Ring Theory (3'rd class) Dr. Tamadher Arif

Definition. An ideal I of the ring R is said to be semiprime if and
only if I =+/1.

Remark. the definition of semiprime ideal means that :

An ideal I is semiprime if and only if a" € I, for some n € Z., then a
€L

Theorem. An ideal of a ring R is semiprime if and only if ? has

nonzero nilpotent elements.

Proof. =) Suppose that I is a semiprime ideal and a+I is a nilpotent

elementin?.
— 3 n € Z, such that (a +1I)" =1
Ssa"tI=I->a"€l—oaeVI

: o : . R
But I is semiprime ideal = v/ =1 - a € - a + [ is zero element in -
R :
ST has no nonzero nilpotent elements.

R :
<)Suppose that n has no nonzero nilpotent elements and we want to

prove I =+/I. It's enough to prove VI S I (it's always I € +/I). Letr €
VI-3dn€Z, suchthatr" €I > 1" +I=(@x+1)"=I->r+1is

: . R R :
nilpotent element in - But n has no non zero nilpotent elements.

—»r+I=1->r€l-I=+/-1is semiprime ideal.

Theorem. Every prime ideal of a ring R 1s semiprime.
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Proof. Let I be a prime ideal in a ring R. It's enough to prove VI € I

(it's always I € VI) . Let x € /I » 3 n € Z, such that x" € 1.
Suppose that n is the smallest positive integers such that x" € I. Since
x"=x.x"" € I and I prime ideal of R — either x € I or x"' € I. But

X" @15 x €I -+ICI- Iissemiprime ideal (I = VI).

Definition. The prime radical ideal of a ring R, (denoted by Rad(R))
is the set:

Radp(R) = {P| P is a prime ideal of R}

Remark. If Radp(R) = {0}, we say that the ring R is without prime
radical, or has zero prime radical.

Theorem. Let I be an ideal of R. Then the nil radical of I is:
VI =n{P|1<S P, P is prime ideal}
Examples.
1. Nil Z =Radp(Z)= N{P|1 < P, I € P is prime ideal }= (0)
2. Radp(Z¢) = (0)

3. Let R=7Z and n € Z n >1, then the ideal (n) € (P) « p divides
n — the nil radical:

J@) = Npa(P) ifn= P P2 . B ™ where ky, ks,

....km € Z, and py, pa, ..., pm are distance prime integers.
- J(m)=P)NP) N ... (Py)
= (PI-PZ Pm)

H.W. Find Radp(Zlg)‘7
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Definition. Let [ be a proper ideal in a commutative ring with
identity R, then I is said to be primary ideal if whenever a.b € I, and
a &I, then b" € I for some n € Z..

Theorem. The ideal (n) is primary in Z if and only if n = pk for some
k € Z. and prime integers p.

Remark*. Every Prime ideal is primary.
Proof. obvious (putn=1).
Remark. the converse of remark* is not true in general. For example
Example.
a. The ideal (4) is primary not prime ideal in the ring Z.
Proof. 1. (4) is primary ideal:
Leta, b € R, such thata.b € (4) » a.b=4r forr € Z.
>2’=4\ab-2\ab
either 2\aor2\b
if2\a—>a=2s—>az=4sze(4) for s € Z.
In the same way if 2\b.
= (4) 1s primary ideal.
2. The ideal (4) is not prime:
Since 2.2 =4 € (4) but 2 & (4).

= (4) 1s not prime 1deal.
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b. The ideal (6) is not primary ideal in Z.
Proof. Since 2.3 = 6 € (6) but neither 2 € (6) nor 3" € (6) forn € Z,
(i.e: 2 € (6) and A n € Z, such that 3" € (6)).

= (6) 1s not primary ideal.

Remark. The following diagram gives the relation among the
maxima, prime, semiprime and primary ideal
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Theorem. In a commutative ring R, on the ideal I is primary if and

: . R. .
only if every zero divisor element of S 1s nilpotent element.

Proof. = ) Let a+1 ( # I) be a zero divisor of ?

— 3 b+l #Isuchthat(a+I)(b+1)=1—-ab+I1=1
— a.b €I butlis aprimary ideal and b ¢ I - a" € I for somen € Z,
—sa'+tl=I-a"+I=(+]1)"=1forsomen€Z,.
=~ a + I is nilpotent element.
&) Letab€elandag&lfora,beR—-ab+I=1
s (@at+tDhb+tDh=I-atl #1L
Ifb+1=1-be€l-lis primary ideal.
If b+l # 1 — b + I is zero divisor — b+ I is nilpotent element.
—(b +1)" =1 for some n€ Z,— b" + I= - b" € - I is primary ideal
Examples.
a. The ideal (4) in Z 1s primary which is not semiprime.

Proof.

1. The ideal (4) in Z is primary: since % = Z, has only zero

divisor 2 and 2 is a nilpotent element in Z,(by the previous therorm).

2. The ideal (4) in Z is not semiprime: since %E Z, has a

nilpotent element 2 # 0(by the previous theorem).
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b. The ideal (6) is semiprime which is not primary ideal in Z:

1. The ideal (6) is not primary Since the zero divisor of % = Zg are

{ 2,3,4}which is not nilpotent elements
— (6) 1s not primary ideal.

2. The ideal (6) is semiprime: since % = Z¢ has no non zero

nilpotent elements.
Theorem. Let f: R — R' be an epimorphism, then:

1. If M 1s a maximal ideal of R such that kerf € M, then f(M) is
maximal ideal of R'.

2. If M' is a maximal ideal of R', then f'(M) is maximal ideal of
R.

3. There is an isomorphism between the maximal ideals of R'
and the maximal ideals of R which is contain kerf.
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