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Definition(1.20)

Let X be normed space

1.The open ball with center xo € X and radius r > 0 denoted by B(xo) and define
as Pr(xg)={xeX: ||x—xo||< r } and the closed ball is ,Fr(xo):{x eX : ||x—xo|| <7}.

2. A subset A of X is said to be bounded if there exists k > 0 such that ||x|| <k for

allx € 4.

Remarks
1.Every open ball and closed ball are nonempty sets because xoef- (xo0)

and xo € f3_(xo).

2.6 (x0)=x0 + (0)=x0 +r[i(0)

Indeed
Br(xo)={x €X: ||x—xo ||[< r}={xoty: [[yl|[<ri=xo+ {y: [|[y]| <7} =x0+£0)

Also, pO)={x eX: [|x[|< r}={xeX: @<1}:{f’y-'llyll< Ly =riy: [VlI<13=rpi(0).

Definition(1.21)

Let X be normed space. A subset A is said to be open set if given any point x € A
, there exists r >0 such that B (x ) c A . and we say that A is called a closed set
if A€ is open set.

Remark

Since every normed space is metric space and every metric space is a topological
space, then every normed space is topological space. B(xo) is a neighbourhood of
xo . This topology is called a norm topology on X, and the space X is called the
normed topological space.

Definition(1.22)
A metric linear space X is said to be normable if the metric function is induced

by a norm.



FUNCTIONAL ANALYSIS

LU 5 puslaall
Theorem (1.23)

Let X be normed space.

1. Every open ball in X is open set.

2. Every closed ball in X is closed set.

3. A subset of X is open iff it is union of a family of open balls.
4. Any finite subset of X is closed.

Proof: HW

Definition (1.24)
Let X be normed space and let A < X:

1. The union of all open sets in X contained in A is called the interior of A,
denoted by int(A4).

i.e. int(A)= U {Bc X :Bel, BC A}).Thus int(A) is the largest open set contained

inA, andint(A) cA.

Henceint(A) ={x e A:Fr>0, f(x) cA},

intA)=¢{x € A: F3r >0, x +rB1(0)c A}

2.The intersection of all the closed sets containing A is called the closure of A,
denoted by A .

ie. A =n{BcX:B°cT,A cB).Thus A is the smallest closed set containing A

and A cA .

Hence A={xeX: Vr>0,7yeA 5 ||x||<rl, A=, (A+1B1(0)).

3. A point x €Xis called a limit point of A if each open set G in X such that x €G
and A N (G | {x }) # ¢ .The set of all limit points of A is denoted by A" and is
called the derived set of A .
Hence A’={x e X: Vr>0, Fye A3y =x, ||x —y||<r}

4. The boundary of a subset A is defined as the difference between the closure

and the interior of the subset A , i.e. (A ) =A M (int(4)).

Hence O(A)={xeX:V'r>0,FyeA, zeA° 5 ||x||<r, ||x—z||<r}

5. The exterior of A is the complement of A and denoted by ext(A)

ie ext(4d)=(A).
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Theorem(1.25)

Let X be normed space. If M is a subspace of X, then M is subspace of X .

Proof :
Since 0eM = Mc M = 0eM, so M #¢
Letx,y e Mand a, B € F. To prove ax +fy e M

Letr>0

I.Ifa#0and =0, thenﬁ>0andm>0 there exist a, b € M such that

||x—a||< and. ||x—b||

2| | 2Iﬁl

Since M is subspace and a,be M , then. ¢ a + b e M
(ax+py)—(aa+fb)=a(x-a)+f(y-b)

I(ax +py) —(aa+pb)|<|d || x —all+] B] |y - bl < |Of|m+ Iﬁ’lm—”

Hence ax +y e M

Equivalent Norms

Definition(1.26) Let |I-|l; and |I-ll, be two norms on a vector space X.We say

that |I-l; and ||, are equivalent (or |-|l; is equivalent to ||-|l, ), written ||-ll{~|I-
l,, if there exists positive real numbers a and b such that a || x |1<Il x I,< b ||
x Iy forall x € X.

Example(1.27)

Let | x ly= Y1 x| and Il x ll,= (Zi- 1x2) forall x = (x1,+++,x,) € R™
Show that ||-II1~II Il,.

Solution :

From Cauchy's inequality, we have

il < (T 1x2) (zl m) forall x;,y; € R
Put vi=1foralli =1,2,-
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1 1
we have Y11 x| < (X1e,x7)* (X1 1)2

1
Ix 1<l x N vn=—= Il x <l x I

Vn

1
s>a=—,,but lxI,<lxll;=>b=1

Vn

Hence |I-ll;~II-Il,.

Theorem(1.28)
On a finite dimensional vector space all norms are equivalent.

Proof:

Let X be finite dimensional vector space with dim X =n > 0, and |I:ll1, I, be

two norms on X. To prove |I-ll{~l-1l,
Let {xy,++,x,,} be a basis for X = every x € X has a unique representation

n
X = Z )ll-xl-, Ai € F. (1)
i=1
and
Il x ;= ||Z?=1 /L-xilll < ?:1 | /1i||xi”1 ...(2)
Put k = max{l x{|l 1, ..., 1%, I:} = k foralli =1, ...,n
= M [Allxll, S kT A L . (3)

From (2) and (3), we have || x 1< kY =114 ....(4)

Since the set {xq, -+, x,} is linear independent, by lemma of linear independent,
there is ¢ > 0 such that || Xi=1 Aix;ll, = cXizq |4 ....(5)

From (1) and (5), we have || x l,= cXi— | 4] ....(6)

From (4) and (6), we have Il x ;< = Il x Il

Puta=£, we have a ||l x I,<Il x I, (D)

Similarly || x 1,< kY=, 14;] -+ (8),
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and. |l x l1= cXi=q 14l ....09)

From (8) and (9) , we have || x ||,< % Il x Il

Putb ==, we have Il x I,< b Il x I ....(10)

From (7) and (10), we have a || x II;<Il x I, < b Il x |I;.

Hence |I-ll;~1I-1l;

Definition(1.29)

A semi norm on X is a function p: X = R having the following:
1 p(Ax) = |Alp(x) for all x € X and for all A € F

2 px+y) <px)+ply)forallxye€X
A family F of seminorms on X is said to be separating if to each x # 0

corresponds at least one p € F with p(x) # 0.

Theorem(1.30)

Suppose p is a seminorm on a vector space X . Then:
1. p(0)=0

2. p(—x)=p(x) for all xeX

3. p(y—=x)=p(x-y) for all x,y eX

4. | p(x)pO)| <p(x-y) forallx,yeX
5. p(x)=0 for all xeX

6.The set N(p)={x X : p(x)=0} is a subspace of X
7. pis a norm if it satisfies the condition p(x)#0 if x= 0. H.W.

Proof :
(1),(2) and (3) direct from definition.

4. x=(x-y)H = p(x)=p((x¥) ) <p(x-y)+p()
p(x)-p(y)sp(x-y)..(1)
Also, =p(x =y ) <p(x)—-p(y) ... (2)
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From(1l) and (2) , we have;
—p(x =y) < p(x) —p(y) <p(x —y)
=[px)py)| sp(x-y)
5. Since p(x)—p(y)<p(x-y) for all x,y eX
Take y=0 = p(x)<p(x)
Since p(x) >0 = p(x) >0 for all xeX
6. Since p(0)=0 = 0eN(p) = N(p)#¢
Let x,y eN(p) and o, feF = p(x)=0, P(y)=0
plox + ) <p(ax) +p(By) <ap) +yp(y) =0 =
p(ox +pPy) <0 Sincex,y e N(p),a, p €F, and Xis vector space, then
ox+fye X = plax+Ly)=>0
p(ox+0y)=0 = ax+fy eN(p) = N(p) is a subspace.
Definition(1.31)

Let X be a linear space over F. A A - norm on Xis a function ||. ||: X = R having
the following properties:
L.|| x||>0 for all x eX, x=0.
2./ Ax || || x || forallx € X and for all 0 <|A| <1
3.?_7)1(‘)& [|[Ax || =0 for all xeX

4. ||x+y|| £c max {||x||,||y||} for all x,y € X where c> 0 is independent of x, .

s

Remark

1. A A-norm||. || on Xis called an F-norm if it satisfies ||x + y|| <||x|| + ||v|| for
allx,y € X.

2. A A-norm || . || on Xis called a quasi-norm if it satisfies ||Ax|| =|A| || x || for

all x e X and A€F.



