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Theorem 3.2.:

If X is a pre-Hilbert space, then :
1) <x,0>=<0,x>=0
2) <x,oy+Pz>=a<x,y>+p<x,z> VxyzeX&Vo,peF
Proof:

I- <0, x>=<00,x>=0<0,x>=0

2- <x,oyt+Pz>=<ay+fz,x >

=<ay,x>+< fz,x >
=a<yx>+tp<zx>

=E<x,y>+ﬁ<x,z>

Corollary 3.3.:

If X is a pre- Hilbert space , then:

1)<iaixi,y>:iai <X,y >
= i
2)<x,> By, >:ZE<x,yj >
j=1 j1
N<Dax, Y By, >=> B <x.,y,>
i=1 = ij

Theorem 3.4.:( Chauchy- Schwarz Inequality)

Let X be a pre-Hilbert Space and the function || . ||: X —R defined by:
|x]|=J<xx>VxeX then |<x,y>[<[x]||ly],VxyeX

Proof:
Ifx=0o0r y=0= <x,y>=0.

If y#0,weput z=—2—
Il

SlzlP=<zz=< 2 Y oo by b yypa
N I

We must prove | <x, z>|<|| x ||

Let AeF, then:



<x-Az, x-Az>>0
||x||2—71<x,z>—7»<z,x>+|7»|2||z||220

Ix|P-2<xz>-A<zx>+|A]? >0

| x| - <X Z><XZ>+<X, Z><XZ>-A<X,z>-A<Zzx>+A1 20

Ix|P—l<x,z>P+<x,z>(<x,z>-A)—A<z,x>-1)20

x| =|<x,z> +(<x,z>-A)<x,z>-1) 20

Ix|?-|<x z>*+|<x,z>-A*|>0, V AeF

Since <x, z> €F , put A =<x, z >, then

[x-<ux, z>z|P = x|P-|<x z>PH<x z>-<x z>|
=[x |?-I<x z>F=0

= |<x, z><|| x|

Sl 2> < x|

[p3
= [<x, y> <[ x[lyl
Theorem 3.5.: Every Pre-Hilbert space is a normed space (metric space).

Proof:

Let X be a Pre-Hilbert space and let the function || . ||: X—R such that:

x| = {J<x,x>, VxeX

T.P. the space X satisfies the conditions of the norm:
1- Since <x, x>>0,VxeX = || x| =0, VxeX.
2-|x]|=0 & J<x,x>=0 < <x, x>=0 < x =0
3-letxeX, LeF :
20| = < A x> = 2T <xx>= [ AP<xx>=| h|J<xmx>=| A ||| x|

4-letx,y eX:

| x+y |[*=<xty, xty>=<x, x>+<x, y>+<y x>+<y y>
=l x|Pr<xy>+ <xy>+|y|P

Since <ux,y>+ <x, y>=2Re(<x, y>)

=[x +yP=lx|P+2Re(<x y>)*|y|’

Since Re(<x,y>)<|<x,y>|

=lx+ylP<lIxP+2<xy>FyIP



By Cauchy — Schwars inequality | <x, y > | <[ x || || v ||, we get:
=lx+yP<lxP+2lxllyI+1yP=dxl+1y)

Then [[x +y (| <[lx [+

Theorem 3.6.: If x, y are vectors on Pre-Hilbert space X, then:

- [[xty[P=]lx|P+2Re (<x,y>)*|y|?  (Polarinequality)
2- [x+yPHllxy P=20x|P+2 1y P (Parallel Law)

3-<x,y> =%[ | x+y|?-||x-yI|>+ilx+iy]|*—i| x-iy]|?*] (Identical Polarization )

Proof:

1- We get from theorem 3.5.

2- lx+y|P=< xty, x+ty>=|x[P+<xy>+<y x>+ y|’
[x=ylP=<x-yx-y>=[xP-<xy>-<yx>+|y|’
=l x+y Pl xyP=2xP+2 0y P

3- From (2), we get:
[x+y|P-llx—ylP=2<xy>+2<xy>
[x+iylP= x|P-i<xy>+i<y,x>+|y|P
[x-iy|P=| x|P+i<x,y>-i<yx>+][y|P
ilx+iyP-ilx-iy|P=2<xy>-2<p x>

[x+yIP-llx=yIPrilx+ iy P -ilx-iyP=4<x y>

1 . . . .
= <xy>=2Llxty[P-le-pP+illetiy [P =iy ]

Theorem 3.7.: Let (X, || . ||) is a normed space such that:

[x+yIP+llx=yIP=2lx[P+2y|?,VxyeX
And let <, > is defined by:

1 o .
<xy>=2lllx+y - llx-p P +illxtiy P =[x 7]

Then <, > is an inner product on X ( i.e. X is a Pre-Hilbert space).

Remark:

If X is a normed space then it is not necessary X is a Pre-Hilbert space. For example:
Let X=C[a,b]and || f||=max{|f(x)|:a<x<b},VfeX

Since X is normed space



T.P. it is not Pre-Hilbert space, we need prove that:

If+glPHf-glP£20 /P21 gl.fg X
Letf(x) =1, g(x)=
1A=L g [1=1

fl)tg(x)=1+-— = |f+gll=2

Y74 vxela, b]
b—a

fx)-g(x)=1--— = | f-gl=1

= |If+glPtllf-glP=4+1=5£2| f|P+ 2 || g |P=2+2=4

Theorem 3.8.: On Pre-Hilbert space X:

I- If xp—>x , yo—>y then <x , yu> ><x, y >
2- If { x» } and { y» } are Cauchy sequence on X then { <x,, y,> } is Cauchy
sequence on F.
Proof:
1- <xp,y>=<x+0n—x), y+(yn—y)>
=<X, Y F< X, =y > F<Xn—X, y>H<Xn—X, Yp—y >
<Xn Y2 -<X,y>=< X, Yn—)Y>t<Xn—X,y>FT<Xn—X, Yn—y >
| <Xn, yw> - <X, Yy > [S <2 yn =y > H <xn =2,y >+ [< X0 —x, yn—y >
<[ x ([l ya =y I+ Txn =x (L[] 1]+l 20w =] ]y =2
Since || x, — x||[=>0, || y»—y || >0 where n —
= | <Xp—yn>-<x—y>|— 0 where n >0
= <Xn—Yn>—>><Xx-)y>
2- Similarly to (1):
| <% Yu>=<Xmy You > S| X |||y =y [ 1] 20 = 2 (||| yon ] 1] 200 =20 [ ] 1 = ym |

Since || xx ||, || y» || 1s bounded



Definition 3.9.: The complete Pre-Hilbert space is called Hilbert space. In other words if X a

vector space on F with an inner product <, >, then X is Hilbert space if the metric space which

is generated by the norm || x ||* = < x, x > complete Hilbert space.

Examples:
1- The space F" with an inner product which defined by:

<x,y>= le,yi , Vx, yeF"is a Hilbert space.

i=1

2- The space P={x=(x1,x2,...,Xn,...): x;€F, i| x, [’< o} with an inner product defined
i=1

by: <x,y >=ixl.)7[ is Hilbert space.

i=l1

3- The space X=C[-1, 1] with an inner product defined by : < f,g >= J'_ll f(x)g(x) is not

Hilbert space.
Proof:
The space X with an inner product is not complete space because if we take the

sequence { f» } such that:

0 -1<x<0

f(x) =l 0<x<t

n

1 lstl
n

_(n —m)2

L fo=fon |P =< fo—fous S = fon >

3n°m
= || fo—fu || > 0 where n,m—o
1.e. { f» } 1s Cauchy sequence but it is not convergent in X
if we suppose that f, — f
= f ¢ X because it is not continuous.
4- Every Hilbert space 1s Banach space but the inverse is not true.
Sol.:
If X 1s Hilbert space then its Pre-Hilbert space and complete.
Since every Pre-Hilbert space is normed space then X is complete normed space
1.e. Banach space.

And the space /, ( p # 2) is Banach space.



T.P. [, ( p # 2) not Hilbert space , we prove it is not satisfying Parallel Law.
Letx=(1,1,0,0,...),y=(1,-1,0,0,...)

=x el x=lyl=2" &lx+yl=] x-y|=2

= x+yP+x—ylP#£2xP+2y|?
Definition 3.10.:

Let X be Pre-Hilbert space and let x, ye X, we say x orthogonal on y if <x, y >=0
(writex L y).
Remarks:
1- The orthogonal is symmetric, i.e. if x L y theny L x .
Sincex Ly= <x,y>=0 = <x,y>=0=0= <y, x>=0= y Lx
2- Zero vector orthogonal on all vectors, 1.e. 0 L x, Vxe X, because <0, x>=0, VxeX.
3-IfxLx=>x=0,becauseifx Lx=<x, x>=0=x=0.
4- If x L y= hx Ly, VAeF. because <Ax, y>=A <x, y >=A (0)=0
Examples:
1- Let X = R? with an inner product and x=(1, 2), y=(2, -1), z= (-6, 3)
Since <x, y >=(1)(2)+(2)(-1)=0 = x L y.
<x,z>=1)(-6)+(2)3)=0 => x L z.
<y, z>=(2)(-6)*+(-1)(3)=-15#0 = y not orthogonal on z.
2- If the vector x is orthogonal on all the vectors x;,x2,...,x, in Pre-Hilbert space X,

then x 1s orthogonal on every linear combination of xi.

Let Zzz/lixi , A €F

i=1

n no__
<X, z>=<x, Y Ax, >= > 24<x,xi>=0 (because x L xi, Vi=l, 2, .., n).
i=1 i=1

3- Find the values of @ which make the vectors x = (1, 2, a), y = (-1, 3, 5) orthogonal
in R®,
<x,y>=(1)(-D)+2)3)+5a =-1+6+5a=5+t5a=0= S5a=-5 = a=-1.

4- Let x, y vectors in Pre-Hilbert space X s.t. || x || =|| y || =1, then x+y orthogonal on
X-y.
<xtp, x-y>=<xx>-<x, y>+<y x>-<y y>

=[x [P -<xy>+<xy>-[y[F=1-1=0.



Theorem 3.11.:

If x, y are orthogonal vectors in Pre-Hilbert space X, then:
[x+y P=llx—yP=llx [Py
Proof:
Sincex Ly=<x,y>=<y,x>=0
:>||x+yH2=<x+y,x+y>=<x}x>+<x,y>+<y,x>+<y,y>
=[x [P+0+0+]yIP
=l x|P+lyIP
Similarity prove that || x —y ||> = || x [+ y ||%

Corollary 3.12.: If x;,x2,...,x, are orthogonal vectors ( i.e. x; L x;j, Vi#j ) in Pre-

Hilbert space X, then : || > x, [’=Y || x, |I*.
i=1

i=1

Definition 3.13.: Let A nonempty subset in Pre-Hilbert space X. The vector xe X is

called orthogonal vector on A (write x L A) ifx L y, VyeA.
Definition 3.14.: Let A & B are nonempty subsets of Pre-Hilbert space X, We say

A orthogonal on B (write A L B)ifx Ly, VxeA & Vy €B.

Remark: If M| & M are subspaces of Pre- Hilbert space X such that M1 LM ,
then MinM»= {0}.

Definition 3.15.: Let A nonempty subset of Pre-Hilbert space X. The Orthogonal

complement of A denoted by A* and defined by:
A={xeX:xly, VyeA} ={xeX: xL A}

And define (ANt = At ={xeX: xLly, VyeAl).

Theorem 3.16.: Let X be a Pre-Hilbert space, then:

- {01 =X, 2-X'={0}

Proof:

0}t = {xeX:x10}=X, 2- Xt ={xeX: xLx}={0}

Theorem 3.17.: Let A and B be two nonempty subsets of Pre-Hilbert space X.
Then:

1- AnA‘c {0}

2- Ac AH

3- If Ac B then B'c A+



4- AcBt @ Bc A+
Proof:
I- Letxe AnAT = xe A & xe A= x Lx = x=0= AnAlc {0}
2- Letxe A =>x1ly,VyeAl=>x LAl x e A= Ac AH
3- Letxe B*=x1ly, VyeB
Since AcB=xly,VyeA=xe At = Blc At
4- Let Ac Bt T.P. Bc At
Since A < Bt = B'c A+ (by part3)
But B < B* (bypart2)
= Bc At
Similarity prove if Bc At = A c B*

Theorem 3.18.: If A is nonempty subset of Pre-Hilbert space X, then A* is closed

subspace of X.

Proof:

Since 0L x, Vx eA=0e At = At # ¢
Letx,y € At, a, Be F,
Vze A, we have
<axtPy,z>=a<x,z>+pB<y z>=a (0)+p (0)=0
= ax+PBy € At = Al is subspace of X
T.P. Alis closed subspace (i.e. A* =A%)
Let xe A* = there exist a sequence {x,} in At such that x, — x
Vye A= <xn,y>=0,V neZ'
Since <x,,y>—><x,y>

—<x,y>=0,VyeA=xe A= AL =A*= Alis closed subspace of X.

Definition 3.19.: Let A be subset of Pre-Hilbert space. The set A is called orthogonal
ifxly, Vx, y €A, x #y, and called A orthonormal if A is orthogonal and || x || =1,

Vx €A. In the other word, we say A is orthonormal if :

0 #
<x,y>={ o y},‘v’x,y eA.
1 xX=y

The sequence { x, } is called orthogonal if x, L xn, Va# m , and called orthonormal if:



0 n#m
< TarFm 7= 1 n=m

Remark: The orthonormal set not contained the zero vector because || 0 || =0 #1.

Examples:
1- Let X=R3 and A = {(1, 2, 2), (2, 1,-2), (2, -2, 1)} then A is orthogonal set in R,

Sol.:x=(1,2,2),y=(2,1,-2),z=(2,-2, 1)

<xp>= 3 xy= (D) H2)(-2)= 2+2-40

Similarity prove <x, z> =0 & <y, z>=0
2- Let X=C[-m, w] and fu( x ) = sin ( nx ) then { f, } is orthogonal sequence.
Sol.:

< fufu>= [ £ f,@de= [ sin(m)sin(m)de=0

If gu( x )= cos ( nx ) then the sequence { g, } is orthogonal.

Theorem 3.20.: Let x;, ..., x, are orthonormal vectors in Pre-Hilbert space X,

VxeX:

n n
I- =Y <xx >x [Pl x| =) )< xx>f, VxeX

i=1 i=1

n
2- Y<x,x, > x|?, VxeX

i=1
3- (x- Zn:< x,x,>x) Lx,, VxeX and for all ;.
i=1

Proof:

Let Ai=<x, x; >
n ) n ) n n

| x_z< x,x > x; |°=| x_z/lixi "= < x_zlixiax_zﬂﬁxi >
i=1 i=1 i=1 i=1

n n n n
=<XX>-<X, D Ax>-< D Ax, x>t <D Ax,, Y Ax>

i=l i=l i=l i=l

n_o__ n n
=[x 1P - 24 <xx > 24 <xox>H XA P
i=1 i=1 i=1

=[x D24 D A4+ A Pllx P
i=l i=1 i=1

n n

=[x DIAP- DAY IA L
i=1

i=1 i=1



n n
=[x [P A4 P=lx P Y<xx >F
i=1 i=1

2-since || x— ) <x,x,>x |0

i=l1

=[x |- Yikxy 20

i=1

n
= Ylxx > <[ x|
i=1

n n
3-<x =) <XX, > XX, >=<X,x, > =< ) <X,X, > X, X, >

i=1 i=1

n
= <X, X > - ) <x,x, ><x,x, >
i=1

. 0 N
Since < x;, xj>={ l ‘]}
1 i=j

n
= <x—Z<x,xl. > X, X; >=<X, Xj>-<X, xj>=0
i=1

Then x—Zn:< x,x,>x) L x,, VxeXand for all ;.

i=l1

Corollary 3.21.: Let { x, } be an orthonormal sequence in Pre-Hilbert space X,

n
then: > |<x,x, >l x|, VxeX.

i=1

Theorem 3.22.: ( Gram- Schmidt Theorem)

If { yn } 1s a sequence of independent linear vectors in Pre-Hilbert space X, then
there exist an orthogonal sequence { x, } in X such that:

[X1, X2, ..., Xu]=[ Y1, ¥2, ..., yn] for all n.



