m
N

= -
]
1. g is well-define:
suppose m;+k=my+K iff m—-m, EK<N iff m; +N=m,
+N
=~ g is well defined
2. g is a homomorphism (prove)
3. g is an epimorphism (prove)
4. kerg = {m+K]| g(m+ k) = N}
={m+K| m+ N =N}
= {m+K| m€ N}
= % (where K< N and m € N)
Exercise. Let M be a cyclic R-module, say M=Rx. Prove that M=R/

A

=~ kerg = %

~
~

SE

Then by the first isomorphism theorem,

SRS

ann(x), where ann(x) = {r € R| rx = 0}.
[ Hint: Define the mapping f: R—M by {(r) = rx]

Chapter three (Sequence)

Short exact sequence

f
Definition. A sequence M; - M kA M, of R-modules and R-module
homomorphismsis said to be exact at M Im f = ker g while a sequence
of the form

faci
0 oM, TS M, TS My, o

n€ Z, is said to be an exact sequence if it is exact at M,, for each n € Z.
A sequence such as

f
0oM L5MEM, >0

A - A
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A
A

then
. fis a monomorphism
i1. g is an epimorphism
fo. . . .
2. A sequence 0 - M; = Mis exact iff f is monomorphism

3. A sequence M kA M, — 0 is exact iff g is epimorphism
4. If the composition(between two homomorphisms f and g) gof =
0, then Imf < kerg.

Examples.

1. If N i1s a submodule of M, then O—>N—>M—>N—>Olsashort

exact sequence, where 1 is the canonical injection and m is the
natural epimorphism. for example : since kerf is a submodule of

M, then 0 — kerf SMS Kl\if — 0 is a short exact sequence.
2. Consider the sequence
J
w0 M, SM®M, 3M, -0
ImJ, =M;®{0} ; J,(x)=(x,0)
kerp, =M @{0} ; pa(x,y)=(0,y)
forany x € M, ,y € M, and (x,y) € M;®BM,
Ji 1s a monomorphism and p, is an epimorphism
=~ W 1s short exact sequence

. The sequence 0 — 2Z 5 Z 5 % — 0 of Z-modules is a short

exact sequence
Remark. Commutative Diagrams

The following diagram

19
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that is exact at M|, at M and at M, is called a short exact sequence.
Remarks.
f g :
1. If an exact sequence 0 - M; - M - M, — 0 is short exact

A
1 | | | I

T—



A

commutatively.

Theorem. (The short five lemma). Let R be a ring and

0548B%¢c 50
SN

O—)A'EB‘g—iC’—)O

a commutative diagram of R-modules and R-module homomorphisms
such that each row is a short exact sequence. Then

1. If o and y are monomorphisms, then f is a monomorphism.
2 If o and vy are epimorphisms, then 3 is an epimorphism.

-

A 11) B
gil I
C—-D
1s said to be commutative if g,of|=f,0g;.Similarly, for a diagram of the
form
A :/) B
C
1s commutative if gof = h and we say that g completes the diagram

. 1f o and y are isomorphisms, then [ is an isomorphism.
Proof 1.

=
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To show that B is a monomorphism, must prove ker § = 0.
Letb € ker B — PB(b) =0 —g,(B(b)) = g,(0) = 0. Since the diagram is
commutative, then:

A

v0g1(b) = v(g1(b)) = 0 — g1(b) € kery = {0}(y is a monomorphism)
—g,1(b) =0 — b € kerg;=Imf;= f;(A). There is a € A such that

fi@ =b— B(f1(a)) = B(b).

Since

Pofi = fz00 — fro0(a) = P(b) — fr(a(a)) = 0 — a(a) € kerfy= {0}(

f> 1s a monomorphism), so
a(a)=0— a € kera = {0} (a 1s a monomorphism) — a =0.
But f;(a)=b and a=0 — b=f;(a)= f1(0)= 0 — b=0.
kerf = {0} — [ is a monomorphism
Proof 2.

Let b € B — g,(b) € C — g,(b)= ¢ . Since y is an epimorphism, there
1s ¢ € C such that

¥(€)=¢ —ga(b) =v(c).
But g, is an epimorphism, then there is b € B such that

91(b) = ¢ — g2(b) = y(c) = ¥(g1(b)) = yogs (b) = g20B(b)

SO

92(b) = g2(B(b)) — g2( B(b) - b) =0 (g is homomorphism).

and

-
‘ ‘
B(b) - b €kerg,= Imf, —P(b) - b € Imf,.
A . y
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There is @ € A4 such that f,(d) = p(b) - b. But o is an epimorphism, there
1s a € A such that a(a) = a. Since Pof; = f,o0a (the diagram is
commutative).
Then
B (fi(2)) = f2((a)) = fo(@) = B(b) - b
SO
b =B(b) - B (fi(a)) = B(b - fi(a)) (B is homomorphism)
i.e there is b — fi(a) € B such that p(b — f;(a)) = b
Hence B is an epimorphism.
Proof 3. is an immediate consequence of (1) and (2).
Exercise. Consider the following diagram: A L B A Cc—-0
h ¥
D

where the row is exact and hof = 0. Prove that, there exact a unique
homomorphism k: C — D such that kog = h.

f .
Definition. Let 0 > A—> B A C — 0 be a short exact sequence. This
sequence is said to be splits if Imf is a direct summand of B.
(i.e there is D < B such that B = Imf & D).

Example. The sequence 0 — 27Z S5 z_ZZ — 0 of Z-modules and Z-

homomorphism is a short exact sequence which is not split (where Imi =
2 7Z 1s not direct summand of Z).

Theorem. Let R be a ring and

Fio0-45B%Cco0
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i
a short exact sequence of R-module homomorphisms. Then the
following conditions are equivalent
1. F splits.
2. fhas a left inverse (i.e 3 h: B — A homomorphism with hof =1,).
3. g has a right inverse(i.e 3 k:C—B a homomorphism with gok =

A

Io).
Proof. (1 — 2) since F splits, then Imf is a direct summand of B.
(i.e. 3 By < B such that B =Imf @ B)).
Define h: B — A by h(x) = h(a;+b;) = a for x = a;+b; € Imf & B;.
where a;€ Imf (i.e 3 a € A such that f(a) = a;) and b; € B;.

a. Since fis one-to-one, then h is well-define.
b. h is a homomorphism
c. let w € A, hof(w) = h(f(w)) = h(f(w)+ 0) =w (by definition of
h)
- his aleft inverse of f.

(2 — 3) suppose f has a left inverse say h( 1.e. hof =1,).
Define k: C — B by: k(y) = b - foh(b) where g(b) =y with b € B;.

a. k is well define:
lety, y; € C such that y = y; with g(b) =y and g(b,) =y, for b,
b; €B;.
Now,
g(b) =g(b;) —» b; —b € ker g =Imf
so, bi-b € Imf — 3 a € A such that f(a) =b; —b.
Then h(f(a)) = h(b;- b) . But hof =1,,
so a = hof(a) = h(f(a)) = h(b;- b) = h(b;) — h(b)

s a=h(b;)—h(b) — f(a)= f(h(b))) — f(h(b)) =b;—b
« b - f(h(b)) = b;- f(h(b,)) — k(y) = k(y;) — k is well define.
A » A
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Let B, = {b €B| kog(b) = b}

a. By # ¢ (0 € B, where g(0) =k(g(0)) =k(0) =0)
b. B, is a submodule of B. (prove?)
c. B=1Imf & B,, for that:
1. Letw=ImfN B; —» w=1f(a) € B, for some a € A with

o -
] A
b. k is homomorphism ( why?)
c. gok = Ic. for that
lety € C, gok (y) = g(k(y)) = g(b-foh(b)) where g(b) =Yy.
— gok(y) = g(b) + gofoh(b) . But Im f= kerg. So, gof = 0.
—gok(y) =g(b) + 0=y
=~ gok =Ic
(3 — 1) suppose that g has a right inverse say k: C — B such that gok =
kog(w)=w — k(g(f(a))) = k(0) =0. But k(g(f(a))) = k(g(w)) =

W.
Thus w =0 and so Imf N B, = 0.
ii. Letb € B — b =b - kog(b) + kog(b).

Since kog(kog(b)) = kog(b), then kog(b)€ B, and g(b-kog(b)) =
g(b) - gokog(b) = g(b) —Iog(b) = g(b) - g(b) = 0 (where gok =
Ic).

— b-kog(b) € kerg = Imf
- b =b-kog(b) + kog(b) € Imf + B,

~ B =1Imf & B;— Imfis a direct summand of B which implies
F splits.

Exercise If the short exact sequence

0-45B8%¢c50

splits, then B = Imf & Img

24
T—f



