous Functions, we

have the following calculations.

a) lim cos(2x + sin((Z+ x)) = cos( lim 2x + lim_(sin(ZZ + x))
2 2 x-1/2 x-m/2 2

X—T
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= cos(m + sin 2w) = cosw = —1.

b) lim sin‘l( 1—x) _ sin-1 (lim 1—x) Arcsine is continuous.
x—1 1-x2 x—1 1-x2

Cancel common factor (1 — x).

C) lirr(l)( x +1-ehn¥) = lirr}) x+ 1-exp (lim ta})n X) exp iscontinuous.
X— X— X—
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If f is a continuous function on a closed .
interval [ a, b ], and if y, is any value between
f(a) and f(b), theny, = f (c) forsomecin

[a,b]

y—-———

Example: 0
Show that there is a root of the equation x3 — x — 1 = 0 between 1

and 2.

Solution:

Let f(x)=x3—x—1. Since f(1)=1-1—-1=-1 < 0 and
f(2)=23-2-1=5 > 0,weseethaty, = 0isavalue between f(1)
and f(2). Since f is a polynomial, it is continuous, and the Intermediate
Value Theorem says there is a zero of f between 1 and 2.

Example:
Use the Intermediate VValue Theorem to prove that

the equation v2x + 5 = 4 — x2 has a solution.

Solution: y=vL+s
We rewrite the equation as v2x + 5 + x> —4 =0,

and set f(x) = v2x + 5+ x* — 4. Now g(x) = +/2x + 5 is continuous on
the interval [—5/2,0) since it is formed as the composition of two
continuous functions, the square root function with the nonnegative linear
function y = 2x + 5. Then f is the sum of the function g and the quadratic
function y = x* — 4, and the quadratic function is continuous for all values
of x. It follows that f(x) = v2x + 5 + x> — 4 is continuous on the interval
[—5/2,00). By trial and error, we find the function values f(0) = /5 —

4 ~—1.76 and f(2) =+ 9 = 3. Note that f is continuous on the finite
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closed interval [ 0, 2], which is a subset of the domain [—5/2, 00). Since
the value y, = 0 is between the numbers f(0) = —1.76 and f(2) = 3, by
the Intermediate Value Theorem there is a number ¢ € [0, 2] such that
f(c) = 0. We have found a number c that solves the original equation.

Exercises:

1. Say whether the function graphed is continuous on [—1, 3]. If not, where
does it fail to be continuous and why?
a) b) 1

y=fix)

- - 0

x?—-1, -1<x<0

2x, 0<x<1

2. Let f(x) =1 1, x =1 graphed in the accompanying figure
—2x+4 1<x<2
0. 2<x<3

a) 1) Does f(—1) exist?
2) Does xLiH}+ f (x) exist?

3) Does xljﬂ+f(x) = f(-1)?

4) Is f continuous at x = —1?
1) Does f (1) exist?

2) Does lim £ (x) exist? >
xX— —
3) Does lin} f(x) = f(1)?
Yt d . :
4) Is f continuous at x = 1? y=x"—1

1) Is f defined at x = 2? (Look at the definition of f.)
2) Is f continuous at x = 2?




d) At what values of x is f continuous?
e) To what new value should f(1) be changed to remove the discontinuity?
3. At what points are the following functions being continuous?

X+1

a)y———3x b) y=@+4 c) Y = 2

d) y=—22 e) y=Ilx—1+sinx f) y= —x

x2—-3x—10 |x|+1 2
— COosx — Xx+2 1 —
g) y== h) YV = osx I) Y = csc2x

J) y=tan¥ K) y =231 ) y=x

1+sin2x

m) y =v2x +3 n y=4V3x—-1 0) y=(2x —1)/3

p) y=(Q2 — x)/5 q) f(x)= {xxx3 € x#3
S f) =

1-x, x<0 — X+3
s) f(x) =1 e* osxs1 ) f&x) = 7%

x%+2.  x>1
4. Find the limits in following. Are the functions continuous at the point
being approached?
a) lim sin(x — sin x) b) 1im sin (5 cos(tant))
X—T

C) lim sec (y sec?y—tan?y—1) d) llr% tan (Z cos(sin x'/3))
X—>

e) ltl_r)r(} oS (s f) hm \/csc x + 5vV3tanx

x—>TL'

9) lim sm(— Va h) }CI_IHCOS 1(Invx)

x—-07%
—1) 1) lim sin (fXanx

|) 111’% sec (e + mtan tanx—2secx

4secx

k) ltl_r)r(} tan (1 — =3¢ ) llm cos (2

5. For what value of ais f(x) = {"Zza‘; x<3 continuous at every x?

x<

6. For what value of b is g(x) = {bi’z :j continuous at every x?

7. For what value of ais f(x) = {“2’1‘;2“' ;Ci; continuous at every x?
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i x-b i
8. For what value of b is g(x) = { ¥ *<° continuous at every x?
x%2+b. x>0

. -2, <-1 .
9. For what value of aand b is £(x) = ax—s, -1<x<1 CONtiNUOUS at every x?

3. x=1

. +2b, <0 .
10. For what value of a and b is g(x) = x213a-5, 0<rs2 CONtinuOUS at every x?

3x-5. x>2

11. Show that the equation x> — 15x + 1 = 0 has three solutions in the

interval [-4, 4].
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Chapter Three: Derivatives.
3.1 Tangent Lines and the Derivative at a Point:

In this section we define the slope and tangent line to a curve at a point,
and the derivative of a function at a point. The derivative gives a way to
find both the slope of a graph and the instantaneous rate of change of a
function.

3.1.1 Finding a Tangent Line to the Graph of a Function:

Definition:

The slope of the curve y = f(x) at the point
P(xg, f(xg)) is the number

¥=fla |
/

}llirr(l) [xotM)-f(xo)  (Provided the limit exists). Qtcy + . iy + )
_)

1
| fieg + By — fixg)

The tangent line to the curve at P is the line through P

Example:

a) Find the slope of the curve y =1/x at any
point x = a # 0. What is the slope at the point
x =-—17

b) Where does the slope equal —1/4?

c) What happens to the tangent line to the curve at
the point (a, 1/a) as a change?

Solution:
a) Here f(x) = 1/x. The slope at (a,1/a) is

1 a—a-h —h
1 fla+h)—f(a) — | a+h = |h a(a+h) = i M = |j -1 =
b SRS = [imesit = [Im e = Hm S5 = I e
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_1
a?’
Notice how we had to keep writing }lm% before each fraction until the
stage at which we could evaluate the limit by substituting h = 0. The
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number a may be positive or negative, but not 0. When a = —1, the
slope is — = —1.

(12

b) The slope of y = 1/x at the point where x = a
Is —. It will be —, provided that

S 1

a? 4"

This equation is equivalentto a®> = 4,50 a = 2
or a = —2. The curve has slope —3 at the two

points (2,1/2) and (—2,—1/2).

c) The slope — is always negative if a # 0. As a - 0% , the slope

approaches —oo and the tangent line becomes increasingly steep. We
see this situation again as a » 0~. As a moves away from x = 0 in
either direction, the slope approaches 0 and the tangent line levels off,
becoming closer and closer to a horizontal line.

3.1.2 Derivative at a Point;:

Definition:

The derivative of a function f at a point x, denoted f'(x,), is
lim £&o+hM)=f(x0)
h—-0 h
Provided the limit exists.

Remark:

All of the following are interpretations for the limit of the difference

quotient
lim f&oth)=f(x0).
h—-0 h

1. The slope of the graph of y = f(x) at x = x,.

2. The slope of the tangent line to the curve y = f(x) at x = x,.
3. The rate of change of f(x) with respect to x at x = x,.
4. The derivative f'(x,) at x = x,.




Remark:

. Slope of the
Ifwewrite z=x+h,thenh=z—xandh 5"

approaches 0 if and only if z approaches x. ‘28 ocro/
Therefore, an equivalent definition of the

derivative is as follows. This formula is dal A /ﬂ:’
sometimes more convenient to use when finding "
a derivative function, and it focuses on the point
Z that approaches x.

f'lx) = Ll_r)r)lc [@)-/G)  (Alternative Formula for the Derivative)

Remark:

The process of calculating a derivative is called differentiation. To emphasize the
idea that differentiation is an operation performed on a function y = f(x), we use the
notation d%f(x) as another way to denote the derivative f'(x).

Example:
Differentiate f(x) = =.

Solution:

We use the definition of derivative, which requires us to calculate
f(x + h) and then subtract f(x) to obtain the numerator in the difference
quotient. We have f(x) = “-and f(x + h) = -5 s0

(x+h)-1"

f'(x) = lim [&+=/x) Definition
h—0
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(x+h)  x
= lim &+th-1 x-1 Substitute.
h—0 h
— hm (x+h)(x—1)—x(x+h—-1) a__ ¢ _ ad—cb
h>0 (x+h-1)(x-1) b d bd

— 1i 1 —-h i i
= }ll_r,r(l)ﬁ'mh——l)(x—l) Simplify.

e -1 = _~-1 Cancel h # 0 and evaluate.
}ll_r)r(l) +th—D)(x-1) ~ (x-1)2" >
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Example:

a) Find the derivative of f(x) = v/x for x > 0.

b) Find the tangent line to the curve f(x) = Vx
at x = 4.

Solution:
a) We use the alternative formula to calculate f":

ZoX

= lim Yz2=v*
zox 7%

= lim — Yz2=V* 1 _—=__ 1
ZoX (\/_ Vx)(Vz+vx) a?—b? (a—b)(a+b)

= lim =_1 Cancel and evaluate.
Z-X \/_+\/_ 2\/5

b) The slope of the curve at x = 4 is f'(4) = ﬁ = % :

The tangent line is the line through the point (4,2) with slope i:

-2 __ 1 - l _ _l
—_Z=>y—2+4(x 4)=>y—4x+1.

xX—4
Remark:

There are many ways to denote the derivative of a function y = f(x),
where the independent variable is x and the dependent variable is y. Some
common alternative notations for the derivative are

)=y = 5= =5 ()= D) = Duf ).

dx

The symbols d/ dx and D indicate the operation of differentiation. We
read dy/ dx as “the derivative of y with respect to x,” and df/ dx and
(d/ dx)f(x) as “the derivative of f with respect to x.” The “prime”
notations y’ and f’ originate with Newton. The d/ dx notations are
similar to those used by Leibniz. The symbol dy/ dx should not be
regarded as a ratio; it simply denotes a derivative.
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To indicate the value of a derivative at a specified number x = a, we

. da da da . .
use the notation f'(a) = d—i’ = d—i = Ef(x)| .For instance, in
x=a x=a x=a
1 1 1

previous Example, f'(4) = %\/} x=4  2Vileoy 2E 4

Exercises:

1. In following, find an equation for the tangent line to the curve at the
given point. Then sketch the curve and tangent line together.
a)y =4-—x2%(-13) b)y =(x—1)*+1,(1,1)

¢) y = 2Vx, (1,2) dy =z (1D
e) y = x* (~2,-8) Ny=2%-29

2. In following, find the slope of the function’s graph at the given point.
Then find an equation for the line tangent to the graph there.
a) f(x) =x%+1,(2,5) b) f(x) = x — 2x%,(1,-1)

) gix) =5, (3.3) d) g(x) =3, (2,2)
e) h(t) =t3,(2,9) f) h(t) =t3 + 3t,(1,4)

9) f(x) =Vx, (42) h) f(x) =vx +1,(83)

. In following, find the slope of the curve at the point indicated.
a)y=5x—-3x%,x=1 D)y=x3—-2x+7,x=-2
Q)y=-—x=3 dy=22x=0

. Using the definition, calculate the derivatives of the functions in
following. Then find the values of the derivatives as specified.
a) f(x) =4—x% f'(=3),f'(0),f' (1)
b) F(x) = (x —1)>+1; F'(—1),F'(0),F'(2)
0)g(®) =% g'(-1),9'(2),9'(¥3)
d) k(z) = %% k'(-1),k' (1), k'(V2)
e) p(8) =36; p'(1),p'(3),p'(2/3)
f) r(s) =+v2s+1; r'(0),r'(1),r'(1/2)




5. In following, find the indicated derivatives.
a) Zify = 223 b) Sifr =53 — 252 +3

)—|fs d)@ifv=t—1

2t+1

. In following, differentiate the functlons and flnd the slope of the tangent
line at the given value of the independent variable.
a) fx) =x+3, x=-3. b) k(x) =, x = 2.

c)s=t3—t? t=-1. dy=%2 x=-2.

2+

. In following, differentiate the functions. Then find an equation of the
tangent line at the indicated point on the graph of the function.

a)y= fx)= \/%,(x,y)=(6,4) b)w= g(z) = 1+Va—z,(zw)=(3,2)
. In following, find the values of the derivatives.

a) E| ifs = 1— 3t2 p) ¥

ify=1_1
t=—1 dx x—\/§1 Y x

— 2 haddd —
C)degolfr_x/ﬁ d) Z41fW—z+\/E
. Use the alternative formula to find the derivative of the following
functions

a) f(x) = — b) f(x) =x*>—3x+4
c) g(x) d)g(x) =1++x
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3.2 Differentiability on an Interval; One-Sided Derivatives:

Definition: Sl:]]j.,: =
i S+ 1) — f(B)

A function y = f(x) is differentiable on an  siope = ol
open interval (finite or infinite) if it has a m /<%
derivative at each point of the interval. It is
differentiable on a closed interval [a, b] if it is
differentiable on the interior (a, b) and if the
limits

Jlim, fath-f@  Right - hand derivative at a

Jim fb+h)-f®) | eft - hand derivative at b,

exist at the endpoints.
Remark:

Right-hand and left-hand derivatives may or may not be defined at
any point of a function’s domain. Because a function has a derivative at
an interior point if and only if it has left-hand and right-hand derivatives
there, and these one-sided derivatives are equal.

Example:

Show that the function y = |x| is differentiable
on (—oo,0) and on (0, o) but has no derivative at
x = 0.

Solution: N

The graph of the function y = mx + b is a straight line with slope m.
Thus, to the right of the origin, when x > 0,

d _ _ — — yci a —
E(lxl) —dx(x) —dx(l.x) =1. |x| = xsince x>0, (mx+b)=m

To the left, when x < 0,
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d d d .
a(lxl) = E(—x) = a(—l.x) = 1. |x| = —xsince x <0,

The two branches of the graph come together at an angle at the origin,
forming a non-smooth corner. There is no derivative at the origin because
the one-sided derivatives differ there:

Right-hand derivative of |x| at zero = lim 1+A=00 = Jim 1
h-0% h—-0%

= hli%l+% |h| = h when h > 0.

= lim1=1
h—0*t

Left-hand derivative of |x| at zero = l1m lo+hl-jo] = hllI‘(I)l_%

= hli%l—% |h| = —h when h > 0.

= lim —1 = —1.
h—-0~

Example:
Find the derivative of f(x) = v/x for x > 0.

Solution:

4 = lim VAR = iy YEHR-VE L VIFRHE
7 (V) = lim Sl = lim =i 2o

_1 x+h—x —

h—>0 h(Vx+h+x) }112(1) h(\/x+h+\/9_c)

lim v = v
We apply the definition to examine whether the derivative exists at x = 0:

lim Yo+h=v0 = ]jm Th— lim L = oo.
h-o0t h-o0%t h—ot Vh

Since the (right-hand) limit is not finite, there is no derivative at x =
0. Since the slopes of the secant lines joining the origin to the points

(h,vh) on a graph of y = +/x approach, the graph has a vertical tangent
line at the origin.




Theorem (Differentiable Implies Continuous):

If f has a derivative at x = ¢, then f is continuous at x = c.
Remark:

The converse of Theorem (Differentiable Implies Continuous) is false.
A function need not have a derivative at a point where it is continuous, for
example the function |x| is continuous at x = 0 not differentiable at x = 0.

Exercises:

1. Compute the right-hand and left-hand derivatives as limits to show that
the functions in following are not differentiable at the point P.
a) ) b) 1

0
. In following, determine whether the piecewise-defined function is
differentiable at x = 0.

o 2x-1 x =0 _[x?3 x>0
a)f(x)—{x2+2x+7 x <0 b)g(x)—{x1/3 x <0

2x +tanx x>0 2x —x3—1 x>0

0 f@={""72"" 120 arw={F 1 Y2

x+1

. Each figure in following shows the graph of a function over a closed
interval D. At what domain points does the function appear to be
I. differentiable?
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1. continuous but not differentiable?

111. neither continuous nor differentiable?

Give reasons for your answers.

' b)
D —-3=x=2

5 5 5 & & 5 ) ) ) o o ) )
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3.3 Differentiation Rules

This section introduces several rules that allow us to differentiate
constant functions, power functions, polynomials, exponential functions,
rational functions, and certain combinations of them, simply and directly,
without having to take limits each time.

Theorem (Derivative of a Constant Function):

If f has the constant value f(x) = c, then d—i = % (c) =0.

¥
A

Proof:
We apply the definition of the : x.e)  (x+ho

ivati : ' '
derivative to f(x) = c, the function whose | |
| |

| |

| |

l l

r - .

outputs have the constant value c. At every
value of x, we find that

0
f'(x) = lim f&V-f® = [im &€= 1lim0 = 0. m
h—-0 h h—0 " h—-0

Theorem (Power Rule):

X

. d _
If n is any real number, then ax" = nx""1, for all x where the

powers x™ and x™~1 are defined.

Example:
Differentiate the following powers of x.

a)x®  b)x¥?P 2 dEF e x
Solution:
a) a4 x3) = 3x371 = 3x2,

dx

d _ 2 _
b) E x2/3) — %x(Z/B) 1 _ Ex 1/3’
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) L (0?) = vax ',
d d 4 —
d a(x%)=a(x_4)=—4x 4 1=—4X 5= _

d ( _ —(4/3)— 4
e) E(X 4/3) = —x (4/3)-1 — —Zx 7/3,
241

f) ;—x(\/m) = ;—x(xT) = % (x“g) =(1+ g)x“g_l =(1+ g)x%,

x5’
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Theorem (Derivative Constant Multiple Rule):

If u is a differentiable function of x, and c is a constant, then
2 ew) = ¢
o (cu) = C.

Proof:

d o L .

= (cu) = }lllrr(l) Cux+h)—cu(x) Derivative definition with f(x) = cu(x).
H

c }lllrr(l) ulr+h)-u(x) Constant Multiple Rule for Limits.
H

du

= C— u is differentiable.
dx ’

Example:
a) The derivative formula
~(3x%) = 3 2x = 6x.
says that if we rescale the graph of y = x? by
multiplying each y-coordinate by 3, then we multiply
the slope at each point by 3.
b) The derivative of the negative of a differentiable

function u is the negative of the function’s derivative.
The Constant Multiple Rule with ¢ = —1 gives

du

d da d
E(—U) = E(—l 'U,) = -1 E(u) = _E'
Theorem (Derivative Sum Rule):
If uand are differentiable functions of x, then their sum u + v is
differentiable at every point where u and are both differentiable. At such
points,

d
a(u'*'v)——'l‘a

Proof:

We apply the definition of the derivative to f(x) = u(x) + v(x):

d

el — 13 [u(x+h)+v(x+h)]—[ulx)+v(x)]
— (u(x) +v(x)) = }llm0 L
[u(x+h)—u(x) \ v(x+h)—v(x)]

= lim
h—-0
— llm u(x+h) u(x) + llm v(x+h) v(x) —
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Remark:

1. Combining the Sum Rule with the Constant Multiple Rule gives the
Difference Rule, which says that the derivative of a difference of

differentiable functions is the difference of their derivatives:

d d du dv du dv
E(u—v) —a[u+(—1)v] —aﬁ-(—l)a—a—a.l

. The Sum Rule also extends to finite sums of more than two functions.
If u,, u,, ..., u, are differentiable at x, thenso is u; + u, + -+ u,
and

d duq du, duy
—wpt+tuy+-tu)=—+—++—.
dx( 1 2 n) dx dx dx

Example:
Find the derivative of the polynomial y = x® + 2x* — 5x + 1.

Solution:

v _ 4,344 (5,2)_ 2L 4 i
= X+ (gx ) - (5x) + ™ (1) Sum and Difference Rules

=3x2+§-2x—5+0=3x2+§x—5.
Example:

Does the curve y = x* — 2x2 + 2 have any horizontal
tangent lines? If so, where?
Solution:

The horizontal tangent lines, if any, occur where the
slope dy/dx is zero. We have

ay _ d 4 _ 9,2 -
dx—dx(x 2x° 4+ 2) = 4x° — 4x.

Now solve the equation Z—z = 0 for x:
4x3 —4x =0=>4x(x*-1)=0=>x=0,1,—1.
The curve y = x* — 2x? + 2 has horizontal tangent lines at x = 0,1, and
—1. The corresponding points on the curve are (0, 2), (1,1), and (—1,1).
Definition:
For any numbers a > 0 and x, the exponential function with base a is

— eXlna
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Remark:

The derivative of f(x) = a*,is
d X . aXth_ gx
—(a*) = lim&—_ -2

5 Derivative definition
dx h—0

— }lllm a*-all— a¥ a*th
-0

}lin}) a¥- 4 =1 Factoring out a*
ﬁ

. h_ .
a* - lim . 1 a*isconstantas h— 0
h—0

lim "1
h—0 h

~—————
a fixed number L

Thus, we see that the derivative of a* is a constant multiple L of a*.
The constant L is a limit we have not encountered before. Note, however,
that it equals the derivative of f(x) = a* atx = 0:

= a* a”

- a”*.

/ T a0th_ 40 _ 4. al-1 _
f'(0) = ,lll_r)r(l)ﬁ— }ll_r)r(l) —t=1L.
The limit L is therefore the slope of the graph of f(x) = a* where it
crosses the y-axis. Now we investigate values of L by graphing the

function y = (a™ — 1)/h and studying its behavior as h approaches 0.

The Figure shows the graphs of y = (a™ — 1)/h
for four different values of a. The limit L is
approximately 0.69ifa = 2,about0.92ifa = 2.5,
and about 1.1 if a = 3. It appears that the value of L
is 1 at some number a chosen between 2.5 and 3. That
number is given by a = e = 2.718281828. With
this choice of base, we obtain the natural exponential
function f(x) = e*, and see that it satisfies the

property f'(0) = lim e"~1 = 1, because it is the

exponential function whose graph has slope 1 when it crosses the y-axis.

That the limit is 1 implies an important relationship between the natural
exponential function e* and its derivative:




4 . .
£ ( e*) = lim <=1 - ¢* Since -~ (a*) = lim @-1. g* with a = e.
h—-0 h -0

=1-e* = e”*. Slncellme—l—
h—-0

Therefore, the natural exponential function is its own derivative. Also,
if f(x) =c- e*, cany constantthen%(c- e*) = c-%(ex) =c-e*

Example:

Find an equation for a line that is tangent to the graph of y = e* and
goes through the origin.
Solution:

Since the line passes through the origin, its equation
is of the form y = mx, where m is the slope. If it is
tangent to the graph at the point (a, e%), the slope is
m=(e*—0)/(a—0). The slope of the natural
exponential at x = a is e“. Because these slopes are
the same, we then have that e* = e%/ a. It follows that
a = 1 and m = e. So, the equation of the tangent line is y = xe.

Theorem (Derivative Product Rule):

If u and v are differentiable at x, then so is their product u - v, and

d dv du
a(u v)=1u E-I_E v

—(u v) = lim

[u(x+h)v(x+h)]—[ulx)v(x)]
h—-0 h
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To change this fraction into an equivalent one that contains difference
quotients for the derivatives of u and v, we subtract and add u(x + h) - v(x)
in the numerator:

el (u 17) — }llir(l) [u(x+h)v(x+h)]—u(x+h)- v(x)+u(x+h) v(x)—[u(x)v(x)]

= llm u(x+h\v(x+h) 7-7(75)i (x\u(x+h) u(x)
h—-0
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ERT T v(x+h)-v(x) . . ulx+h)—u(x)
= }lll_r)r(l) u(x +h) }ll_r)r(l) — 0t }11_13(1) v(x) + }ll_r)r(l) —

As h approaches zero, u(x + h) approaches u(x) because u, being
differentiable at x, is continuous at x. The two fractions approach the values

of dv/dx at x and du/dx at X. Therefore, 2 (u-v)=u- AN
dx dx dx

Example:
Find the derivative of a) y = 2(x* + e¥), b)y = e®*.

Solution:
a) We apply the Product Rulewithu = 1/xand v = x? + e*:

~ [+ eM)] =22x + ) + (P + e¥)

=1+ (x- 1);—;.
b);—x(ezx)=:—x(ex- e*) = ex-;—x(e")+:—x(ex)- e¥ =2e¥ e¥ =
Example:
Find the derivative of y = (x? + 1)(x3 + 3).

Solution:
From the Product Rule with u = x? + 1 and v = x3 + 3, we find

L2+ D3 +3) = (& + DG + 20 +3)

= 3x* + 3x% + 2x* + 6x = 5x* + 3x% + 6x.

Theorem (Derivative Quotient Rule):

If u and v are differentiable at x and if v(x) # 0, then the quotient

u/v is differentiable at x, and, and
du dv

(1) = g
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u(x+h) u(x)
i(g) — im Y@t 0 — iy reuth)-uGvicth)
dx \v h—0 h h—0 hv(x+h)v(x) ’

To change the last fraction into an equivalent one that contains the
difference quotients for the derivatives of u and v, we subtract and add
u(x)v(x) in the numerator. We then get

i uy — 1; v(x)u(x+h)—u(x)v(x)+u(x)v(x)—u(x)v(x+h)
dx (;) - }lllir(l) hv(x+h)v(x)

_ hm v(x>u(x+h})l—u(x) u(x>v(x+h}1—v(x)
h—0 v(x+h)v(x)

Taking the limits in the numerator and denominator now gives the
Quotient Rule.

Example:
Find the derivative of y = &1,
(t3+3)

Solution:
We apply the Quotient Rule withu =t?> —1and v =t3 + 3:
dy _ (3+41)2e=(¢2-1)-3t% _ pp44020-36%4362 _ —t436242¢
dx (t3+3)2 - (t3+3)2 T (t3+43)2
Remark:
The choice of which rules to use in solving a differentiation problem
can make a difference in how much work you have to do. Here is an

example.
Example:

Find the derivative of y = “‘”5{#
Solution:

Using the Quotient Rule here will result in a complicated expression
with many terms. Instead, use some algebra to simplify the expression.

First expand the numerator and divide by x*:

N2 x3-3x2+2x _ _ _
yz(xl);)i 2%) — " =X1—3x2+2x 3.

Then use the Sum, Constant Multiple, and Power Rules:
= x 232+ 2(=3)x T = —L+ 55

dx x3
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3.3.1 Second- and Higher-Order Derivatives

If y = f(x) is a differentiable function, then its derivative f'(x) is also
a function. If f' is also differentiable, then we can differentiate f’ to get
a new function of x denoted by f"'. So f" = (f')". The function " is
called the second derivative of f because it is the derivative of the first
derivative. It is written in several ways:

fre0 =23 =HE) =% =y"=D*(N() = DIf ().

The symbol D# means that the operation of differentiation is performed
twice.

"o - - : At _dyrnr _ d3y -
If y" is differentiable, its derivative, y" = %= =2, is the third

derivative of y with respect to x. The names continue as you imagine, with
y(n) = %y(n_l) = ﬂ = Dny’

dxn

denoting the nth derivative of y with respect to x for any positive integer n.

Example:
Find the fourth derivative of y = x3 — 3x2 + 2.

Solution:
The first four derivatives of y = x3 — 3x2 + 2 are

First derivative:  y' = 3x2? — 6x
Second derivative: y" = 6x — 6
Third derivative: y"""' =6
Fourth derivative: y® = 0.

All polynomial functions have derivatives of all orders. In this example,
the fifth and later derivatives are all zero.
Exercises:

1. In following, find the first and second derivatives.
a)y =% -x b)y =% +%+2
c)w=3z"7°-1 d)s =
e) y = 6x2 — 10x — 5x 2 f)y=
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Q)r=—-—= h)yr =%+

3s 2S 04

2. In following, find y’

3.

4.

a) by applying the Product Rule and
b) by multiplying the factors to produce a sum of simpler terms to
differentiate.
y=0@B—-x)(x3—-x+1) Il.y=2x+ 3)(5x%— 4x)
HLy=@*+DE+5+) IV.y=1+x2)%* —x7%)

Find the derivatives of all orders of the functions in following

x4
@) y=% -5 -x b)y = 25

y=@x—-—Dx+2)(x+3) dy=0@lx*+3)2—-x)x
e) y =2e ¥ + e3* f) y = X3

2eX—x
-r

g)y =x3e* hyw =re
Suppose u and v are functions of x that are differentiable at x = 0 and
that u(0) = 5,u'(0) = =3,v(0) = —1,v'(0) = 2. Find the values of
the following derivatives at x = 0.

V@) b e® ) 5 ® d) 5 (7v = 2u)

. Suppose u and v are differentiable functions of x and that u(1) = 2,

u'(1) =0,v(1) = 5,v'(1) = —1. Find the values of the following derivatives at
x =1.

a) £uv) b) =~ (%) ¢) = d) = (7v - 2u)

. a) Normal line to a curve Find an equation for the line perpendicular

to the tangent line to the curve y = x3 — 4x + 1 at the point (2, 1).
b) Smallest slope What is the smallest slope on the curve? At what point
on the curve does the curve have this slope?
c) Tangent lines having specified slope Find equations for the tangent
lines to the curve at the points where the slope of the curve is 8.

. a) Horizontal tangent lines: Find equations for the horizontal tangent

lines to the curve y = x3 — 3x — 2. Also find equations for the lines
that are perpendicular to these tangent lines at the points of tangency.

b) Smallest slope:What is the smallest slope on the curve? At what point
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point on the curve does the curve have this slope? Find an equation for
the line that is perpendicular to the curve’s tangent line at this point.

8. Find the tangent lines to 9. Find the tangent line to the
Newton’s serpentine (graphed Witch of Agnesi (graphed here)

here) at the origin and the at the point (2, 1).
point (1, 2).

(1,2)

.
— A
/
/ \\____-

—

I [
l 3 4

~

10. Quadratic tangent to identity function: The curve y = ax? + bx +
c passes through the point (1, 2) and is tangent to the line y = x at the
origin. Find a, b, and c.

11. Quadratics having a common tangent: The curvesy = x> + ax + b
and y = cx — x? have a common tangent line at the point (1, 0). Find
a, b, and c.

12. Find all points (x, y) on the graph of f(x) = 3x2? — 4x with tangent
lines parallel to the line y = 8x + 5.

13. Find all points (x, y) on the graph of g(x) = 2x* —3x2 + 1 with tangent
lines parallel to the line 8x — 2y = 1.

14. Find all points (x, y) on the graph of y = x/(x — 2) with tangent
lines perpendicular to the liney = 2x + 3.

15. Find all points (x, y) on the graph of f(x) = x? with tangent lines
passing through the point (3, 8).

16. Assume that functions f and g are differentiable with f(1)=2, f'(1) =
—3,9(1)=4,and g’'(1) = —2. Find the equation of the line tangent to
the graph of F(x) = f(x)g(x) atx = 1.

17. Assume that functions f and g are differentiable with f(2)=3, f'(2) =
-1, g(2) =—4, and g'(2) = 1. Find an equation of the line
perpendicular to the graph of F(x) = % atx = 2.

18. Find the value of a that makes the following function differentiable for
all x-values.




()_{ ax if x<0
I =2 —3x, ifx>0

19.Find the values of a and b that make the following function
differentiable for all x-values.

ax+b ifx>-1
f(x)_{bxz—B, if x < -1

y = x3e*
y' =x3e* + e*3x?% = (x> + 3x?)e*
y" = (x3 +3x2)e* + e*(3x% + 6x) = (x° + 6x + 6x)e”
y"" = (x3+ 6x2 + 6x)e* + e*(3x% + 12x + 6)
(x3 4+ 9x2 + 18x + 6)e”

y® = (x3 + 9x% + 18x + 6)e* + e*(3x% + 18x + 18)

= (x3 + 12x? + 32x + 18)e”*
y™ = P(x)e*, P(x) is a polynomial of degree 3

re~ "

w =

w=—re"+e"T=(1-1r)e"

w'=—A-re"+e " (-1)=—2—-1)e "

w'"=Q2-r)e"+e " =0B-r)e"
=—B-r)e"+e"(-1)=—@—-1)e"
= (D" (n —1r)e*
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3.4 Derivatives of Trigonometric Functions

This section shows how to differentiate the six basic trigonometric

functions.
Theorem (Derivative of the Sine Function):
£ (sinx) = cos x.

Proof:
Let f(x) = sin x then

f'(x) = lim L&/ = |jpy sinGct-sinx Derivative definition

h—0 h—0 h
= lim (sinx cos h+cos xsin h)—sinx
h—-0
— hm sinx(cos h—1)+cosxsinh
h—0 h

lim (sinx " M) + lim cos x Snh
h—0 h

. . cosh
sinx - im <1 4 cosx . hm(
h-0 h h—>0

limit 0 11m1t1
=sinx-0+4+ cosx .1 = cosx.

Example:
Differentiate the following.

a)y = x? —sinx b)y = x?sinx c)y==:2
Solution:
a)y = x* —sinx = 2 = 2x — cos x.

sinh

sinx

b)y = x?sinx =>Z—y= x% cos x + 2x sin x.
X

sinx dy X cos x—sinx-1

C)y_ =G 2

Theorem (Derivative of the Cosine Function):

{sin(x + h) = sin x cos h + cos x sin h}

yYy=cCosXx

d —
—(cosx) = —sinx.

Proof:

Let f(x) = cos x then

f (x) — llm f(x+h) f(x) — llm cos(x+lizl) COS X
-0 h—-0




— hm (cos x cos h—sin x sin h)—cos x
h-0 h

= |jm Sosx(cosh-1)=sinxsinh
h—-0 h

] . (cosh—1)) _ i . sinh
}lILICl)(COS x - (Coshm)) }ll_r)l(l)(smx. nk)
. cosh-1 ; . .

COS X - llm —— —SInx . hm( Slnh)

h—-0 h h-o* I
~————————— ~——————

limit 0 limit 1
=cosx 0—sinx .1 = —sinx.

Example:
Differentiate the following.

a) y=5x+4cosx b) y =sinxcosx )y =
Solution:

— dy __ o
a) y =5x +cosx = 2 =5 —sinx.

b)y =sinxcosx = % = sinx (— sin x) + cos x cos x.
X

= = —sin®x + cos? x = cos? x — sin? x.
Q — (1—sin x) (—sin x)—cos x*(— cos x)

C) y = dx (1-sin x)2 )

= __ —sinx+sin? x+cos? x
(1-sin x)2
_  1-sinx

= T (1-sinx)2

1

1-sinx

Remark (The derivatives of the other trigonometric functions):

{cos(x + h) = cos x cos h + cos x cos h}

cosXx
1-sinx

{sin® x + cos?x = 1}

> =

a — cpr2 a a2

i (tanx) = sec” x i (cotx) csce x

— (secx) = sec xtanx — (cscx) = —cscxcotx
dx dx
Proof:

da (tan x) _ 4 sinx _ cosx-%sinx—sinx.dixcosx __ cosx-cosx—sinx.(— sin x)
dx dx cosx cos2 x cos? x
__cos?x+sin®x 1 2
= T cos?x | otz oo %
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. d d . . .
Ad cosx __ SINX-grCos X—Cos X sinx _ sin x:(—sin x)—cos x:cos x

4 (cotx) =
dx dx sinx sin? x sin2 x
—(cos? x+sin?x) -1 2
= - = — = —CSsC™ Xx.
sin? x sin2 x
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cosx-%41-1% cosx
L — dx~"d —

cos x:0—(—sinx)

d d
E(sec xX) =—

dx cosx
sinX __ sinx |

cos? x

cos? x COSX CcosX

cos x-il—l 4 sinx
1 dx d

cos2x

= secx - tan x.

0—cosx

d d
= (cscx) = —

dx sinx
—CcosXx -1  cosx

sin? x sinx sinx

sin? x

Exercises:

L. In following, find >
a) y =24 5sinx
c) y =+Vxsecx + 3
e) y =sinxtanx

cotx

g) y = 1+cotx
1) vy =(secx +tanx)(secx —tanx)

4
. In following, find d—i
a)s=tant —t

— 1+4+csct
C) S = 1-csct

. . dr
. In following, find =

a)r =4—0%sinf
c) r =secHcsch
. In following, find Z—Z

a)p=5+—=

cotqg
_ sing+cosq
C) p cosq

— gsing
e)p ="

. Find y"if @) y = cscx.

. Find y® = d*y/dx*if 3)y = —2sinx.

sin? x

—CSCXx ' cot x.

b) y = x?cosx
d) y = x*cotx —
Ny=5%+a=

h) vy = x?cosx — 2xsinx — 2 cos x

i) y=x3cosxsinx

b)s =t?—sect+1
d)S= sint

1-cost

b) r
d)r

6 sinf + cos O
(1+ secB)sin@

b)p = (1 4+ cscq)cosq

tangq

d) p= 1+tangq

— 3g+tang
f) p= gsecq

b) y = secx.

b) y = 9cosx.
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3.5 The Chain Rule

The derivative of the composite function f(g(x)) at x is the
derivative of f at g(x) times the derivative of g at x. This is known as
the Chain Rule.

Theorem(The Chain Rule):

If f(u) is differentiable at the point u=g(x) and g(x) is
differentiable at x, then the composite function (fo g) (x) = f(g(x))
is differentiable at x, and

(fog) (x) =f (g g'x)

In Leibniz’s notation, if y = f(u) and u = g(x), then b

dy ; —
where 22 is evaluated at u = g(x).
Composition f - g
'Ral.; of chan-g;*- al

xis fglxd) - glixh

-

-

/Ratcﬁfchungx: Rate of change

r -.1
—a——— atxisglx). —e——  atg(x)is T eg(x)). ——
X u = glx) ¥ = flu) = flglxh

Example:
An object moves along the x-axis so that its position at any time ¢t > 0

is given by x(t) = cos(t? + 1). Find the velocity of the object as a
function of t.

Solution:
We know that the velocity is dx /dt. In this instance, x is a composition
of two functions: x = cos(u) and u = t? + 1. We have

dx _ _ <3 _
- = —sin(u) x = cos(u)

du __ — 32
E—Zt u-=t-+1

By the Chain Rule,

= = —sin(u) - 2t = —sin(t% + 1) - 2t = —2t - sin(¢t2 + 1).
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Remark:

A difficulty with the Leibniz notation is that it doesn’t state specifically
where the derivatives in the Chain Rule are supposed to be evaluated. So,
it sometimes helps to write the Chain Rule using functional notation. If
y = f(g(x)), thenZ = f'(g(x) - g'(x).

In words, differentiate the “outside” function f and evaluate it at the
“inside” function g(x) left alone; then multiply by the derivative of the
“inside function”.

Example:
Differentiate sin (x% + x) with respect to x.
Solution:

We apply the Chain Rule directly and find

dsin (x* 4+ x) = cos(x*+ x)- 2x+1).

inside inside derivative of
left alone the inside

Remark:
We sometimes have to use the Chain Rule two or more times to find a
derivative.

Example:
Find the derivative of g(t) = tan (5 — sin 2t).

Solution:

Notice here that the tangent is a function of 5 — sin 2t, whereas the
sine is a function of 2t, which is itself a function of t. Therefore, by the
Chain Rule,

g'(t) = Ztan (5 — sin 2t)
= sec? (5 — sin 2t) - % (5 — sin 2t) Derivative of tan u with
u=>5-sin2t
= sec® (5 —sin 2t) - (O — cos 2t - % (Zt)) Derivative of 5 — sinu
withu = 2t
sec? (5 — sin 2t) - ((— cos 2t) - 2)
= —2(—cos 2t)sec? (5 — sin 2t) -
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Remark:

If n is any real number and f is a power function, f(u) = u", the
Power Rule tells us that f'(u) = nu™ 1. If uis a differentiable function
of X, then we can use the Chain Rule to extend this to the Power Chain
Rule:

i ny — n—-1
= (u") = nu

Example:
The Power Chain Rule simplifies computing the derivative of a power

of an expression.
a) % (5x3 —x*)7 = 7(5x3 — x*)® % (5x3 — x*) Power Chain Rule with
u=5x3—-x*n=7
= 7(5x3 — x*)®(15x2 — 4x3).
A1 y_ 4 _ 9y-1
b) - ) = — (B3x—2)

3x—2
= —1(3x —2)7? % (3x — 2) Power Chain Rule with
u=3x—-2,n =

= —1(3x —2)"2(3)
3

3x-2)2 "
In part (b) v(ve coLId also find the derivative with the Quotient Rule.
c) % (sin® x) = 5 sin* xd% sinx Power Chain Rule with u = sinx, n = 5,
because sin™ x means (sinx)™, n # —1.
= 5sin* x cos x.

Example:
we saw that the derivative of absolute value function

d X

Lxh =2 x#0,
_{1, x>0
-1, x<0°

Is not differentiable at x = 0. However, the function is differentiable at all
other real numbers, as we now show. Since |x| = Vx2 , we can derive the




following formula, which gives an alternative to the more direct analysis
seen before.

d d ) : :
xlxl = \/ 2\/_2 — (x ) Power Chain Rule with

u=x2,n=1/2,x¢0

Va2 = |x|

Show that the slope of every line tangent to the curve y = 1/(1 — 2x)3
IS positive.
Solution:
We find the derivative:

dy

a1 -3
dx dx (1 ZX)

—3(1—2x)"*- % (1 — 2x) Power Chain Rule withu = (1 — 2x),n = -3,

—3(1—-2x)"*-(-2)

T (a-20)%

At any point (x,y) on the curve the denominator is nonzero, and the

slope of the tangent line is & — m , which is the quotient of two
positive numbers.

Exercises:

1. In following, given y=f(u) and u=g(x), find dy/dx =

f'(g(x)g' ).

a) y=6u—9,u=(1/2)x* b) y=2u3,u=8x—-1

c) y=sinu,u=3x+1 d) y=cosu,u=—3
e) y=+u,u=sinx f) y=sinu,u=x—cosx
g) y=tanu ,u = mx h)y=—secu,u=i+7x




2. In following, write the function in the form y = f(u) and u = g(x).
Then find dy/dx as a function of x.
a) y=(2x+1)° b) y = (4 — 3x)°
x\ "7 < -10
) y=(1-9) d) y=(£-1)
&) y=(E+x-1)" f) y=v3x2—4x +6
g) y = sec (tan x) h) y =cot(r—3)
) y=tan3x i) y=5cos™*x
3. In following, find dy/dt

a)y = (t"3/4 sin t)4/3 b)y = (t3 4t)
o) y=(2)" d)y = (1 +tan*(5))’
e) y = /1 + cos (t?) f) y = 4sin(v'1 ++/t)

— tan2 (cin3
9y = tan® (sin" ) h)y=\/3t+\/2+\/1—t

4. Find y"" in following.
)y =(1+2)° D)y =(1-+x) "
C) y =;cot(3x — 1) d)y = 9tan(3)
e) y = x(2x + 1)* f) y=x?2(x3-1)°
5. For each of the following functions, solve both '™ = 0 and f"(x) =
for x.
a) f(x) = x(x —4)3 b) f(x) =sec’x —2tanx for0 < x < 2m
6. In following, find the value of (f o g)’ at the given value of x.
a)fw=u>+1, u=gk) =vVx,x = 1.
b)fw) =1-, u=gx)=—x=-1
c) flu) = cotl—o, u= g(x) =5vVx,x = 1.
df(uw) =u+ c052 , u=gx) =nx,x =1/4.
e) f(u) =2+, u—g(x) =10x®>+x+1,x = 0.

) f(u) = (u+1) u=gkx)=5-1x=-1.
7. Assume that f'(3) =—1,¢' (2) = 592) = 3, and y = f(g(x)).
What isy at x = 27
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8. If r = sin (£()), £(0) =m/3, and f'(0) = 4, then what is - at t = 0?

9. Suppose that functions f and g and their derivatives with respect to x
have the following valuesat x = 2 and x = 3.
X f&) g9  ff&x)  g'(x)
2 8 2 1/3 -3
3 3 -4 21 5
Find the derivatives with respect to x of the following combinations at
the given value of x.
a)2f(x), x=2 b) f(x) +g(x), x=3
) f(x)-g(x), x=3 d) f(x)/g(x), x=2
e) flgx), x=2 ) Jf(x), x=2
9)1/g*(x), x=3 h) VF2(x) + g2(x), x =2
10. Suppose that functions f and g and their derivatives with respect to X
have the following valuesat x = Oand x = 1.
X f&)  gx)  f'x)  g'(x)
0 1 1 5 1/3
1 3 -4 —-1/3 —8/3
Find the derivatives with respect to x of the following combinations at
the given value of x.

a)5f(x) —g(x), x=1 b) fC)g°(x), x=0

) oy X =1 d) f(g()), x=0

e)g(f(x)), x=0 f) XM+ fx)72 x=1
9) flx+gXx)), x=0
11. Find ds/dt when 8 = 3n/2 if s = cos 6 and d6/dt = 5.

12. Finddy/dt whenx = 1ify =x? + 7x —5and dx/dt = 1/3.

13. Find dy/dt if y = x using the Chain Rule with y as a composition of
a)y=wW/5+7,u=5x—-35 b)y=1+{1/w),u=1/(x—-1)

14. Find dy/dt if y = x3/2? using the Chain Rule with y as a composition of
a)y=ud+7,u=+x D)y =+vu,u=x3
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3.6 Implicit Differentiation

To calculate the derivatives of implicitly defined functions, we
1. Differentiate both sides of the equation with respect to x, treating y as a
differentiable function of x.
2. Collect the terms with dy/dx on one side of the equation and solve for
dy/dx. :

Example:
Finddy/dxify? = x? + sinxy.

Solution:

We differentiate the equation implicitly.

y2=x? + sinxy

Differentiate both sides with respect
tox---

---treating y as a function of x and
using the Chain Rule

%(y 2) = %(xz) +;—x(sinxy)
Zy;l—i: = 2x + cos xy;—x (xy)
zyz_i’ = 2x + cos xy (y + x Z—z) Treat xy as a product.

ZyZ—z — (cosxy) (x Z—z) = 2x + (cosxy)y Collect terms with dy/dx.
2y — xcosxy);i—z = 2x + y cos xy
4y _ 2x+ycosxy Solve for dy/dx.

dx 2y—X COS XY

Notice that the formula for dy/dx applies everywhere that the
implicitly defined curve has a slope. Notice again that the derivative
involves both variables x and y, not just the independent variable Xx.

Implicit differentiation can also be used to find higher derivatives.

Example:
Find d?y/dx? if 2x3 — 3y? = 8.
Solution:

To start, we differentiate both sides of the equation with respect to x
in order to find y' = dy/dx.




L (2x3 -
dx
6x% — 6yy Treaty as a function of x.

I} 2

y % wheny # 0  Solve fory'.
We now apply the Quotient Rule to find y"'.

no__ i(xz) _ 2xy-x2yr __ 2_x_£_ /

Finally, we substitute y’ = % to express y'’ in terms of x and y.

In the law that describes how light changes
direction as it enters a lens, the important angles \ Light ray /
are the angles the light makes with the line A\ Curve ofens §

Tangent line

perpendicular to the surface of the lens at the Normallie \ ff s
point of entry (angles A and B). This lineiscalled /4 /
the normal line to the surface at the point of entry. '
In a profile view of a lens like the one in Figure,

the normal line is the line perpendicular (also

said to be orthogonal) to the tangent line of the

profile curve at the point of entry.
Example:

Show that the point (2, 4) lies on the curve
x3 +y3 —9xy = 0. Then find the tangent and
normal to the curve there.
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Solution:

The point (2, 4) lies on the curve because its
coordinates satisfy the equation given for the
curve: 23 +43—-9(2)(4) =8+64—72 = 0.
To find the slope of the curve at (2, 4), we first use implicit differentiation
to find a formula for dy/dx:

x3+y3—9xy =0.
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(31234 _ 4

dx(x )+dx(y ) dx(gxy) _dx(o)

3x2 4+ 3y2 a 9(xd—y + dx Differentiate both sides with respect to x.
y dx dx y

dx
d i
(3y2 _ 9x)d_z + 32 — 9y =0 ;)rfriat xy as a product and y as a function

3(y% — 3x)2—3: = 9y — 3x?

dy _ 3y-x2
dx  y7=sx Solve for dy/dx.

We then evaluate the derivative at (x, y) = (2, 4):
dy _ 3y—22
dx (2,4) y2-3x (2,4) 42_3(2) 10
The tangent at (2, 4) is the line through (2, 4) with slope 4/5:
y=4+i(x-2)=>y=x+2
The normal to the curve at (2, 4) is the line perpendicular to the tangent
there, the line through (2, 4) with slope -5/4.
y=4-3(x-2)=y=-x+2
Exercises:

1. Use implicit differentiation to find dy/dx in following.
a) x%y + xy* =6 b) x3 + y3 = 18xy
) y? =22 d) x® = 222
e) x =secy f) xy = cot (xy)
g) x + tan(xy) = 0 h)x*+ siny = x3y?
i) ysm(%):l—xy J) xcos (2x + 3y) = ysinx
. Find dr/d# in following
a) 61/% +r1/2 =1 b) r — 2v/6 = 263/2 4 293/*
c) sin(rf) =2 d) cosr +cosf =r
. In following, use implicit differentiation to find dy/dx and then
d?vy/dx?. Write the solutions in terms of x and y only.
a)x?+y?=1 b) x2/3 +y2/3 =1
c) y? = x%+ 2x d)y? —2x=1-2y
e)Zﬁ:x—y f)xy+y2=1
)3+ siny =y — x3 h)siny = xcosy — 2
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. 1If x3 + y3 = 16, find the value of d?y/dx? at the point (2, 2).

. 1fxy + y? = 1, find the value of d?y/dx? at the point (0, -1).

. In following, find the slope of the curve at the given points.

a) y2 +x? = y* —2xat(-2,1) and (-2, -1).
b) (x? + y?)? = (x —y)?at (-2, 1) and (-2, -1).

. In following, verify that the given point is on the curve and find the lines
that are I) tangent and I1) normal to the curve at the given point.
a)x2+xy—y?=1,(23) b) x? + y? = 25,(3,—4)

c) x2y? =9,(—1,3) d)y? —2x—4y—-1=0,(-2,1)
e) 6x* +3xy +2y*+ 17y —6 = f) x2 —/3xy + 2y%2 = 5,(+/3,2)
0,(—1,0)

g) 2xy + wsiny = 2m, (1,m/2) h) xsin2y = y cos 2x, (/4,1 /2)
1) y = 2sin(mx —y), (1,0) j) x?cos?y —siny = 0, (0,m)

. Parallel tangents Find the two points where the curve x? + xy + y? =
7 crosses the x-axis, and show that the tangents to the curve at these
points are parallel. What is the common slope of these tangents?

9.Normal parallel to a line Find the normal to the curve xy + 2x —y =0
that are parallel to the line 2x + y = 0.

10. Theeightcurve. Findtheslopes  11. Find equations for the tangent

of the curve y* = y2 —x? at the  and normal to the cissoid of Diocles

two points shown here. y2(2 — x) = x3at(1,1).

¥

d ] 3
¥i2-x)=x"




12. Find the slopes of the curve  13. Is there anything special about

y* — 4y? = x* —9x2 at the four  the tangents to the curves y* = x3

indicated points. and 2x*+3y*5 at the points
(1,£1)? Give reasons for your
answer.

yi - 4}: = x4 — y?

!| ' |

1—3.71' B

14. For The folium of Descartes (See Figure)
a) Find the slope of the folium of Descartes
x3 + y3 — 9xy = 0 at the points (4, 2) and
(2, 4). Py -y =0 |
b) At what point other than the origin does \
the folium have a horizontal tangent? 0
c) Find the coordinates of the point A, where
the folium has a vertical tangent.
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