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The Natural Numbers gkl alac )
Definition:

Let 1=, where ¢ is empty set.
2={1}
3={1, 2},
4={1,2, 3},
5={1,2, 3, 4}
Definitions.
1. Successor of element: n"= n+1
2. Successor of set: The successor of S is denoted by S ™ and defined by S =S U{S}
3. Successor set: Let S be any set. We say that S is successor set if
1. 1€S
2. If x €S, then x*eS. (i.eS={1,2,....})
Remarks.
1.S<=S*
2.5eS"
Examples.
a. If S ={a, b}, then S™ =S U{S}={a,b,{a,b}}
b. 1=0
c. 2=1={1}=0 {1}
d. 3=2"={1,2}={1} {2} =2 {2}
e. 4=3"={1,2,3}={1, 23 {3}=3{3}
f. 5=4"={1,2,3,4}={1,2,3} {4} =4 U{4}
Remark. Ifn={1,2,...,n-1},then n'={1,2,...,n},
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Remark.
Any successor set contain the numbers 1,2,...,n

Proof. Since if S issuccessor g eS =1eS =1'€¢S =2€S
set,then —=1,2,...,n €S

Axiom of Infinity (AleYWl Lgy)

There exists successor set (Al A sans 22 )
Theorem.
1. The family of successor sets is nonempty

2. The intersection of any nonempty family of successor sets is also successor set.
Proof:
1. Direct from Axiom of Infinity.

2. Let {A,},_, be nonempty family of successor sets
=@eA, forall AeA = @en4,

Let XeNger 4, = Xe4, forall Ae A
= X'eA, forall he A= X" € N4, sothat A, IS successor set.

Definition.
The intersection of all successor sets is called the set of natural numbers and denoted by

N. Each element of N is called the natural number. The set of natural numbers is smallest
successor set.

Lemma (*): The set S is said to be transitive set is it satisfy x € n* > x < n”
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Examples.

1. The set A ={a,b} is not transitive , since ac A ,but az A
2. The natural number 3 is transitive set , since 3={1, 2}, and
le3 = 1=¢pc3
2€3=> 2={1}c3
{0.{0}}e3= {p.{p}} =3 since g €3 and {p}e3
Remark. Every natural number satisfy the property xe n* - x € n*

Peano’s Axioms

The Peano’s axioms for natural numbers are:

1.1eN

2.1fneN,then n" e N

3.If neN,then n® 21

4. 1f X is a successor subset of N, then X =N

5. 1f n,me N suchthat n*=m™, then n=m.
Proof 1. Since N is successor set, then 1 N
Proof 2. Let neN,since N issuccessor set, then n* eN

+

Proof3.Let neN, n"=nu{n} = nen’ = n'zp = n*=z1
Proof 4. - N is intersection of successor set and X is successor set,

~NcX, but Xc N, then X =N.
Proof5. Let n,meN suchthat nt =m™

Sincenen*andn® =m™, thennem*, but m* =m u{m}, then either nemor n=m
If n=m, we are done. Or n e m, by lemma (*), we have ncm

by the same argument we have mc n, — n=m.
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Remark. Axiom (4) is called The Principle of Mathematical Induction.
Arithmetic of the Natural Numbers &zl st Glua
Addition on N 4wkl slac ) e aasl)
Theorem.

Letm € N,, 3! +: N X N — N such that
+(m,n*) = (+(m, n))+,Vn € N.

Definition.

We write +(m,n) =m+n name “addition”
Theorem.

1. m+nt = ((m + n))+,‘v’n,m € N.
Example:

142=1+1"=1+1D*=2*=3

Cancellation law for addition

Letn,m,k € Nand m + k = n + k, thenn = m.
Properties of addition on N
Theorem: for all n,m, k € N:
1.ntf=1+n
2.(m+n)+k=m+ (n+Kk) (Associative property)
3 m+n=n+m. (Commutative property)
Proof.

1. Let X={neN:n" =1+n}=> X cN

Since 1" =2=1+1,then 1 € X

Let n e X. Toprove n* e X
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Since neX = n"=1+n
= (") =1+n)" =1+n" =n"eX By the axiom of induction X =N.
2. Let Xmn={k eN:(m+n)+k =m+(n+k)}= Xmn <N

Since M+n)+l=Mm+n¥,m+(Mn+1)=m+n"=(m+n)", then 1eXm,

Let keX,, . Toprove k" e Xmm
Since keX = = (M+n)+k =m+(n+k)
M+n)+k " =(M+n)+k)Y =M+NM+k) ' =m+n+k) =m+(n+k)
= k" eXm. By the axiom of induction X =N.
3. let X ={neN:m+n=n+m}= XmpcN
Since n+1=n",1+n=n",then 1eX
Let neX  .Toprove n* eXp

SinceneX. = m+n=n+m

m+nT=m+n)" =1+(n+m)=(1+n)+m =n"+m= n" e X, By the axiom of induction X =N

Multiplication on N

Definition. Letm € N, .: N X N — N such that
n,m)=n.m  forallm,n e N.
Then m.n is said to be multiply natural numbers.

Remark. letn, m € N, then m.n" = m.n +m
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Properties of multiplication on N
Theorem.
1.1-n=n,forall ne N
2.m-(n+k)=m-n+m-k forall n,m,k € N (Left distributive over addition)
3. (n+k)- m=n-m+k -mforall n,m,k €N (right distributive over addition)
4. (m-n)-k =m-(n-k) forall n,m,k e N  (Associative Properties)
5 m-n=n-mforaliln,me N (Commutative Properties)
Proof
l.LetX={neN:l.n=n}=>X cN
Since 1-1=1, then 1e X
Let ne X. To prove n™ e X
Since neX = 1n=n

1n"=1ln+l=n+1=1+n=n"= n* e X By the axiom of induction X =N.

2.Let X ={keN:(m-n)k =m-(n-k)}= XmncN

Since (m.n).l1=mn and m-(n-1)=m-n = (m.n).l=m-(n-1) then 1eX

Let keX,, . Toprove k™ eXm
Since keX = = (m-n)k =m-(n-k)

(m-n)-k*=m-n)-k+m-n=m-(n-k)+m-n=m-(n-k+n)=m-(n-k™")

= K'eXm . By the axiom of induction X .. =N.

3.LetX =fneN:m:-n=n-m} =X _cN

Since m-1=m, 1-m=m,then leX

Let neX, .Toprove n* e Xp
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SinceneX = m-n=n-m
m-n"=m-n+m=n-m+m-1=n+1)-m=1+n)-m=n"-m

= n" eXp. By the axiom of induction X, =N.

Definition (3.23):
Letn,m e N . Define m" as follows

+
M"=m*xm* x..xm*forallnmeN

n—time

Theorem (3.24):

1. m™=m" xm*forall n,m, k eN
2. (mxn)*=m" xn*foralln,m, k eN

3. (MN*=m"™*foralln,mk e N

——
©
| —
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Finite and Infinite Sets

Definition:
1. Aset Aissaid to be finite if 3 bijective f: A — B with B € N where B={1,2,, ..., m}
and m € N.
2. Aset Aissaid to be infinite if 7 bijective f: A — B with B € .

Remark:
Let A be a set. The cardinal number of A is the number of elements in the set A. (#(A) or |A|)

Remarks:
1. The set of natural numbers is an infinite set.
2. B={6,8, 10,12, ...} is an infinite set.
3. The empty set @ is a finite set (because there exists a bijection g: ¢ — {0}).
4. Theset A={a, b, c, d} is a finite set.

Definition:
1. A-sset Sissaid to be countable if there does not exist a 1-1 function f: S — N.
2. AsetSis said to be uncountable if there does not exist a 1-1 function f: S — N.
3. #(N) = Xo (aleph-null). If #A or |A| < Xo, then A is countable.
4. A is countable infinite if |A| = No.
5

Every subset of a countable set is either finite or countable.
Theorem: For any set A, the following statements are equivalent:
1. A'is Countable (A 4c sexa 33 g224),

2. 3 abijective function a: A — N.

3. A'is either finite or countably infinite

Theorem:
For any set A, the following statements are equivalent:
1. A'is Countably Infinite (A 8253 e du¢i),

2. There exists a bijective function f: A — N.
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3. The elements of A can be arranged in an infinite sequence ao, a1, az, ...

where a; # a; for 1 # .

(@ # &) Aline jealic (e 4fie e Juludl (paa Lt 5 (Sas A A sanall puslic

Corollary. For any set A, the following statements are equivalent:
1. A'is Countably Infinite (A 335 e dgiia),

2. The elements of A can be arranged in an infinite sequence ao, ai, az, ...

where a; # a; for 1 # .

Proof. =) Suppose A is countable = 3 a bijective f: N — A.
= A={N)={f(1), f(2), ...}

Putf(n) =a, forallninN. = A={aj a,, ...}

<) suppose that A= {a;, a, ...} such that a; # a; for i #j.
Define f: N — A by f(n) = a, for all n in N. Then

1. fisone-one: let X, y € N such that f(x) = f(y) = ay =a,. @ X =Yy
if x#y = ax # a, = f(x) # f(y) = fis one to one.
2. fisonto: by definition of f, V a, € A, 3 n € N such that f(n) = a,
=~ fis bijective

~ Ais countable

Remarks:
1. If A and B are countable sets, then A x B is countable.

Proof. A and B are countable sets, then:

I. either A and B are finite sets, then
A={a;, a, ...,anyand = B={by, b,, ..., by}

~ A x B is countable.

b

10
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ii. Or A and B are infinite sets, then
. A={a, a5, ...}and= B={by, b,, ...}

= Ax B ={(a, b)| ai € A, bje Band i, j € N} is infinite.

= A x B can be arranged by

b1 b, b ...
ai (a, by) (a1, by) (a1, b3) ...
a2 (az, by) (az, by) (a2, b3) ......
ds (as, by) (as, by) (as, ba)

-------------------------------------------------------

So, the first element is (ay, by)
= we can list all elements of A x B in an infinite sequence.

~A x B is countable

2. If A and B are countable sets, then A U B is countable.

3. The set of all finite subsets of N is countable.

Cantor's Theorem:
Let A be a set and P(A) be the power set of A. Then there does not exist a
surjective function f: A — P(A).
Theorem:
The set P(N) is uncountable.

11
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Theorem The Cartesian product of N x N is countable.
83 gza Ao gana Azl alac DU oSl @ pall,

Proof. To prove that N x N is countable:

The elements of N % N can be arranged as a matrix:

(1,1) > (1,2) > (1,3) — ...

N

2,1)—22)—2,3)— ...

v

(3,1) > (3.2) = (3.3) — ...

oooooooo

NxN={(1,1),(2,1),(@1,2),3,1),(2,2),(1,3), ..}
We can write it as:

N x N = { ao, a1, az, as, as, as, ... }

Where:
ar = (1,1)
= (2, l)
a = (1, 2)
s = (3, l)
as = (2, 2)

The elements of N x N can be numbered,
which means that we can arrange the natural numbers in a sequence that
matches all pairs in N x N without repetition.

~ N x N 1s countable.
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