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5.3 Trigonometric Integrals:

Trigonometric integrals involve algebraic combinations of the six
basic trigonometric functions. In principle, we can always express such
integrals in terms of sines and cosines, but it is often simpler to work with
other functions, as in the integral [ sec?x dx = tanx + C. The general
idea is to use identities to transform the integrals we have to find into
integrals that are easier to work with.

5.3.1 Products of Powers of Sines and Cosines:

We begin with integrals of the form
[ sin™ x cos™ x dx,

where m and n are nonnegative integers (positive or zero). We can divide
the appropriate substitution into three cases according to m and n being
odd or even.

Case 1 If mis odd, we write m as 2k + 1 and use the identity sin® x =
1 — cos? x to obtain

2kt x = (sin? x)*sinx = (1 —cos? x)*sinx. (1)

sin™ x = sin
Then we combine the single sin x with dx in the integral and set sin x dx
equal to —d(cos x).

Case 2 If nis odd in [ sin™ x cos™ x dx, we write n as 2k + 1 and use
the identity cos? x = 1 — sin? x to obtain

2k+1

cos™ x = cos x = (cos? x)¥ cos x = (1 — sin? x)* cos x.

We then combine the single cos x with dx and set cos x dx equal to
d(sin x).

Case 3 If both m and n are even in [ sin™ x cos™ x dx, we substitute

Sinz x = 1—cc2)52x, COSZ x = 1+cc2)52x (2)

to reduce the integrand to one in lower powers of cos 2x.




Here are some examples illustrating each case.
Example:
Evaluate [ sin®x cos? x dx.
Solution:
This is an example of Case 1.
[ sin® x cos? x dx = [ sin? x cos? x sin x dx m is odd.
= [(1 — cos? x)(cos? x)(—d(cos x)) sinxdx = —d(cosx)
= J(1 —u?)(W?)(—duw) u=cosx
= f(u u?)(— du) Multiply terms.

3

__ _+C COSX COSX_I_C..

5 5 3

Example:
Evaluate [ cos® x dx.

Solution:
This is an example of Case 2, where m = 0 isevenand n = 5 is odd.
[ cos®xdx = [ cos* x cos x dx
= [(1 — sin? x)*d(sin x) cos x dx = d(sin x)
— f(l—uz)zdu u = sinx
= [(1 - 2u* + u*)du Square 1 — u?,
=u—2ud+ 4+ C =sinx —Zsinx + sin®x + C. m

Example:
Evaluate [ sin®x cos®* x dx.

Solution:

This is an example of Case 3.

f sinz X COS4 X dx _ f(l—cos Zx) (1+cos Zx)zdx m and n both even

2 2
2
=J (1 = cos 2x)(1 + 2 cos 2x + cos? 2x)dx

2 3
%f(l + cos 2x — cos? 2x — cos> 2x)dx

. 2 3
S[x + 2sin 2x — [(cos® 2x + cos® 2x)dx]

For the term involving cos? 2x, we use
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J cos?2xdx =1 [(1 + cos 4x) dx

= 1(x + 2sin 4x) Omit constant of
2 4 integration until final result.

For the cos® 2x term, we have
[cos3®2xdx = [(1 —sin? 2x) cos 2xdx  u = sin2x,du = 2 cos2x dx

=21 -u®)du = ;(sin 2x —3sin® 2x  Again omit C.
Combining everything and simplifying, we get
[ sin? x cos* x dx = L(x — Lsin4x + 2sin®2x) + C. m

5.3.2 Eliminating Square Roots:

In the next example, we use the identity cos? 8 = 2*<222° to eliminate
a square root.

Example:
Evaluate fon/4 V1 + cos 4x dx.

Solution:
To eliminate the square root, we use the identity

cos? 0 = 1+°‘2’529 or 1+ cos26 = 2cos?6

With 8 = 2x, this becomes 1 + cos 4x = 2cos? 2x. Therefore,

f:/4\/1 + cosdx dx = fon/4v2c0522 x dx = f:M\/?\/cosZZ x dx
— \/?fon/‘}lcos 2x|dx
= \/2—1-07'[/4- cos 2x dx cos2x = 0on[0,m/4]
sin 2x n/4
=2 2]0 =Z[1-0]=2=1

5 5 N [ ]
5.3.3 Inteqgrals of Powers of tan x and sec X:

We know how to integrate the tangent and secant functions and their
squares. To integrate higher powers, we use the identities tan? x =
sec?x — 1 and sec? x = tan’x + 1, and integrate by parts when
necessary to reduce the higher powers to lower powers.
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Example:
Evaluate [ tan*x dx.

Solution:
[tan* x dx = [ tan® x - tan® x dx = [ tan® x - (sec® x — 1)dx
= [tan® x - sec® x dx — [ tan® x dx
= [tan? x - sec’? x dx — [(sec? x — 1)dx
= [tan?x -sec’?xdx — [ sec®? x dx + [ dx
In the first integral, we let u = tan x, du = sec? x dx and have
Jutdu = 2u® + (.
The remaining integrals are standard forms, so
Jtan*xdx =itan*x —tanx +x+C. m
Example:
Evaluate [ sec3®x dx.
Solution:
We integrate by parts using u = sec x,dv = sec? x dx,v = tan x,
du = sec x tan x dx .Then
[ sec® xdx = secx - tanx — [(tan x)(sec x tan x dx)
=secx-tanx — [(sec’x — 1)secxdx tan’x = sec?x — 1
=secx-tanx + [ secx dx — [sec xdx .
Combining the two secant-cubed integrals gives
2 [sec® xdx =secx-tanx + [ secx dx,

1
and [ sec® x dx = ;secx - tanx +In|secx + tanx| + C. m

Example:
Evaluate [tan*x -sec*xdx.

Solution:

[tan*x - sec* x dx = [ tan* x (1 + tan® x ) sec®* x dx sec?x =tan?x + 1
= [(tan* x + tan® x ) sec? x dx
= [(tan* x) sec? x dx + [(tan® x ) sec? x dx
= fu4du + fu6du = u?5+u77+ C u =tan x,du = sec? x dx

5

— tar; X+tal;7X+C. u
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5.3.4 Products of Sines and Cosines:

The integrals
[ sinmxsinnxdx, [sinmxcosnxdx, and [ cosmx cosnxdx

arise in many applications involving periodic functions. We can evaluate
these integrals through integration by parts, but two such integrations are
required in each case. It is simpler to use the identities

sin mx sinnx = % [cos(im — n) x — cos(m + n) x]. (3)
sin mx cosnx = % [sin(m — n) x + sin(m + n) x]. (4)
COS MX COSNX = % [cos(m —n) x + cos(m + n) x]. (5)

Example:
Evaluate [ sin3x - cos 5x dx.

Solution:
From Equation (4) withm = 3 and n = 5, we get

[ sin3x - cos5xdx = %f[sin(—Zx) + sin 8x]dx

= %f[sin 8x — sin 2x]dx

— _C01568x + COZZX + C. u
Exercises:
1. Evaluate the integrals in following Exercises:
1) [cos2xdx 2) fon 3 sin Zax 3) [ cos®xsinxdx
4) [ sin* 2x cos 2x dx 5) [ sin3xdx 6) [ cos®4xdx
7) [ sin®xdx 8) fon sin® Zax 9) [ cos®xdx

10) f”/6 3cos’ 3xdx 11) [ sin® x cos® x dx 12) [ cos® 2x sin® 2x dx
0
13) J cos? x dx 14) [ 077.'/2 sin? xdx 15) | On/z sin” ydy
16) [ 7 cos” tdt 17) (7 8sin* xdx 18) [ 8cos* 2mx dx

) Jy
19) [16sin*xcos®xdx  20) ["8sin*ycos?ydy 21) [8cos®26sin26d6
22) [7/%sin? 20 cos® 20d0 3y (27 [1cosxgy 24) f; V1= cos2x dx

0 2
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25) f:Vl — sin? t dt
28) fon/6 V1 + sinx dx
31) [?6VT— cos 20 df

34) [ secxtan?x dx
37) [ sec®xtan?x dx

40) [e*sec®xdx
43) f://f csc* 0 do
) Lo
49) [71% cot® x dx

52) [ sin2x cos3x dx
55) [ cos 3x cos 4x dx

6tan* x dx

26) fnx/l —cos?0do
29) fSTE/6 \/%d
32) 7 (1 —cos?t)*/2dt

35) [ sec®xtanx dx
38) [ sec*xtan? x dx

41) [sec*6do
44) [ sec® x dx

47) [ tan® x dx

50) [8cot*tdt

53) [”_sin3xsin3x dx
56) f::/zz cos x cos 7x dx

/2 &in2x

27) f/s Vicosx "
30) fgnM\/l — sin 2x dx

33) fsec x tan x dx

36) [ sec®xtan®x dx
39) f_on/3 2sec x dx

42) [3sec*3xdx
45) [ 4tan®x dx

48) [ cot® 2x dx
51) [ sin3x cos2x dx

54) fon/z sin x cos x dx

2. Following exercises require the use of various trigonometric identities
before you evaluate the integrals.

a) [sin? 6 cos360d6
c) [ cos®0sin26do
e) [sin6cosf cos36do

b) [ cos?26sin6 do
d) [ sin3 6 cos 260 d6

f) [ sin 6 sin 26 sin 36 d6

3. Use any method to evaluate the integrals in following:

a) fsec xdx

tanx

d)f cotx dX

cos? x

b) f sin3

cos4

e) fxsm x dx

C) ftan xdx

CsCXx

f) [xcos®xdx
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5.4 Trigonometric Substitutions:

Trigonometric substitutions occur when we replace the variable of
integration by a trigonometric function. The most common substitutions

are x =atanu,x = a sinu, and x = a sec u. These substitutions are

effective in transforming integrals involving Va2 + x2,Va? — x2 and

Vx?2 — a? into integrals we can evaluate directly since they come from the

reference right triangles in Figure

Withx = atan@,
a’ + x* = a%® + a®tan26
2 2
a“(1 + tan“ @) o atan 6

a?sec? 6. Va’ + x? = a|sec 8|

Withx = asin@,

2 2

] a = a? — a®sin% 60
2 2 .
a—x = a?(1 — sin? 9)

X =asin @

Vat — x* = alcos 8| = a

— X

2 cos? 0.

With x = a sec @,

2 2

= a?sec? 6 — a?

= a?(sec?0 —1)

X" —a

=a2tan20. x=asecd

Vx? — a® = a|tan 8|

FIGURE: Reference triangles for the three basic substitutions identifying the
sides labeled x and a for each substitution.
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Remark:

We want any substitution we use in an integration to be reversible so
that we can change back to the original variable afterward. For example, if
x =atan 8, we want to be able to set 8 = tan1(x/a) after the
integration takes place. If x = a sin 6, we want to be able to set 6 =
sin~1(x/a) when we’re done, and similarly for x = a sec 6.

As we know from Section 3.8, the functions in these substitutions have
inverses only for selected values of 6. For reversibility,

FIGURE: The arctangent, arcsine, and arcsecant of x/a, graphed as functions of x/a.
x = atan 0 requires 6 = tan~1(¥) with—Z< 6 <=,
a 2 2

x = asin @ requires 0 = Sin"l(g) with —

N
IA
(s
IA

IA

N
> o

. _ _1 -
a sec 0 requires 6 = sec™ () with

S NI NI

if 2>1,
if =<1

TENS
IAN A

To simplify calculations with the substitution x = a sec 8, we will

restrict its use to integrals in which = = 1. This will place 6 in [0, g) and

make tan 8 = 0. We will then have Vx? — a2 = Vva?tan? 0 = |atan 8| =

a tan 6, free of absolute values, provided a > 0.
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Procedure for a Trigonometric Substitution:

1. Write down the substitution for x, calculate the differential dx, and

specify the selected values of 8 for the substitution.

. Substitute the trigonometric expression and the calculated differential
into the integrand and then simplify the results algebraically.

. Integrate the trigonometric integral, keeping in mind the restrictions on
the angle 8 for reversibility.

. Draw an appropriate reference triangle to reverse the substitution in the
integration result and convert it back to the original variable x.

Example:

Evaluate [-—-2&

Vatx2
Solution:

We set

x =2tan@, dx = 2sec* 6 do, —§<9<§,

4+ x?2=4+4tan’ 0 = 4(1 +tan?0) = 4sec? 0
Then

dx 2sec26do sec? 6do
= —_ 2 _
f 4+x2 Jasec2 o f [secd| Vsec? 0 = |sec 0|
T
=fSGC9d9 sec0>0for—g<0<5

= In|secO + tan 8| + C
Yot p 24 C

=In
Notice how we expressed In|secd + tan @]|in terms of x: We drew a

reference triangle for the original substitution x = 2tan 6 and read the
ratios from the triangle. m

Example:
Here we find an expression for the inverse hyperbolic sine function in

terms of the natural logarithm. Following the same procedure as in the
previous Example, we find that
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fz——fseCHdH x=atan0,dx = sec0do
va +x

= In|secO + tan | + C
n |2+ 4 x
a a

Since sinh™(x/a) is also an antiderivative of ﬁ , SO the two

antiderivatives differ by a constant, giving
sinh™1 (5) = [n |fate? 4 =
a a a

Setting x = 0 in this last equation, we find 0 = In |1| + C,so C = 0.
Since va? + x2 > |x|, we conclude that

sinh™1! (E) =In (@ +3).

Example:

2
Evaluate [ %
9—x

Solution:
We set
x =3sinf, dx = 3cos0 do, —§<9<§, g

9—x2=9—-9sin20 = 9(1 — sin? ) = 9 cos? 4. Vo — 32
Then

2 02 0.
[ X4 = [2sIn"03¢0s0d0 — g [5in29q9  cosH > 0for—Z< @ <=
9—x2 |3 cos )| 2 2

9 f 1—cc2>529 d@
(0 - 2%) + ¢
=3(6—sint9cosl9)+C sin20 = 2sin@ cos O

=2 (sin -0 4 ¢

=ESl ;—‘ gv 9—x2+4+C.m




Example:

Evaluate de—Lz , x>2
25x4—4

Solution:
We first rewrite the radical as

\/25x2—4=\/25(x2—24—5)=5 x? — (%)? \/xz—azwithazé

to put the radicand in the form x2 — a?. We then
substitute

= 2sec 6, dx=§sect9tan9d9,0 <0<z

We then get

() sec 6——=—(sec 9—1)——tan 6
25 25

2 2 2
and xz—(i) ==-|tan 8| = =tan@. tan >0 for0 < 8<TZ
5 5 5 2

With these substitutions, we have

dx _ dx _ (E) secftan6do l
f\/25x2—4 - fs (xz 4) N f ; 5.(§)tan9 - SISGCH ao

25

= -ln|secf + tanf |+ C = ZIn ¥+ 224 4 (. m

Exercises:
1. Evaluate the integrals in following Exercises

dx 3dx
) [ 5 b) J 22 0%,

2 dx 3/2 dx 1/2\/— 2d
D)o grzee e) Jy DY RGa
0) [ V25 —t2dt h)f\/1—9t2dt )2 x>

,x >3 ly2- J3-
”f%ﬂ C o ey ) [ ey >

m)f ,x>1 n)f\zf‘;’z‘_lx>1




2. Use any method to evaluate the integrals in following Exercises. Most
will require trigonometric substitutions, but some can be evaluated by
other methods.

b) f%dx C)f\/%dx

d) f T e) | = f) [0 dw

0) J [Fdx h) [xVx2 —4dx I)f /2 4x?dx

(1 x2)3/2

. dx dx d
D fo Gy ) e > 1 ) [

2y3/2 2)1/2

m)f(lx—dx n) f(l 2 dx
p)f odt 2 q) fx3dx

(9t2+1) x2-1

v2dv (1-12)5/2
) f(l v2)5/2 t) fr—sdr

3. In following Exercises, use an appropriate substitution and then a
trigonometric substitution to evaluate the integrals.
In4 etdt In(4/3) etdt 1/4 2d
)f e2t+ ) fln (3/4) (1+e2t)3/2 )f/12 \/_+4t\/_

d)f— e) fxm ) dx

2
y/1+(ny)?2 1+x

0) f i h) fm ) [ (Inx)?2

" xlnx

0 J ‘*'Txdx k) [ |Z dx |)f\/—\/7—xdx
Vx—2
m) [E=dx
4. For the following Exercises, complete the square before using an
appropriate trigonometric substitution.

a) [V8—2x — x2dx b)f dx

x2—2x+

C) f\/x +4X+3 ] d) f\/x2+2x+2

X+2 xX2+2x4+1
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5.5 Integration of Rational Functions by Partial Fractions:

This section shows how to express a rational function (a quotient of
polynomials) as a sum of simpler fractions, called partial fractions, which
are easily integrated. For instance, the rational function (5x — 3)/(x? —

2x — 3) can be rewritten as

5x -3 _ 2 3
2 - + .
x4 —-2x-—3 x+1 x—3

We can verify this equation algebraically by placing the fractions on the
right side over a common denominator (x + 1)(x — 3). The skill acquired
in writing rational functions such as a sum is useful in other settings as
well (for instance, when using certain transform methods to solve
differential equations). To integrate the rational function (5x —
3)/(x* — 2x — 3) on the left side of our previous expression, we

simply sum the integrals of the fractions on the right side:
5x -3 2 3
f—x2—2x—3dx = fmdx+fgdx.
The method for rewriting rational functions as a sum of simpler

fractions is called the method of partial fractions. In the case of the
preceding example, it consists of finding constants A and B such that

5x -3 — A + B (1)

x2 —2x -3 x+1 = x-3

(Pretend for a moment that we do not know that A = 2 and B = 3 will
work.) We call the fractions A/(x + 1) and B/(x — 3) partial fractions
because their denominators are only part of the original denominator
(x? — 2x — 3).Wecall 4 and B undetermined coefficients until suitable
values for them have been found.
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To find A and B, we first clear Equation (1) of fractions and regroup
in powers of x, obtaining

5x —3=A(x—-3)+B(x+1)=(A+B)x—34A+B.

This will be an identity in x if and only if the coefficients of like powers
of x on the two sides are equal:

A+ B =5-34A+ B = -3,
Solving these equations simultaneously gives A = 2and B = 3.

5.5.1 General Description of the Method:

Success in writing a rational function f(x)/g(x) as a sum of partial

fractions depends on two things:

The degree of f(x) must be less than the degree of g(x). That is, the
fraction must be proper. If it isn’t, divide f(x) by g(x) and work with
the remainder term.

We must know the factors of g(x). In theory, any polynomial with real
coefficients can be written as a product of real linear factors and real
quadratic factors. In practice, the factors may be hard to find.

The values of the undetermined coefficients form a system of n linear
equations in n unknowns. For large n, solving such systems may require

linear algebra methods (such as Gaussian Elimination).

Here is how we find the partial fractions of a proper fraction f(x)/g(x)
when the factors of g are known. A quadratic polynomial (or factor) is
irreducible if it cannot be written as the product of two linear factors with

real coefficients. That is, the polynomial has no real roots.
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Method of Partial Fractions When f(x)/g(x) Is Proper

. Let x —r be a linear factor of g(x). Suppose that (x —r)™ is the
highest power of x — r that divide g(x). Then, to this factor, assign the
sum of the m partial fractions:

Aq + Ag 4 o+ Am

(x-1r)  (x-1)2 (x-r)m *

Do this for each distinct linear factor of g(x).

. Let x? + px + q be anirreducible quadratic factor of g(x) so that x* +
px + q has no real roots. Suppose that (x? + px + q)™ is the highest
power of this factor that divides g(x). Then, to this factor, assign the
sum of the n partial fractions:

B1x+Cq1 Boyx+Co + .. Bnx+Cn
(x24px+q) (x2+px+q)? (xX24+px+q)n *

Do this for each distinct quadratic factor of g(x).

. Set the original fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the
terms in decreasing powers of X.

. Equate the coefficients of corresponding powers of x and solve the
resulting equations for the undetermined coefficients.

Example:
Use partial fractions to evaluate [+ __ gy

(x—1)(x+1)(x+3) ’

Solution:

Note that each of the factors (x — 1), (x + 1), and (x + 3) is raised
only to the first power. Therefore, the partial fraction decomposition has
the form

x2+4x+1 A + B (o

(x—1D)(x+1)(x+3)  x—1 x+1 x+3

To find the values of the undetermined coefficients A, B, and C, we clear
fractions and get
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x2+4x+1=Ax+1Dx+3)+Bx—D(x+3)+C(x—1)(x+ 1)
=Ax?+4x+3)+B(x*+2x—3)+C(x%?—1)
=(A+B+C)x*+ (4A+2B)x + BA—3B - ().

The polynomials on both sides of the above equation are identical, so we equate
coefficients of like powers of x, obtaining

Coefficientof x%: A + B + C =
Coefficient of x1: 44 + 2B = 4
Coefficientof x°:34 — 3B — C = 1

There are several ways of solving such a system of linear equations for the
unknowns A, B, and C, including elimination of variables or the use of a
calculator or computer. The solutionis4A = 3/4,B = 1/2,and C = —1/4.
Hence, we have
2
f x“+4x+1 dx = f[4 — 1 % 1 ]dx

(x—1)(x+1)(x+3) 2 x+3

2 Injx-1| + % In|X+1] — 7 In|X+3|+K,

where K is the arbitrary constant of integration (we call it K here to avoid
confusion with the undetermined coefficient we labeled as C). =

Example:
Use partial fractions to evaluate [ 27 dx.

(x+2)2
Solution:
First, we express the integrand as a sum of partial fractions with
undetermined coefficients.

6x+7 A B

(x+2)2  x+2 | (x+2)?
6x+7=A(x+2)+B Multiply both sides by (x + 2)2.
= Ax + (2A + B)

Two terms because (x + 2) is squared

Equating coefficients of corresponding powers of x gives A = 6 and 24 +
B=12 + B = 7,0rA = 6 and B = —5.Therefore,
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6x+7 __ 6 5 _ B
j(x+2)2 _f(x+2 (x+2)2) dx = 6_[x+2 5](x+2) dx
=6lnlx+2/+5[(x+2)1+C. =

Remark:

The next example shows how to handle the case when f(x)/g(x) is an
improper fraction. It is a case where the degree of f is larger than the
degree of g.

Example:
Use partial fractions to evaluate [ w dx.

Solution:
First, we divide the denominator into the numerator to get a polynomial
plus a proper fraction.
2X
2x3 —4x%? —x — 3
2x3 —4x%? —6x—3
5x — 3

Then we write the improper
fraction as a polynomial plus
a proper fraction.

3
B =
We found the partial fraction decomposition of the fraction on the right
in the opening example, so
f2x3—4x2—x 3
x2—2x-3

dx = [ 2x dx + [ ———dx

x%2-2x-3
=f2xdx+f—dx+f dx
= x? +21n|x+1|+31n|x—3|+C.l

Example:
Use partial fractions to evaluate [ —=2** __ dx.

(x2+1)(x—1)2
Solution:
The denominator has an irreducible quadratic factor x? + 1 as well as
a repeated linear factor (x — 1), so we write

(x24+1)(x—-1)2  x2+1  x-1 = (x-1)2
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Clearing the equation of fractions gives
—2x+4=(UAx+B)(x—1)*+Clx—1)(x*+1)+D(x*+1)

=A+CO)x3+(-2A+B—-C+D)x*+(A—2B + C)x+ (B—C + D).
Equating coefficients of like terms gives
Coefficientsof x3:0 = A + C

Coefficientsof x2:0 = —24A + B — C + D
Coefficientsof x: =2 = A — 2B + C
Coefficientsof x°:4 = B — C + D
We solve these equations simultaneously to find the values of A, B, C, and D:
—4 = =2A4,A = 2 Subtract fourth equation from second.
C —-A = =2 From the first equation
B A+C+2)/2=1 From the third equationand € = —
D=4—-B+C=1. From the fourth equation

We substitute these values into Equation (2), obtaining
—2x+4 _2x+1 _ 2 + 1
(x2+41)(x—1)? X241 x—-1 = (x—1)2

Finally, using the expansion above we can integrate:
—2X+4 — 2x+1 2
f(x2+1)(x 1)2 dx = f(x2+1 x—1 + (x— 1)2) dx
\ 2
o f(x2+1 "XZr1 x- (x 1)2) dx

=ln(x2+1)+tan_1x—21n|x—1| - +C.m

Example:
Use partial fractions to evaluate [

W
Solution:
The form of the partial fraction decomposition is

dX _ A Bx+C 4 Dx+E
x(x2+1)2  x  x%+1 0 (x2+1)%°

Multiplying by x(x? + 1)2, we have
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= A(x*+1)*+ (Bx+ O)x(x*+ 1)+ (Dx + E)x
= A(x* +2x>+ 1) +B(x* +x?) + C(x3 + x) + Dx? + Ex
= (A+B)x*+Cx3+ 24 + B + D)x*+ (C+E)x + A.

If we equate coefficients, we get the system
A+B=0C=02A+B+D=0C+FE=0A4-=1.
Solving this system gives A=1,B=—-1,C =0,D =—1, and E = 0.

Thus,

_ d d xdx
fm f[ x2+1 (x2+1)2] dx = f : f% B f(sz)Z

du
=f% 1fd“—— L u=x%>+1,du=2xdx

= In|x| — n|ul +— + K

= In|x| — 1ln(x2 + 1) +——+K

2(x 2+1)

=In_1X_+ +K.m

x2+41
Remark (The Heaviside “Cover-up” Method for Linear Factors):

2(x 2+1)

When the degree of the polynomial f(x) is less than the degree of g(x)
and g(x) = (x —r)(x —1rp) - (x —1,) is a product of n distinct linear
factors, each raised to the first power, there is a quick way to expand
f(x)/g(x) by partial fractions.

Example:
Find A, B, and C in the partial fraction expansion

x2+1 — A 4 B c
(x—-1)(x-2)(x—3)  x-1 x—2 x-3"

Solution:

If we multiply both sides of Equation (3) by (x — 1) to get

x2+1 B(x 1) C(x-1)
(x=2)(x-3) =A+ + x-3

and set x = 1, the resulting equatlon gives the value of A:

GO —4+0+02A4=1.

In the same way, we can multiply both sides by (x — 2) and then substitute

in x = 2. This gives % = B. S0, B = —5. Finally, we multiply
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both sides by (x — 3)and then substitute in x = 3, which
yields—@°*_—c andC =5.m

(3-1)(3-2)
Heaviside Method

1. Write the quotient with g(x) factored:
fo0 — j1€5)
900 (=T (x=r2)~(x=Tn)

2.Cover the factors (x — r;) of g(x) one at a time, each time replacing
all the uncovered x’s by the number 7; . This gives a number A; for
each root r;:

— f(r1)
A (r1-7r2)(r1-Tn)
A, = £(r2)

(ro—-r1)(rz2-13)(r2—7rn)

A = f(rn)

_ _ n _(Tn—Tl)(Tn—T_’z)"'(Tn—rn—l) '
3. Write the partial fraction expan5|on of f(x)/g (x) as
fX) — A1 + o+

90— Gorp t Grg?

(xr)"'

Example:

Use the Heaviside Method to evaluate

f xX+4

—————dx.
x3+3x2-10x

Solution:
The degree of f(x) = x + 4 is less than the degree of the cubic
polynomial g(x) = x3 + 3x2? — 10x, and, with g(x) factored,

x+4 x+4

x3+3x2-10x  x(x—2)(x+5)
Therootsof g(x) arer; = 0,, = 2,andr; = —5. We find
A, = f(0) — _0+4 _
17 (0-2)(0+5) ~ (-2)(5)
A, = f(2 _—_ 2+4 _ 6
2 7 202¢5) @™
A, = fC  — _=5+4
37 (-5)(-5-2)  (-5)(-7
x+4 2 3

Therefore, Bisee-10r . sx T 7(x=2)  35(x+5)’ and

[ ax = —Silnlxl +;ln|x — 2] —%lnlx +5 + C.m

x3+3x2-10x
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5.5.2 Other Ways to Determine the Coefficients:

Another way to determine the constants that appear in partial
fractions is to differentiate, as in the next example. Still another is to assign
selected numerical values to x.

Example:
Find A, B, and C in the equation

x-1 _ A B c
(x+1)3 x+1 - (x+1)2 (x+1)3 °

by clearing fractions, differentiating the result, and substituting x = —1.
Solution:

We first clear fractions:

x—1=A(x+1)?*+B(x+1)+C.

Substituting x = —1 shows C = —2. We then differentiate both sides
with respect to x, obtaining 1 = 2A(x + 1) + B.

Substituting x = —1 shows B = 1. We differentiate again to get 0 =
2A, which shows A = 0. Hence, 2=, = Lt _—_2

(x+1)3 (x+1)2 (x+1)3 °

Remark:

In some problems, assigning small values to x, suchas x = 0,+1,+2,
to get equations in A, B, and C provides a fast alternative to other methods.
Example:

Find A, B, and C in the expression

x241 A

(x—1)(x=2)(x—3)  x—1
by assigning numerical values to x.
Solution:
Clear fractions to get

x2+1=Ax—-2)(x—-3)+Bx—1Dx-3)+C(x—1D(x— 2).
Then let x = 1,2, 3 successively to find A, B, and C:

= 1:(1)?*+1=A-D(-2)+B0)+C(0)=>2 = 2A=>A=1

2:(2)2 +1=4(00+ B()(-1)+ c(0)=5 = -B=>B=-5
=3:32+1=40)+ B(0)+ C(2)(1)>10 = 2 =>C=5.

P x241 1
Conclusion: DT A
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Exercises:

1. Expand the quotients in the following Exercises by partial fractions.
a) 5x—13 ) 5x—-7 ) x+4 ) 2x+2
(x—3)(x—2) x2-3x+2 (x+1)2 x2-2x+1
z+1 z t2+8 t*+9
) 72(z-1) D 9) s ) Aoz

2. In following Exercises, express the integrand as a sum of partial
fractions and evaluate the integrals.

)flxz )fx2+2x ) | et d) mdx
x+3
e) f4 e ) f1/2% 9) ft3+t2 2t h) f2x3 8xdx

y2—2y-3
3. In following Exercises, express the integrand as a sum of partial

fractions and evaluate the integrals.

Q) [ At b Oghy g

X2+2x+1 1x2-2x+1 (x—1)(x242x+1)

4. In following Exercises, express the integrand as a sum of partial
fractions and evaluate the integrals

2 y2+2y+1
a) fO (x+1)(x2+1) b) f gtt3++t:4 c) (v2+1)2 dy

d) fsx +8X+2 1, ) f(sz+21s): 53 ds ) f st+81

(4x2+1)2 s(52+9)2
0) [ dx ) [ dx ) J 4= 1dx
J) f x%+x dx k) f293+592+89+4 do |) f94_493+292_39+1 do

x*—3x3-4 (02+260+2)2 (62+1)3
5. In following Exercises, perform long division on the integrand, write
the proper fraction as a sum of partial fractions, and then evaluate the

integral.
a) f2x3—2x2+1 dx b) f ;‘41dx C) J‘9x —3x+1 dx

_xz

d) f4x2162x+1 dx €) o dy f) fy3 -y2+y-1 dy

3y
6. Evaluate the integrals in followmg Exercises.

etd 4t 2t _ cosydy
a) fezt+3ett+2 b)f +Ze dt C) fsinz y+siny—6

sin 6d6 1
)fcosz 6+cos6-2 e) fx3/2—\/} dx f) f(x1/3_1)\/} dx

g) f@d'x h) fx 916+9 dx I) fx(xi+1) dx
do

do

J) Imdx k) fcoszésine I) fm
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f\/—+\/_dx

(x-2)2tan~1(2x)-12x3-3x

0) f (4x2+1)(x-2)? dx
(x+1)2tan"1(3x)+9x3 +x

p) f (9x2+1)(x+1)2 dx

7. Use any method to evaluate the integrals in following Exercises
a) fx —2x2%2-3x dx b)f x+2 dx C) 2X_2~ xdx

x+2 x3-2x2-3x 2x+2—x

d) f22x+2x zdx e) fﬁdx f) J-x5 —-5x+1 dx

Nz N ) | s
D) [x>Vx3+1dx k) [x?V1—x2dx ) [~ Inx+2 do

x(Inx+1)(In x+3)
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5.6 Improper Integrals:

Up to now, we have required definite integrals to satisfy two
properties. First, the domain of integration [a, b] must be finite. Second,
the range of the integrand must be finite on this domain. In practice, we
may encounter problems that fail to meet one or both of these conditions.

The integral for the area under the
curvey = (Inx)/x?fromx = 1tox = o

is an example for which the domain is

infinite.

The integral for the area under the curve of y = 1/+/x
between x = 0 and x = 1 is an example for which the

range of the integrand is infinite.

In either case, the integrals are said to be improper and

are calculated as limits.

5.6.1 Infinite Limits of Integration:

Consider the infinite region
(unbounded on the right) that lies
under the curve y = e~*/? in the first
quadrant. You might think this region
has infinite area, but we will see that
the value is finite. We assign value to
the area in the following way. First
find the area A(b) of the portion of the
region that is bounded on the right by

x=Db.
AD) = [Pezdx = — Ze%]b
0 0

a

02| y =10

e

[

0.1 -

I
0 2

* X

The area in the first quadrant under the

curve y = e /2,

_T
p,

\ Area= —2¢ 0242

=

> X

The area is an improper integral of the

first type.




N
™
o
]
™
]
™
]
™
]
™
]
™
]
™
]
sie
]
sie
]
sie
]
sie
N
sie
N
sie
]
sie
]
sie
]
sie
]
sie
N
sie
]
sie
]
sie
]
sie
]
sie
]
sie
i
sie
N
sie
N
sie
N
s
1
™
1
™
1
™
1
™
1
™
1
™
1
S
1
™
1
™
1
S
1
S
1
N
1
S
1
S
1
S
1
i
1
]
o
o

Then find the limit of A(b) as b —» o
gi_)n(}oA(b) = gi_)ngo(—Ze_g +2) =2,

The value we assign to the area under the curve from 0 to oo is
foooe_Jz_c dx = lim fob e~z dx = 2.

Definition:

Integrals with infinite limits of integration are improper integrals of
Type I.

1. If f(x) is continuous on [a, ), then faoof(x) dx = AL‘E‘O fff(x) dx.

2. If f(x) is continuous on (—oo, b], then f_boof(x) dx = lim_ ff f(x)dx.
3. If f(x) is continuous on (—oo, 00), then

[2 fede = [ fe)dx + [T f(x) dx.

where c is any real number.

In each case, if the limit exists and is finite, we say that the improper
integral converges and that the limit is the value of the improper integral.
If the limit fails to exist, the improper integral diverges.

The choice of ¢ in Part 3 of the definition is unimportant. We can

evaluate or determine the convergence or divergence of f_°°oo f(x) dx with

any convenient choice.

Any of the integrals in the above definition can be interpreted as an
area if f = 0 on the interval of integration. For instance, we interpreted
the improper integral in y = e~*/2 as an area. In that case, the area has
the finite value 2. If f > 0 and the improper integral diverges, we say
the area under the curve is infinite.

Example:
Is the area under the curve y = (In x)/x? fromx = 1to x =

finite? If so, what is its value?
Solution:
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We find the area under the curve
from x = 1to x = oo and examine the
limit as b — oo. If the limit is finite,
we take it to be the area under the

curve. The area from 1 to b is 0 '
binx, _ 1P _ b1y Integration by parts with
[} mxax = [(Inx) (-], = [} (-HGdx e m = a2,
du = dx/x,v = —1/x

=% G, T ettt

The limit of the areaas b —» o is

x = lim fbln—dx— lim [—ln—b—l+1]
b— o b—>oo b

“fim ™2~ 04 1
b—oo b
1

= —|lim 2|+ 1 = 0+ 1 = 1. PHépital’s Rule

b—oo

Thus, the improper integral converges, and the area has finite value 1. =

Example:
(00]
Evaluate [~ 9
—00 1+x

Solution:
According to the definition (Part 3), we can choose ¢ = 0 and write
®ax _ 0 dx @ ax
Lottz= ozt )y iz
Next we evaluate each improper integral on the right side of the equation
above.

[0 ax — lim fo “ dx = lim tan~1x]?

00 1+x2 a——oo a——oo

= lim (tan"10—tan a)=0— (- ) Z

a——oo 2

Inb 1]b Inb 1

«© — : -1 ,b
Jy st = Jim Jy' i85 = Jimtan~ x;

= glm (tam‘1 b —tan~10)
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© gx _ (0 4 O gy _ T, T _
[ Ly R

—00 1+x2 —00 1+x2 1+x2
Since 1/(1 + x?) > 0, the improper integral can be interpreted as the
(finite) area beneath the curve and above the x-axis.

5.6.2 The Integral [,” %

The function y = 1/x is the boundary between the convergent and
divergent improper integrals with integrands of the formy = 1/xP . As
the next example shows, the improper integral converges if p > 1 and
divergesifp < 1.

Example:
For what values of p do the integral [ 1°° &x converge? When the integral

does converge, what is its value?
Solution:
Ifp #1,
b
[ =00 = 0 - D = G D,
Thus,
— p>1

X dx 1z b dx +1 —
1x_p—1}1—r>¥>lo 1 xP b—>oo[ 077 = DI = {poo1 p<1

0 p>1 .
{Oo p<1 . Therefore, the integral converges to the
value1/(p — 1) if p > 1 anditdivergesifp < 1.

Ifp = 1, the integral also diverges:

O ax f dx —
1 xP b—>oo
5.6.3 Inteqrands with Vertical Asvmptotes:

—>oobp

b dx _
fl . hm lnx] = I}l_I)l;lo(lnb —Inl) =co. =

Another type of improper integral arises when the integrand has a
vertical asymptote—an infinite discontinuity—at a limit of integration or
at some point between the limits of integration. If the integrand f is
positive over the interval of integration, we can again interpret the




R
™
o
]
]
]
]
]
]
]
sie
]
sie
]
sie
]
sie
N
sie
N
sie
]
sie
]
sie
]
sie
]
sie
N
sie
]
sie
]
sie
]
sie
]
sie
]
sie
i
sie
N
sie
N
sie
N
s
1
™
1
™
1
™
1
™
1
™
1
™
1
S
1
™
1
™
1
S
1
S
1
N
1
S
1
S
1
S
1
i
1
]
o
o

improper integral as the area under the graph of f and above the x-axis
between the limits of integration.
Consider the region in the first quadrant that lies

under the curve y = 1/+/x from x =0 to x = 1.
First, we find the area of the portion from a to 1:

fa dx — 2\/’] =2-2Va.
Then we f|nd the limit of thisareaasa —» 0*:
lim fld’“ = lim(2 — 2va) = 2.

a-0t a—0

Therefore, the area under the curve from 0 to 1 is a

finite and is defined to be 3
f ax — lim 1dx The area under this curve is
= 1um

a0+ fa Jx = 2. an example of an improper
integral of the second kind.

Definltlon.
Integrals of functions that become infinite at a point within the interval

of integration are improper integrals of Type II.

1. If f(x) is continuous on (a, b] and discontinuous at a, then

b . b
Jo fGO dx = lim, [7 f(x) dx.
2. If f(x) is continuous on [a, b) and discontinuous at b, then
[} fx)dx = lim [ f(x) dx.
c—

3. If f(x) is discontinuous at c, where a < ¢ < b, and continuous on
[a,c) U (c,b], then

[y F)ydx = [{ fG) dx + f f(x) dx.
In each case, if the limit exists and is finite, we say the improper integral
converges and that the limit is the value of the improper integral. If the
limit does not exist, the integral diverges.
In Part 3 of the definition, the integral on the left side of the equation
converges if both integrals on the right side converge; otherwise, it
diverges.




Example:
Investigate the convergence of fol —=d

Solution:

The integrand f(x) = 1/(1 — x) is continuous
on [0, 1) but is discontinuous at x = 1 and becomes
infinite as x — 1. We evaluate the integral as

— 1 _ _ b
blggl_f 5 dx = Jim [=in|1 — x| I

lim [—In|1 — x|]3 -

b—-1~ The area beneath the

blim [—In(1 —b) + 0] = co. curve and above the x-
-1-

axis for [0, 1) isnot a
The limit is infinite, so the integral diverges. m real number.

Example:
Evaluate f

m
Solution:

The integrand has a vertical asymptote
at x =1 and is continuous on [0,1) and -
(1,3]. Thus, by Part 3 of the definition /
above,

3 dx _ ! dx 3 dx
fo x-1)2/3 fo (x—1)2/3 + fl (x-1)2/3 " m b

- - s |
Next, we evaluate each improper integral on The area under the curve exists (o

the right-hand side of this equation. it is a real number).

dx 1 b _dx .. _4n1/310 _4n\1/3 _
Jo e = Jim o Gopes = Jim 30 = D] = lim [3¢c — 1DY? +3] =3
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fl E B c11>1+ fc (x—1)2/3 Clirﬂ3(x 1) ]C

lim [3(3 — 1)V3 —3(c - 1)Y3]1 =332
c—

We conclude that f;# =3+3V2.m
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5.6.4 Tests for Convergence and Divergence:

When we cannot evaluate an improper integral directly, we try to
determine whether it converges or diverges. If the integral diverges, that’s
the end of the story. If it converges, we can use numerical methods to
approximate its value. The principal tests for convergence or divergence are
the Direct Comparison Test and the Limit Comparison Test.

Example:
Does the integral [ 1°° e~ dx converge?

Solution:
By definition, flooe‘xzdx = lim flbe‘xzdx.

b—oo

We cannot evaluate this integral directly
because it is nonelementary. But we can
show that its limit as b — oo is finite. We

know that flbe‘xzdx IS an increasing

function of b because the area under the
curve increases as b increases. Therefore,
either it becomes infinite as b — oo or it has
a finite limit as b — oo. For our function it
does not become infinite: For every value of ~ The graph of e™*" lies below the

a2 Cx graph of e *for x > 1
x = 1,wehavee < e * so that

flb e dx < flb e ¥dx=-ebP+el<e™l ~0.36788.

0

—x2 ) b _,2 i
Hence, [, e ™ dx = lim [ e~ dx converges to some finite value. We

b—oo

do not know exactly what the value is except that it is something positive
and less than 0.37. =
Remark:

The comparison of e~*" and e~ in previous Example is a special case
of the following test
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Theorem (Direct Comparison Test):

Let f and g be continuous on [a, ) with 0 < f(x) < g(x) for all
x = a. Then

1. 1f faoo g(x)dx converges, then faoo f(x)dx also converges.

2. 1f [ f(x)dx diverges, then [ ° g(x)dx also diverges.
Remark:

Although the theorem is stated for Type | improper integrals, a similar
result is true for integrals of Type |1 as well.

Example:
These examples illustrate how we use Theorem 2.

oo .
a) [ L Smj"dx converges because

0< Sl; X< = on [1,0) and f L dx converges.

b [ ) hdx diverges because

1

x2-0.1

on [1,0) and f 1 ax diverges.

2
C) f: / 2% dx converges because

COS Xx
0< NG <ﬁ on [0,2] 0 <cosx<1on/0,7]

L _ T dx
and ff% =alir(r)1+fa2ﬁ= lim v4 ] 2/x = Vax

a-0t
= lir51+(\/27r —+4a) =+2m CONVerges. m
a—

Theorem (Limit Comparison Test):

If the positive functions f and g are continuous on [a, «), and if
lim/® = [, 0<L< oo,

x— 009 (X)

then [~ f(x) dx and [~ g(x) dx either both converge or both diverge.
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Remark:

Although the improper integrals of two functions from a to co may
both converge, this does not mean that their integrals necessarily have the
same value, as the next example shows.

Example:
Show that f d" > converges by comparison with f 4x . Find and

compare the two mtegral values.
Solution:

. 1 1
The functions f(x) = o and g(x) = —
n [1,0). Also,
lim & = lim 22 —11m1+" = lim(=+1)=0+1=1,
x—009 g(x) x—>ool+x2 X—00 X—00 x2 ¥

A
2

which is a positive finite limit. Therefore, f1°° _dx_

(0]
converges because [, %4 converges.

The integrals converge to different values,
however:

0
. . — _ _1
and f oz = Jim tan™! 1]

Examgle.
Investigate the convergence of [ 1°° 1‘§_x dx.

Solution:

The integrand suggests a comparison of f(x) = (1 —e™)/x with
g(x) = 1/x. However, we cannot use the Direct Comparison Test because
f(x) < g(x) and the integral of g(x) diverges. On the other hand, using
the Limit Comparison Test we find that

I ~ Xy =1,




which is a positive finite limit. Therefore, floo 1-¢
J, % diverges. =

Exercises:
1. The integrals in the following Exercises converge. Evaluate the
integrals

)fo x2+1 2)f1 x1001 3)

4
D Jo v

1
7 J; J—
10)[? zdx

9 © x2+4
13) f 2xdx

NG 241)°

16) J, Lds

19) fO (1+v2)(1d:tan_1v)
22)f0oo 2e7%sin A df

25)f01 xInx dx

1 T ar
28)f e

31)]4 dx

1 X
5) | 1557
1
8)f rod9r99
11) f,” 2%

14) f_ooW

17 )fo (1+x)\/_
20) f, 2o

23) f_ooe"|x|dx
26) [)'(~Inx) dx

l6tan” ~x tan™1x dx

29) I, 2 ey

1 X
6) J g;i/s
9) f_ooxzzdxl
12) ;3%
1 641
19)Js m
18) [ x2 -
21) [°_6e?do
24) % 2xe™*"dx
2 gs
27)f _4 =
3O)f t t2 -4
33) f—l 92+56+6

2 dx
2 [}
34 )fo (x+1)(x2+1)
2. Inthe following Exercises, use integration, the Direct Comparison Test,

or the Limit Comparison Test to test the integrals for convergence. If
more than one method applies, use whatever method you prefer.

1 0 X
1) fl/lenx 2) f 1% 3) fl/zﬁc(liil—x)3
4) [ 5) [;/*tan0 d6  6) [/*cot6 do
7) Jynxdx 8) f; 9) [I"? x~2e=1/% dx

xInx
11) fO \/_+smt 12) fo t-sint smt
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13) [ 14) [ ax 15) f7, In|x| dx

1-x2 0 1-x
16)f_1 —xIn|x| dx 17) [ x3+1 18)), &5
19)f, 2. 20)J, i Do res
23) f, 5 dx 24) [, A=

Jaxh—1

22) [
25)an0 2+c;sx dx 26) fnoo 1+;iznx dx 27) f4 2dt

t3/2-1

28)f,” lnxdx 29) [ dx 30) [ In(In x) dx

dx 32) f i dx 33) 7 Ax

441

31)f1 \/_
34) [% JR . b

EEET

b ofel il ik
T S

Lok
wk ik o

B A A A e

AR A AR A A A A A A KA N A RANALN AL A A A &Y



