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. if f is injective, surjective and homomorphism, then is said to be
1somorphlsm (and written M = N) .
Examples.
1. 27 =3 Zyg.
Proof. Define g: 2 Z —37Z as g(2n) = 3n for all n€ Z.
i. g is well-define.
. g 1s homomorphism : for 2n, 2n,, 2n, € 2Z, r€ Z
g(2n1+ 2m) = g2t mp)) = 3 (ntmp) = 3 myf 3mp =
g(2n))tg(2ny)
g(r(2n)) = g(2rn) = 3rn =1(3n) = rg(2n)
111. g is one — to — one. If g(2n;) = g(2n,), then
— 3n;=3n, — n;=n, —» 2n;=2n,.
v. g is onto. for all y = 3n €3 Z, there is x = 2n €2 Z such that
g(2n) = 3n.
Hence 2 Z = 3 Z(i.e g is an isomorphism).
2. LetRbearingand { M; |1 €I } a family of submodules of an
R-module M such that:
1. M is the sum of the family { M; |1 €1}

ii. foreachk € I, My N Yier;2x Mj =0
Then M = ®iEIMi
(Hint : define B: @;e;M; — M by B(f) = Xie; f(D)

3. Let { M;|1 €1 }be family of R-modules.
i. For each k € I, the canonical projection py: [1;e; M;— M
defined by py (f) = f(k) is an R- module epimorphism .
ii. For each k € I, the canonical injection Ji: My — [[;e; M;
X ifi=k

defined by forx € M, (J(x))i= {0 otherwise(i % k)

is an R-module monomorphism.

111. Pk OJx = Iy, -
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Exercises. Prove :

1. If R is a ring, the map R[x] — R[x] given by f — f(x)(for
example, (x*+ 1) — x(x*+ 1)) is an R-module
homomorphism, but not a ring homomorphism (prove that).

2. Hom(R, M) =

epimorphism.

Z
3. for eachn € Z, e L.

Theorem. Let f: M — N be a homomorpism, then

1. kernel of f (kerf= {x EM]| f(x) = 0}) is a submodule of M.

2. Image of f (Imf={n EN| n = f(m) for some m€ M} ) is a
submodule of N.

3. fis a monomorpism iff kerf = 0.

4. f: M—N is an R-module isomorphism if and only if there is A
homomorphism g : N —M such that gf = Iy and fg = Ix.

Proof. H.W.
Proposition. Let R be an integral domain and M be an R-module, then:

1. If f : M — M be a module homomorphism, then f(z(M)) < 7(M).
2. If M= M;®M,, then t(M) = (M) Dt(M,).

Definition. An R-module, M is called simple if M # {0} and the only
submodules of M are M and {0}

Proposition. Every simple module M is cyclic (i.e M = Rm for every
nonzero m € M).

H E
]
Proof. py oJy : My — My with (py 0Ji)(x) = px (Jk(x)) = J(x)(k) = x
1v. Jk0 p # Iy, -
4. Let K be a submodule of a module M. the function t: M —» —
defined by (x) = x+K for all x € M, is an R- homomorphlsm
and onto. This homomorphism is called the natural
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Proof. Let M be a simple R-module and m € M. Both Rm and

B = {c € M]|Rc=0 } are submodules of M. Since M is simple, then

A

each of them is either 0 or M. But RM # 0 implies B # M. Consequently
B =0, whence Ra = M for all nonzero m € M. Therefore M is cyclic

Remark. The converse is not true in general: that is a cyclic module
need not be simple for example, the cyclic Z-module Zg.

Examples.

1. The Z-module Z is simple.

2. The Z-module Z,is simple for each prime integer's p.

3. The Z-module Z, is not simple, since the submodule{0, 2} # 0 and
{0, 2} #Z4.

4. The Z-module Z is not simple.(why?)

5. Every division ring D is a simple ring and a simple D-module

Lemma. (Schur's lemma)

1. Every R-homomorphism from a simple R-module is either zero or
monomorphism.

2. Every R-homomorphism into a simple R-module is either zero or
epimorphism.

3. Every R-homomorphism from a simple R-module into simple R-
module is either zero or isomorphism.

Proof 1. Let M be a simple module and f: M— N be an R-module
homomorphism. Then kerf is a submodule of M . But M is simple.

So either kerf= {0} , implies f is one-to-one
or kerf=M, implies fis zero homomorphism.

Proof 2. Let N be a simple module and f: M— N be an R-module
homomorphism. Then Imf is a submodule of N . But N is simple.

So either Imf = {0} , implies f zero homomorphism

L.
“
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or Imf=N, implies fis onto.

Proof 3. as a consequence to (1) and (2), the proof of (3) holds.

Examples. 1. An R-module homomorphism f: Z,— Zs is zero.

2. An R-module homomorphism f: Z;— Zs is zero.

Exercise. Let M # {0} be an R-module. Prove that:

A

If Ny, N, are submodules of M, with Ny simple and N;NN, # 0, then N;<
N,

Remark. Let A, B be two simple R-module, then Hom(A, B) is either
zero or for all f € Hom(A, B) is an isomorphism, where Hom(A, B) =
{f:A—B| f is homomorphism}

Isomorphism theorems

First isomorphism theorem. Suppose f: M— N is an R-module

: M
homomorphism. Then el f(M) .
Proof. Define h : % - f(M) by: h(m + kerf) = f(m) for all m € M.

1. hiswell define: Let m;+ kerf, m, + kerf € % such that

m; + kerf = m, + kerf implies m; — m, € kerf
and so
f(m; — my) = f(m,) - f(my) =0 — f(m,) = f(my,)
Hence
h(m;+ kerf) = h(m, + kerf)
=~ h 1s well define
2. h is a homomorphism since f is homomorphism.

A N A
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3. h is a monomorphism: for that suppose that
h(m;+ kerf) = h(m,+ kerf).
from definition of h, f(m;) = f(m,) implies f(m;) - f(m,) = f(m;- m,)=0
so m;- m, € kerf — m;+ kerf = m,+ kerf
4. h is an epimporphism: let y€ f(m) € f(M), 3 m + kerf € % such
that h(m+ kerf) = f(m) =y

So h is an i1somorphism and by this, k:’—rf ~ f(M)

Remark. If f is an epimorphism, then % ~ N

Second isomorphism theorem. et N and K be submodules of an R-

K+N K
module M, then — =~ —
N NNK

=~ h is an epimorphism
Proof. Define a: K — szﬂ by a(x) =x + N for each x € K.

1. ais well-define (prove)

2. o 1s homomorphism (prove)

3. a is epimorphism (prove)

4. kera = { x € K| a(x) =0}
={x€eEK|x+N=N}
={x €K |x €N}
=NNK

‘ . K K+N
Then by the first isomorphism theorem, TV .

N

Third isomorphism theorem. Let N, K be submodules of M, and K<

M

P —
~

N, then

=z =

Proof. Define g: % - % by :g(m + K)=m + N for all m € M.

A Y A
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1. g is well-define:
suppose m;+k=my+K iff m—-m, EK<N iff m; +N=m,
+N
=~ g is well defined
2. g is a homomorphism (prove)
3. g is an epimorphism (prove)
4. kerg = {m+K]| g(m+ k) = N}
={m+K| m+ N =N}
= {m+K| m€ N}
= % (where K< N and m € N)
Exercise. Let M be a cyclic R-module, say M=Rx. Prove that M=R/

A

=~ kerg = %

~
~

SE

Then by the first isomorphism theorem,

SRS

ann(x), where ann(x) = {r € R| rx = 0}.
[ Hint: Define the mapping f: R—M by {(r) = rx]

Chapter three (Sequence)

Short exact sequence

f
Definition. A sequence M; - M kA M, of R-modules and R-module
homomorphismsis said to be exact at M Im f = ker g while a sequence
of the form

faci
0 oM, TS M, TS My, o

n€ Z, is said to be an exact sequence if it is exact at M,, for each n € Z.
A sequence such as

f
0oM L5MEM, >0

A - A
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