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Theorem 2.7.: Let X be a Banach space, M subspace of X, M is a Banach space then M is
closed in X.
Proof:

Suppose M is Banach space = M is complete
T.P. M is closed (i.e. M =M)

LetxeM

=3 (x») sequence in M s.t. Xx,—> x
= (x») is a Cauchy seq. in M
Since M is complete

= JdyeMs.t.xi—>y

But the limit point is unique

= x=y =>xeM = M is closed

Corollary 2.8.: Let X be a normed space, if M is finite dimension subspace in X then M is

closed.

Proof:

M is a normed space (Every subspace of normed space is normed space)

Since M is finite dimension = M is complete (From theorem 2.4.)

By using theorem 2.5. = M is closed.

Theorem 2.9.: Let X be a normed space and M closed subspace of X, if X is Banach space

then X/M is Banach space.

Linear Transformations

Definition 2.10.: Let X and Y are vector spaces on F. The function T : X — Y is called linear

transformation if satisfy the following conditions:
1) Tx+y)=Tx)+T(), VxyeX
2) T(Ax)=AT(x), VxyeX
ie. T(ax+py)=aTx)+pT () , VxyeX, afscalars.
The linear transformation f: X — F is called linear functional on X.

Remarks 2.11:
1- D(T ) = Domain T
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2-
3-
4-

R(T )={T(x) : xeX} c Y = Range T, R(T ) is a vector space.
N(T )={xeD(T ): T(x) = 0}= Null space, N(T ) is a vector space.
If Y=X, then T: X—>Xis called linear operator.

Examples 2.12:

1-

Zero Transformation

0: X—=Y, O(x)=0, "xeX

Letx,y €X, o, fscalars
Of(ax+fy)=0=0+0=a0x)*+B0y)
Identity Transformation

I1:X>X I(x)=x, VxeX

Letx,y €X, a,f scalars

I(oax + fy) = ox + fy = al(x)+ f1(y)
Differential Transformation

Let X is a space of all polynomials on [a, b]
Pu(x)=ap +aix+ ... +a. x", Vx € [a, b], Vn
D: X > X, D(Pux)) = P(x), VPux) €X
Let Pu(x), Bu(x) € X, o, Bare scalars

D(a Pu(x) + BBu(x)) = (a Pu(x) + B Bu(x))’
= aP'(x) + BB's(x)) = aD(Pu(x)) +S D(Bu(x))
Integrable Transformation (H.W.)

Let X=C|[a, b], T: C[a, b] — C/a, b]

T(ftx) = [ f@)de,vf e Cla,b]

T is linear transformation

Bilateral shift Transformation

Let X=I>={ x= (x,)7,:x,€R or Cs.t. ) | x,['<oo}

i=l
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B=0L—>0,B(z,z2 ., zn ...)=( 22 eeo, 2Zn, o), VZz=(21, 22 o, Zn, ... )E D2

Letz=(z1,22 .., Zn, ...), W=(W1, W2, ..., Wy, ...) €12, @, fscalars
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Blaz+ pw)=B(azitfwi, aztfws ..., azptfwn ..)=(az2tfwy ..., azntf

Wi, o) = (22, ooy Zn, )L (W2 oo, Wi, o) = aB(z) + fB(w)
6- Unilateral Shift Transformation (H.W.)

U:L—>D,U(zn,z oy zn ...) =0, 21, 22, ooo, 2Zn, ...), Vz=(21, 22, ., 20, ...)E D2

Definition 2.13: Let T: X— Y be a linear transformation, T is said to be bounded linear

transformation if there exists a real number M > 0s.t. || Tx |[|[ySM || x ||x, Vxe X

Definition 2.14: Let T : X— Y be a bounded linear transformation:

| T||| = Lu.b. { fx )” x #0,x € X}is the norm of the bounded linear transformation.

Ilxll

Remarks 2.15:

T
I- ||| 7] = H@e “")”Y VA0 € X, I Telly <11 TH ) x L

Il x [l
2-IfT=0=|||T|||=0
3- Ifll x |lx=1 = ||| T|[|= Lub.{ || T(X)||y: x X}
Examples 2.16:

2- I X—> X, [(x)=

3- Let X be a normed space of all polynomials on [0, 1]

D: X— X, D(Pu(x))=P'u(x), V' Pu(x) € X

D unbounded linear transformation
Proof:
Let Py(x)=x", x€[0, 1], Vn
Pl =1
D (Pu(x))= D(x")= n x™!
| D @) || =l nx™|[ =n||x"[ = n||x"|| Zn|| PAx)|| =n
= D unbounded linear transformation

( because there is not exist M > 0 s.t. || D(Pu(x)) || M || Pa(x)||)



